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The energy dependence of the angular correlation of positrons was investigated for 405 
7™—"—e decay events in nuclear emulsion. The experimental energy dependence of the 
backward-forward ratio for the emitted positrons agrees with the predictions of the two- 


component neutrino theory. 


ieee and Yang! have shown that nonconservation 
of parity leads to angular correlation in meson and 
hyperon decays and in various Fermi interactions. 
Landaw? has suggested that in these interactions 
conservation of parity and of charge conjugation 
do not occur independently; instead we have con- 
servation of “combined inversion,” which is the 
product of space reflection and charge conjugation. 
The discovery of parity nonconservation has led 
to the two-component theory of the neutrino.?~4 
Parity nonconservation in —yp decay results 
in polarization of the muon spin parallel or anti- 
parallel to the direction of motion. Subsequent 
decay of the muon leads to angular asymmetry 
of positrons as a function of energy; this is given 
in the two-component neutrino theory by 


dN = 2Ne*[(3 — 2c) + dc0s 6 (2e—1)] ded (cos), (4) 
where «¢ is the ratio of the positron energy to the 
maximum possible energy, @ is the angle between 
the muon and positron directions, and A is a 
theoretical constant ranging from —1 to +1. 
The first article by Garwin and his coworkers? 

reported a slight increase of the asymmetry pa- 
rameter with energy. The results given in their 


second article® are in quite good quantitative agree- 


ment with the two-component neutrino theory. 


Vaisenberg and Smirnitskii’ investigated the 
energy dependence of the asymmetry parameter 
in 120 2—u-—-e decay events in the Ilford G5 
emulsion and found qualitative agreement with the 
theory. In the second article by the same workers, 
where 580 events have been studied, it is shown 
that the asymmetry parameter increases rapidly 
as the positron energy increases. 

The present work was performed on part of a 
9-liter stack of 600-y Ilford G5 emulsions which 
were exposed in Italy for 6 to 7 hours at a height 
of ~27 km. We had previously? studied the angu- 
lar distribution of positrons in 2160 1—yw—-e 
decay events completed in a single layer, where 
the »—e decay occurred not less than 30p be- 
low the surface of the developed emulsion and the 
projection of the positron track in the plane of the 
emulsion was =15y. The solid angle between the 
muon and positron tracks was determined to within 
2°. For the asymmetry parameter we obtained 


A =— (0.135 + 0.043). 


For the purpose of determining the energy de- 
pendence of the asymmetry parameter, we selec- 
ted events with positron tracks longer than 1000p, 
which were more than 1 cm distant from the edges 
of the plates (to avoid edge distortions). For 405 
events which satisfied these requirements the dis- 


8 


388 Kh. P. BABAIAN et al. 


CMO ALU Oe d0e AGO 60 60 1 
FIG. 1 


& E, Mev 


tribution of positron track lengths was as follows: 


Track length,mm 1-2 2-3 3-4 4-5 5-6 6-7 7-8 >8 
Number of tracks 194 91 54 26 18 10 8 4 


In determining positron energies by the multi- 
ple-scattering method for tracks =< 2000p the 
cell length was 50y, while for longer tracks the 
cell length was 100yu. The positron energy was 
determined with an error which varied from 25% 
to 10% at the beginning and end of the distribution, 
respectively. 

For an approximate evaluation of the Michel 
parameter p, it has been assumed that our ex- 
periment involves the same smearing of the theo- 
retical spectra (p =0, 0.25, 0.5, 0.75) as in 
reference 10. The x”? method gave p=0.62 + 
0.14. Figure 1 shows the experimental distribu- 
tion and “smeared” theoretical curve for p = 0.62 
plotted as the average of the curves for p= 0.5 
and p=0.75. The good agreement between the 
experimental points and the curve is an argument 
in favor of the assumption mentioned above. 

Figures 2a and 2b represent the experimental 
distributions of positrons emitted forward (0° < 
6 = 90°) and backward (90° < 6 = 180°), respec- 
tively. In 218 events the positron was emitted 
backward, while in the remaining 187 events it 
was emitted forward. These spectra show a small 
shift of the distribution peaks, which also results 
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from the energy dependence of asymmetry. 

Figure 3 shows the theoretical curve (calcu- 
lated without taking into account the spread of 
measured values and bremsstrahlung) for the 
energy dependence of the ratio between Np, the 
number of positrons emitted backward, and N, 
the number of positrons emitted forward; the 
mean weighted asymmetry parameter was A= 
— (0.141 + 0.013) and its theoretical increase 
with energy was taken into account. The mean 
weighted value was obtained from the articles 
listed in the table. Figure 3 also shows the ex- 
perimental points normalized to their theoreti- 
cal values for e¢€ = 0.3. 


Number 
of 


events 


Source 


0.222 + 0.067 


Rome," cosmic rays 


Bristol,’? cosmic rays 0.08 + 0.05 
Copenhagen,’ cosmic rays 0.17 +0.07 
Moscow,* “ 2 0.120 + 0.039 
Erevan,” 2 Y 0.135 + 0.043 
Chicago,** accelerators 0.174 + 0.038 
Géttingen,** 2 0.095 + 0.044 
Rochester,*® 0.19 + 0.06 


Cambridge, *” 0.149 + 0.033 


The asymmetry parameter for the investigated 
405 t—u-—e decay events increases from A = 
— (0.153 + 0.086) for €=0.1 to A=—(0.400 + 
0.220) for ¢€=1.0. These results also support 
the two-component neutrino theory. 

With experimental errors taken into account 
the correlation sign is observed to change in the 
energy range ¢€ = 0.4 to 0.7. 

The authors wish to thank A. I. Alikhanian for 
his interest and I. I. Gol’dman for valuable sug- 
gestions. They are also indebted to L. N. Tatevo- 
sian for assistance with some of the measurements. 


'T. D. Lee and C.N. Yang, Phys. Rev. 104, 
254 (1956). 

Sind 10 y Landau, J. Exptl. Theoret. Phys. (U.S.S.R.) 
32, 405 (1957), Soviet Phys. JETP 5, 336 (1957). 


ENERGY DEPENDENCE OF THE ANGULAR CORRELATION OF POSITRONS 389 


3T. D. Lee and C.N. Yang, Phys. Rev. 105, 
1671 (1957). 

4A. Salam, Nuovo cimento 5, 299 (1957). 

5 Garwin, Lederman and Weinrich, Phys. Rev. 
105, 1415 (1957). 

® Berley, Garwin, Coffin, Lederman, and Wein- 
rich, Phys. Rev. 106, 835 (1957). 

DO: Vaisenberg and V. A. Smirnitskii, 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 1340 (1957), 
Soviet Phys. JETP 5, 1093 (1957). 

CaO: Vaisenberg and V. A. Smirnitskii, 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 621 (1957), 
Soviet Phys. JETP 6, 477 (1958). 

9 Babaian, Marutian, Matevosian, and Sarinian, 
Dokl. Akad. Nauk Arm. SSR (in press). 

10 Bonetti, Levi-Setti, Panetti, Rossi, and Toma- 
sini, Nuovo cimento 3, 33 (1956). 


1l Castagnoli, Franzinetti, and Manfredini, 
Nuovo cimento 5, 684 (1957). 

12 Bhomik, Evans, and Prowse, Nuovo cimento 
5, 1663 (1957). 

137. F. Kaplon, Rochester Conference on High- 
Energy Nuclear Physics, 1957. 

141. Friedman and V. L. Telegdi, Phys. Rev. 
106, 1290 (1957).. 

15 Biswas, Ceccarelli, and Crussard, Nuovo 
cimento 5, 756 (1957). 

16 Fournet-Davis, Engler, Goebel, Hoang, Kaplon, 
and Klarmann, Nuovo cimento 6, 311 (1957). 

17 Chadwick, Durrani, Eisberg, Jones, Wignall, 
and Wilkinson, Phil. Mag. 2, 684 (1957). 


Translated by I. Emin 
120 


SOVIDT) PHYSICS JETP 


VOLUME 35(8), NUMBER 38 


MARCH, 1959 


ON THE APPLICABILITY OF MASSEY’S ADIABATIC HYPOTHESIS TO DOUBLE CHARGE 


EXCHANGE 


Ia. M. FOGEL’, R. V. MITIN, V. F. KOZLOV, and N. D. ROMASHKO 


Physico-Technical Institute, Academy of Sciences, Ukrainian S.S.R. 


Submitted to JETP editor March 15, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 565-573 (September, 1958) 


The question of the applicability of Massey’s adiabatic hypothesis to double charge exchange 
processes is considered. An analysis of the ion-velocity dependence of the cross sections 
for double charge exchange of some types of ions in inert gases shows that the positions of 
the maxima of the respective curves correspond to Massey’s adiabatic criterion. In carry- 
ing out the analysis it is necessary to take into account the existence of excited ions in the 
primary beam as well as of the formation of slow excited doubly-charged ions. As in the 
case of ordinary charge exchange the constant a in the case of double charge exchange 
varies slightly from one ion-molecule system to another. The mean value of a for double 
charge exchange in inert gases is 1.5A. The value of a for double charge exchange in 


molecular gases differs greatly from this value. 


INTRODUCTION 


HN the present time the cross sections for in- 
elastic processes in heavy-particle collisions can 
be calculated quantum-mechanically for only a 
very limited number of cases — for particles with 
a small number of outer orbital electrons in slow 
collisions, when v «vo, and in fast collisions, 
when v > vo -(v is the relative velocity of the 
colliding particles and vy is the velocity of the 
electrons in the colliding particles). The theo- 
retical literature is reviewed in reference 1. 

The eftective electron capture (charge ex- 
change) cross section can also be calculated in 
the few instances when the potential energy curves 
are known for the initial and final states of the 
colliding particles. For such cases the cross 
sections are calculated by the method proposed 
in references 2 to 4. In all other cases the ex- 
perimental results can be treated only on the 
basis of general theoretical considerations asso- 
ciated with Massey’s “adiabatic hypothesis.”® Ac- 
cording to this hypothesis the principal quantity 
that determines the dependence of the cross sec- 
tion on the relative velocity of the particles is the 
adiabatic parameter a|AE|/hv, where a is the 
distance at which the particles interact, AE is 
the “resonance defect” (the change of internal 
energy of the particles when they interact) and 
h is Planck’s constant. For small velocities, 
when the condition a|AE|/hv > 1 holds, inelas- 
tic cross sections are very small and increase 


rapidly with the velocity. The maximum cross 
section is reached when 


a| AE |/ homax & 1. (1) 


After passing through the maximum the cross sec- 
tion decreases monotonically as the velocity in- 
creases, 

The available experimental data show that in 
many instances the curves of o(v) are what would 
be expected from the adiabatic hypothesis. Thus, 
for example, in reference 6 it was shown that for 
ordinary charge exchange of singly-charged posi- 
tive ions (capture of a single electron) the maxi- 
mum of oj)9(v)* for many ion-molecule systems 
is given by (1), if it is assumed that the particles 
are in their ground states before and after the 
collision. a varies very little for these processes 
in the case of many ion-molecule systems. For 
some processes, however, the curve of o(v) is 
clearly not in accord with the adiabatic hypothe- 
sis. There is disagreement in two ways: (1) Two 
and sometimes even three maxima are observed® 
instead of a single maximum. (2) The cross sec- 
tions are anomalously large at small velocities. 

The fact that o(v) has more than one maxi- 
mum does not actually conflict with the adiabatic 
hypothesis and results from the fact that excited 
particles may participate in the process in ques- 


*o., is the cross section for the process in which a par- 
ticle with charge ie is transformed into a particle with 
charge ke. 
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tion as well as particles which are in their ground 
state. 

The anomalously large inelastic cross sections 
at low velocities result from violations of the adi- 
abatic condition a] AE|/hv > 1. Such violations 
can occur when the potential energy curves of the 
initial and final states of the colliding-particle 
system are so close at some internuclear sepa- 
ration Ry, that the minimum potential energy dif- 
ference AU(R,) becomes very small. Bates and 
Massey® have considered the cases in which viola- 
tion of the adiabatic condition is probable for slow 
collisions. 

It is of interest to determine to what extent the 
adiabatic hypothesis can be applied to the capture 
of two electrons by singly-charged positive ions, 
that is to processes of the type 


At + B-> A+B", (2) 


The available experimental data on double charge 
exchange of Hy,® cf, Of,!° and Clf!. has been 


—-— —Cl*t, a—Ar, e—Kr, 


insufficient to determine whether the adiabatic 
hypothesis can be applied to these processes, be- 
cause the cross sections were measured in a rela- 
tively narrow energy range. In the present article 
for the purpose of determining the maximum of 
0,-4(V) we have measured the cross sections for 
a number of ion-molecule systems in a wider en- 
ergy range than was used in earlier work. We 
have also measured the double charge exchange 
cross section of Ft. The next section presents 
these results and a discussion based on Massey’s 
adiabatic hypothesis. 


EXPERIMENTAL RESULTS 


We measured the cross sections of the process 
Hi — H; inthe gases He, Ne, Ar, Kr, Xe, Hp, 
and N, over the energy interval from 3 to 65 kev, 
C{—cCy in Ar, Kr, and Xe (50 to 65 kev), 
O; — O; in Ar and Kr (50 to 65 kev), Cly — 
Clf in Xe (50 to 60 kev) and Fj — Fy in He, 
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Ne, Ar, Kr, Xe, and H, (5 to 50 kev). Meas- 
urements were performed by means of a mass 
spectrometer similar to that which was described 
in detail in reference 12. Within the limits of ex- 
perimental error our values of o;_-, for Cf, Of, 
and Cl} agreed with earlier measurements.!?!! 
Our values of 0;,-; for H{f— Hj are smaller by 
a factor of 1.5 or 2 than in reference 9. As we 
have shown, the cause of this discrepancy was 
contamination of the capillary of the McLeod 
gauge used in reference 9, which led to incorrect 
values for the pressure of the gas admitted into 
the collision chamber. 

Figures 1 to 6 show curves of 0,-;(v) for 
ion-molecule systems when maxima are observed. 
In some figures two maxima of o;-4(v) are ob- 
served. 

We shall first analyze the curves of o;-;(v) 
for double charge exchange of ions in inert gases. 
We shall naturally begin with the simplest case, 
Hf and He, where the particles that participate 
in the double charge exchange can be only in their 
ground states, so that the curve of o;-;(v) for 
this process can have only a single maximum, 
the position of which is given by (1), as is actually 
found to be the case. By determining vyyax from 
04-1(v) in Fig. 1 and calculating the resonance 
defect of the process Hf + He Hy + Hett we 
can use (1) to calculate a, which for H/— He 
is 1.6A. 

Let us now consider double charge exchange 
for other ion-molecule systems. When a is 
identical for different systems it follows from 
(1) that Vmax ~ |AE|. We shall assume that the 
maxima of o;-,;(v) for the indicated systems rep- 
resent double charge exchanges with all partici- 
pating particles in their ground states. 
Vmax(|ME|) as plotted under this condition is 
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shown in Fig. 7.* The vertical bars indicate the 
errors in determination of vmax- When the 
curve of a cross section only reaches a plateau, 
the corresponding vertical line in Fig. 7 has no 
upper limit. The systems represented in Fig. 7 
are seen to be clustered around the straight line 
for a=1.5A. This approximately constant value 
of a for different systems is in definite agreement 
with the results given in reference 6 for ordinary 
charge exchange except for the fact that in the 
latter case a © 8A. This is a reasonable result 
since it is obvious that for the capture of two 
electrons the particles must approach closer 
than for the capture of a single electron. 
Consider the systems Hy — Ar, Hy — Kr, 
and H} — Xe, for which 0,-,(v) has two maxi- 
ma. If it is assumed that the first maximum (at 
the lower velocity) is associated with double 
charge exchange without excitation of the slow 
doubly-charged ion (process 2), the points of 
Vmax (| AE|) fit well on the straight linet of 
Fig. 7. The second maximum of 0;-;(v) for 
these systems can only be associated with double 
charge exchange where the slow doubly-charged 
ion remains in an excited state, that 1s, 


H,t++ Bo H,- + Bere; (3) 


It is clear that | AE,| — | AE,;| = Ep++, where 
AE, and AE, are the resonance defects of proc- 
esses (2) and (3) and Ep+ is the excitation en- 
ergy of Btt. Assuming that a is identical for 
processes (2) and (3), we can use the adiabatic 
criterion (1) to calculate |AE,| and thus Ept. 
It was found that for the systems H} — Ar, 

Hj — Kr, and H{ — Xe Ept agrees within the 
limits of experimental error with the third ioni- 
zation potential of Ar, Kr, and Xe atoms 
(Table I). On the basis of the foregoing postulate 
we can thus assume that the second maximum of 
0,-,;(v) for the indicated systems results from 
the process 


*In plotting vmax =f(|AE|) the points for Fi —Ar, F* —Kr 
and F/ — Xe were determined on the assumption that the maxi- 
mum at the higher velocity corresponds to double charge ex- 
change when all particles are in their ground states. For 
Ht} — Ar, H} — Kr and H} — Xe it was assumed that the maxi- 
mum at the smaller velocity represents this. process. The justi- 
fication for this procedure will appear in the discussion which 
follows. 

tIf it is assumed that the second maximum (at the higher 
velocity) is associated with a process for particles in their 
ground states, the origin of the first maximum cannot be ex- 
plained by the adiabatic hypothesis since in the present in- 
stance the primary beam cannot contain excited ions. 
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TABLE I 

ee A 
System go lak Vip? 

ev 
H,+ — Xe 30.0 31.3 
Ht — Kr 33.5 35.7 
H,*+ — Ar 39.0 40.9 

Hyt + B-sHy- + BY +e. (4) 


Using the terminology of reference 13, process (4) 
can be called ionization with capture when of the 
three electrons separated from particle B two 
are captured by a proton while the third electron 
passes into the continuum. The ion B*** can 
also be produced by ordinary ionization (H} + B 
— H} + B*** + 8e) so that the cross section for 
the production of triply-charged ions as deter- 
mined by the method developed in reference 13 is 


actually the sum of the cross sections for ordinary 


ionization and process (4), which must be kept in 
mind in interpreting experiments on the ionization 
of Ar, Kr, and Xe by protons. 

It is striking that (1) for Kr and Xe the sec- 
ond maximum is higher than the first maximum 
while for Ar they are of approximately the same 
height, (2) the relative height of the second maxi- 
mum diminishes with decreasing atomic number 
of the gas, and (3) there is no second maximum 
for Ne. At first glance the first of these facts 
seems incomprehensible since it is difficult to 
imagine that process (4), which possesses a con- 
siderably larger resonance defect than process 
(2), can have greater probability than the latter 


process. But it must be remembered that the 
shape of the curve of 0;-,;(v) between the two 
maxima is determined not only by the processes 
(2) and (4) but evidently also by a number of proc- 
esses (3) with different excitation energies of the 
Btt ions. Therefore the height of the second max- 
imum, which is determined by the sum of the prob- 
abilities of processes (3) and process (4), can be 
of the same order of magnitude or even greater 
than the height of the first maximum. The shape 
of o,-,(v) for the considered systems shows that 
the relative probability of processes (3) and (4) de- 
creases compared with the probability of the prin- 
cipal process (2) as the atomic number of the gas 
decreases. This may possibly be associated with 
the fact that the resonance defects of processes 

(3) and (4) will with decreasing atomic number 
increase more rapidly than the resonance defect 

of process (2). This appears to explain the ab- 
sence of a second maxima of 0;_,;(v) for Ne, 
which we would have had to observe around 70 

kev. 

Our present interpretation of the shape of 
0;-4(v) for double charge exchange of protons 
in Ne, Ar, Kr, and Xe on the basis of the 
adiabatic hypothesis can be justified by investi- 
gating the energy loss which occurs when a posi- 
tive ion is converted into a negative ion.* Such 
investigations, which will provide direct proof 
of the possibility of applying the adiabatic hy- 
pothesis to double charge exchange, are planned 
for a later and more thorough state in the study 
of these processes. 

Two maxima of the 0;-,;(v) curve are also 
observed for the process F} — Fj in the gases 
Ar, Kr, and Xe (Fig. 3). 

When it is assumed that for the systems Hf — 
Ar, Hy — Kr, and Hy — Xe the maximum at the 
lower velocity represents process (2), the subse- 
quent calculation of the constant a gives a value 
much below 1.5A (for example, for Ff — Kr the 
value is 0.67A). On the other hand, the excitation 
energies of slow ions which are calculated from 
the position of the maximum at the higher velocity 
differ greatly from the tabulated values.f When 


*It is easily shown that when 0 = 0 and AE < T, we have 
AE = m,/m, + m,(AT + 2 m,/m, T,), where @ and AT are the 
scattering angle and energy loss in double charge exchange, 
m, and m, are the mass of the ion and gas atom, respectively, 
T, is the kinetic energy of the ion. This relation enables us 
to use the measured value of AT to calculate AE; from AE we 
can then determine the character of the process that has re- 
sulted in the given energy loss. 

tFor F/ —H, the maximum at the higher velocity cannot be 
interpreted in this manner. 
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TABLE II 
Calculated Energy 
System excitation Ion state of state 


energy in ev IDS eV, 


F+ — Xe 3.60.9 | 2s? 2p*8P2 4 9 0 

Ft — Kr 6.51.6 2s? 2p4!1De 2.6 
Ft — Ar 6,9+1.9 25? 2p41So 0.6 
F+t—Ne | 20.4+2.5 2s? 2p4 3s 5S_9 | 22.0 


we assume that the maximum at the higher veloc- 
ity represents process (2), the value of a does 
not differ greatly from 1.5A (see the points for 
Pr = Ary FY — Kr, and. F] —-Xe, in _Fig. 7): 
The maxima at the lower velocity for these sys- 
tems can be explained by the presence of meta- 
stable excited ions in the primary beam. The 
excitation energy E,+ can be calculated as the 
difference | AE,| —|AE,|, where AE, is the 
resonance defect of process (2) and AE, is the 
resonance defect of the process At* + B—~ A~ + 
Be: 

Assuming that the value of a for double charge 
exchange of an excited ion is the same as for proc- 
ess (2), we can calculate AE, and the excitation 
energy Eat. The excitation energy of F}/ cor- 
responding to the maximum of o;-;(v) for Fy — 
Ne can be calculated if we assume that a for 
this system is the same as for F{ — Ar, Ff — 
Kr, and Fj — Xe. For F/ — Ne weuse a= 
1.2A, which is the average for the systems that 
have been mentioned, and obtain Ept+ = 20.4 ev. 
Table II gives the calculated fast-ion excitation 
energies compared with the tabulated excitation 
energies of F/.* These values are seen to agree 
within the limits of experimental error. The 
04-;(v) curve for F{ — Xe shows an additional 
maximum associated with the fact that the beam 
contains Ff in the state 2s*2p*1D, additional 
maxima for F/ — Ar and Ff — Kr associated 
with the excited state 2s’2p4'S of Fj and, finally, 
a maximum for Ea — Ne associated with the ex- 
cited state 2s*2p3s°S (the state 2s2p° °P ig not 
metastable). The fact that the curves of oj_;(v) 
for F{/ — Ar and Ff — Kr do not contain a max- 
imum for the state 2s*2p4‘!D evidently means that 
this maximum is not distinct from the principal 
maximum. 

Thus the data in Table II do not disagree with 
the hypothesis that the low-velocity maxima of 
0,-1(v) for the systems given in the table are 
associated with the presence of excited ions in 
the primary beam. Keeping in mind the fact that 
the shape of 0o,_;(v) can depend on the fraction 


*The excitation energy of F; was taken from reference 14, 
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of excited ions in the beam,* we varied the condi- 
tions under which the high-frequency ion source 
operated in order to determine the effect of such 
variation on the shape of 0o;-;(v) near the maxi- 
mum at the lower velocity for F{ — Ar and 

F} — H,. The power of the high-frequency gen- 
erator was varied from 150 to 300 watts and the 
extracting potential was varied from 2 to 4 kv 
without affecting the cross sections for Ff — Fy 
in Ar and H,. This result indicates that the 
fraction of excited ions in the one beam issuing 
from a channel in the cathode of the high-fre- 
quency source does not depend on the operating 
parameters of the source within the indicated 
limits. 

It must be remembered, however, that excited 
ions can also be produced by collisions of ions in 
the primary beam with molecules of residual gas. 
In order to determine the influence of the com- 
position of the primary beam on the shape of 
0;-1(v) it would be desirable to investigate the 
shape of these curves when it is definitely known 
that the beam from the source does not contain 
excited ions (a thermionic source), for compari- 
son with the curves obtained in the present work. 
We shall continue our work in this direction. 

Maxima of 0;-;(v) are also observed for some 
cases of double charge exchange in molecular gases 
(see the curves for H{— H,, Of — Hy, Fi — Hp, 
H} — Ny, and Cl{f —N, in Figs. 5 and 6). In dis- 
cussing double charge exchange in molecular gases 
it must be remembered above all that this process 
can take two different forms represented schemat- 
ically by the formulas 


ATED BSS Ae Be (5) 
APB. =s Aen ps (6) 


The resonance defect of process (5), in which a 
slow doubly-charged molecular ion} is produced, 
can be calculated in the usual way (reference 12). 
The resonance defect of process (6) can be calcu- 
lated from 


AE = Via + Sa — (Bais + 2Vin + En), (7) 


where Egjg is the dissociation energy of mole- 
cule B, and Ep is the potential energy of the 
two Bt ions which are produced. It is easily 


*If the primary beam contains excited ions with only a 
single excitation energy, it is easily shown that the measured 
cross section o}_, is expressed by o/_, = kow_, + (1—k)o,_,> 
where k is the fraction of excited ions in the beam and Oi. 
and o,_, are the cross sections for double charge exchange of 
excited and unexcited ions, respectively. 


tProcess (5) can naturally occur only when B}+ is stable. 
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seen that double charge exchange in hydrogen 
can occur only according to (6). The resonance 
defect in this case can be calculated unambigu- 
ously since E, is known for the two protons 
formed from the unexcited H, molecule.!® For 
other molecular gases E, is unknown, so that 
the resonance defect can be calculated only for 
process (5) and then only when the first and sec- 
ond ionization potentials of B, are known. 


TABLE III 
Ion-molecule | a, Ang- 
system stroms 
H+ — H, aos 
O+ — He 0.9 
F+ — Hy 0.9 
H+ — No 2.0 
Cl+ — No 0.5 


Table III gives the values of a calculated from 
(1) for the cases of double charge exchange in mo- 
lecular gases when a maximum of 0;-;(v) is ob- 
served.* For Hf —N, and Cl{ —N, it was 
assumed that the double charge exchange pro- 
ceeded according to (5), and in calculating the 
resonance defect we used the potential for the 
appearance of Non which was determined in 
reference 16. 

Table III shows that a for double charge ex- 
change in molecular gases varies within broad 
limits and is considerably different from the av- 
erage value, 1.5A, which is characteristic of 
atomic gases. The calculation of the excitation 
energy of F/ from the maxima of o,_,;(v) for 
F} — H, yields 11.1 ev, which does not agree 
with any of the actual excitation energies of this 
ion (Table II). The hypothesis that a is con- 
stant for double charge exchange of unexcited 
and excited F} ions in hydrogen is clearly not 
confirmed. 

It follows from the foregoing discussion that 
the study of the true shape of the curve o;_;(v) 
at low velocity is complicated by the presence 
of excited ions in the primary beam, which leads 
to additional maxima that distort the curve for 
O,-1(v) in this region. However, there are some 
double charge exchange processes, namely H{f— 
Hy in He and H, as wellas Li*— Li~ witha 
Lit beam from a thermionic source,’ for which 
we can assume that o;-;(v) is undistorted at low 
velocities. In all of these cases, the cross section 
o,;-; is observed to decrease rapidly as the veloc- 


*For Ff city a was calculated for the maximum at the 
higher velocity, and for Of ~ H, the lower limit of a was 
determined since o,,(v) only reaches a plateau. 


ity decreases, as can be expected from the adia- 
batic hypothesis. 

For these cases we can affirm that the potential 
curves of the initial and final states of the system 
of colliding particles do not intersect. In order to 
determine whether this is a general law, we must 
continue the study of double charge exchange at 
low velocities as far as the threshold for those 
cases in which we can eliminate the possibility of 
the presence of excited ions in the primary beam. 

In conclusion, we wish to thank Professor A. K. 
Val’ter for his continued interest. 
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The angular distribution of secondary shower particles produced in the stratosphere by nu- 
cleons with energies above 50 Bev is investigated. An analysis of the distribution is carried 
out on basis of the theory of multiple meson production in nucleon-nucleon collisions and col- 
lisions between several nucleons according to the tunnel effect model. 


‘The angular distribution of shower particles re- 
flects the processes taking place in the target nu- 
cleus in interaction with the incident nucleon. In 
order to study such interactions, we examined 
showers produced by protons. The showers were 
selected from a large number of stars produced 
in emulsion stacks exposed in the atmosphere at 
the latitudes of Moscow and Italy in 1955. (Stacks 
I—f—55 and R). 

The particle detection efficiency was determined 
from the —yw—e decay sensitivity and the emul- 
sion was calibrated by measuring the grain density 
of electron tracks.! The angular distribution of 
thin tracks (shower particles) was determined 
for all showers. 

The space angle 6; between the direction of 
the primary and the i-th shower particle was de- 
termined by the formula: 


COs 6; = COS 9; COS %p (tan 9; tan po + cos hj), 


where ¢j; is the angle between the direction of the 
i-th shower particle and the emulsion plane, 
is the angle between the direction of the primary 
(or the shower axis) and the emulsion plane, and 
A; is the angle between the i-th shower particle 
and the primary (or the shower axis) in the plane 
of emulsion. 

For showers produced by neutral particles we 
determined the mean direction (axis) of the 
shower, with respect to which the spatial angle 6; 
was measured. For that case 


sino, = Z/V X* + Y? + 2: 
sink) = X/YV X?+ Y? + Z? cos 9, 


is Us Ns 
X= >) cos gisin ky; Y = >} cos 9;cos hj; Z = sin i; 


i f=] p= 


where Ay and Aj, are the angles in the emulsion 
plane of the shower axis and the i-th particle, re- 
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spectively, with the direction of any arbitrarily 
chosen track near the axis. 

The energy of the primary particles was de- 
termined from the angular distribution of shower 
particles; it was assumed that the incident particle 
interacts either with a single nucleon or with a 
column of nuclear matter. For nucleon-nucleon 
interactions, the primary particle energy was de- 
termined in first approximation? from the formula 


E = 2Mc*/tan? 6, 


where 41/2. is the angle containing a half of the 
shower particles. 

For interactions between a nucleon and nucle- 
ons of the tunnel J/d long, the energy was found 
from the equation 

iB == Mier 


x[l/d + V (//d)? + tan® 6), (tan? ), + (//d)* + 1)] /tan? 6), (1) 


Such an energy estimate corresponds to the as- 
sumption that the produced particles are mono- 
energetic in the center-of-mass system (c.m.s.). 
(By =v7/c =1, where v* is the velocity of 7 
mesons in the c.m.s.). The energy spectrum of 
shower particles was accounted for in the estimate 
of the primary energy according to reference 2, 

and the energy spectrum of the primary particles 

— according to Ref. 3. Both refinements strengthen 
our conclusions on the role of secondary interactions 
inside the nucleus. 


1. INTEGRAL AND DIFFERENTIAL ANGULAR 
DISTRIBUTIONS OF SHOWER PARTICLES 


In the study of the angular distribution of shower 
particles in the laboratory system of coordinates” 
(l1.s.) it is assumed that the distribution in the 
c.m.s. is symmetric with respect to the plane per- 
pendicular to the line joining the interacting nucle- 
ons. The relation between the angle @* in the 
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c.m.s. and @ in the l.s. is given by the equation 
yetan § = sin6"/(m + cos6*), m= 8,/B2; (2) 


where yc is the primary energy in the c.m.s. and 
Be is the velocity of the center-of-mass system. 

If the particles produced are monoenergetic 
(87 =1) then, knowing the angular distribution 
function in the c.m.s. N(@*), it is easy to find 
the distribution function in the l.s. N(6). 

In fact, for an isotopic distribution of shower 
particles in the c.m.s. we have 


N (6*)=const -dQ 


the angular distribution function in the l.s. is of 
the form‘ 

Ny, qe te |? 

N (6) = Yo%[™ + V1 — (m? — 1)a?] 


2 cos? (a2 + 1)2V 1 — (m? —1) a2 


fore Ins. 1 or 


N (6) = 


Nya MEV 1 —(m?—1) o& 
2 cos? (a2 + 4)? V1 — (rm? —1) oe 


for m= 1, where a@=yV¥,¢ tan @. 
The fraction of shower particles f contained 
in the angle 0f¢ is defined as 


a 
eed, Cons 3 
=y\N (6)d9, (3) 
ce) 
where N is the total number of particles. Sub- 
stituting N(6@) and integrating, we find: 
f 
7 
FIG. 1. Summary integral angular dis- ab 
tribution of showers with E, > 1000 
Bev. The solid curve shown for com- yr 
parison represents an isotopic distri- : 
bution of shower particles in the c.m.s. 
for m = 1. Experimental errors are a4 
shown in the figure. The abscissa rep- 
resents y = log y, tan Oy. 22 
ose? 


FIG. 2. Same as Fig. 1, only for E, < 100 Bev. 


4 OG nite Vite Ayo 
=3[t+" a2 + 1 
(haa Gf 2 


for m<1, (A) 


for m>1. (5) 


Accounting for the energy spectrum of shower 
particles in the c.m.s., we can find in an analogous 
way, for a given N(6@*), the corresponding inte- 
gral distribution in the l.s. 

The differential angular distribution in the l.s., 
for an isotropic distribution in the c.m.s. and 
m=1, is 
df _ df da 2.1024 

dj dady 7) COPHA)E hed ae LOB e. (6) 
For an anisotropic distribution in c.m.s., e.g., for 
N(@*) ~ cos? @*, we have 


df dy = 4-102 (1024 — 1) (1024 + 1)-91n 10. 


The above expression, however, tends to zero for 
y — 0, which is not observed experimentally. We 
shall consider therefore the following distribution 
function of shower particles: 


N(6*) = a? cos?6* + sin?6*; 


which is proportional to the radius vector of the 
ellipsoid of rotation with the major axis parallel 
to the line joining the colliding nucleons. The 
total number of particles is then 
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N= \ C (a? cos?6* + sin®6*) "sin 6*d6*, 
0 


N 


CT nee Veen ean 


where a is the ratio of the axes of the ellipsoid 
of rotation. 

The differential angular distribution in the l.s. 
is given by the following expression: 


Big AC A AOU proee ‘le 1024 In 10 
oy N cae) (a +1} (0% p42 (7) 


In the analysis of showers we constructed the 
curves of the integral angular distribution, which 
should be symmetric about f= % for m=1. The 
majority of experimental curves are asymmetric. 
This means either that m+#1 or that the assump- 
tion about a symmetric emission is incorrect. It 
is possible that the deviations from symmetry are 
a consequence of multiple collisions of the primary 
nuclear inside the nucleus. 


2. COMPARISON WITH EXPERIMENTAL DATA 


Showers initiated by primaries with energy Ey 
= 10'ev and E, = 10" ev were selected from 
a large number of showers (over 200) for a study 
of the differences in the shower production mech- 
anism at different energies. 

The summary experimental integral angular dis- 
tributions are shown in Figs. 1 and 2; curves cor- 
responding to a symmetric distribution of shower 
particles in the c.m.s. are also included. Com- 
parison shows that the angular distribution in the 
region Ey) = 1014 ev is isotropic. Showers from 
references 5 and 6 have been included in the group 
E) = 10" ev together with showers detected and 
reduced in our laboratory. 

It can be seen from Fig. 1 that, for E, => 10” 


ev, the distribution of shower particles in the 
c.m.s. is anisotropic. 

For the energy region 5 X 10!° to 1014 ev we 
also studied the differential angular distribution 
of a summary shower with ng = 161 particles. 
The curves, shown in Fig. 3, were calculated ac- 
cording to Eq. (7) for a=1 and a=1.4. The 
fit between experimental and theoretical curves 
was examined by the y2 test. An analysis of the 
differential angular distribution shows that it is 
almost totally isotropic in c.m.s. 


3. ANALYSIS OF SHOWERS FROM THE POINT 
OF VIEW OF THE MULTIPLE MESON PRO- 
DUCTION THEORY : 


The theory of a pure multiple production of 
mesons assumes that all mesons are produced 
in a single interaction between the incident nu- 
cleon and a nucleon or a group of nucleons of the 
target nucleus (tunnel effect). It is assumed that 
the nucleon group forms a continuous amorphous 
mass of nuclear matter, since the collisions be- 
tween the incident nucleon and the nucleons of the 
nucleus are not sharply divided in time. In the 
instant of collision, the nucleons of the nucleus 
are not in the same state with respect to the in- 
cident nucleon; the shape of the tunnel may, there- 
fore, not be cylindrical. For small energies 
(< 50 Bev) the deviation from such a shape may 
be large, but for the region >50 Bev we assume 
that the tunnel shape is almost cylindrical. In the 
following we assume that a nucleon incident upon 
the nucleus interacts with a column of nuclear 
matter in a tunnel whose length depends on the 
impact parameter. If M (column)/M (nucleon) 
= 1/d nucleons of the nucleus take part in the col- 
lision, one can estimate’ the energy of the primary 
nucleon y = E/Mc? by means of Eq. (1). In the 


FIG. 3. Differential angular dis- 
tribution for 161 shower particles. 
The solid and dashed curves corre- 
spond to Eq. (7) for a = 1 and 
a= 1.4 respectively. 
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FIG. 4. Dependence of 6/ on ng for different J/d. 
Experimental points for 138 showers (e — showers of 38 
the stack I—f; x— showers of the stack R). The 34 
region below dashed lines corresponds to E, > 50 Bev 
for each 1/d. e! 
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derivation of (1) it has been assumed that (a) the 
number of particles is large (b) the emission of 
particles in c.m.s. is symmetric, and (c) all par- 
ticles are relativistic inc.m.s., i.e. B7 =1, 
m = Bo. 

The angle 6,,/. is found from Eq. (1) as a func- 
tion of y and //d: 


4 + 2ylid + (/d)? 
eae F 


(8) 


tan? 0), = 


The total number of particles N taking part in 
the interaction and produced in it is determined 
from the hydrodynamical theory:® 


(9) 
(19) 


N = 0.84 (J/d + 1)y's for l/d<3.7, 
N = 1.55 (l/d —0.25)'ley'k for L/d > 3.7. 


On the other hand, depending on the nature of 
the primary particle (p,n), we have 


(p) N = 3n,/2 + l/4d —*/2; 
(n) N = 3n,/2 + 1/4d + 1; 
(p, 2) N =3n,/2 + 1/4d + 1/o. 


The value of y was found by substituting N into 
Eqs. (9) and (10), and tan 6, /2. Was then obtained 
from Eq. (8). 

The analysis of all reduced showers (138 in all) 
was carried out from the point of view of the inter- 
action with a column of nucleons in the tunnel. The 
dependence of 6;/ on ng was plotted for differ- 
ent tunnel lengths J/d (Fig. 4). Curves for proton- 
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2m 2 wb B WM I Mdm, 
produced stars were used (for stars with primary 
neutrons the curves are flatter and lie lower) and 
experimental points were marked in coordinates 
912, Ng for showers produced by protons and 
neutrons. The diameters of emulsion nuclei range 
from 1 to 7.54 in units of d. The parameter 1/d 
can, therefore, vary for emulsion from 0 to 7.54. 

If the tunnel-effect model is correct, the experi- 
mental points should all lie below the curve corre- 
sponding to J/d = 7.54. In reality it was found that 
a considerable part of the points fell above the 
curve (cf. Fig. 4). 

The large scatter of experimental points cannot 
be explained by fluctuations of ng and 4;,. In 
fact, allowing for fluctuations, the number of par- 
ticles in the forward and backward cones in the 


c.m.s. is 
ns/2+V n,/2. 


The angle 6; also fluctuates from 91min to 
91/2max Yepresenting the angles that contain 
ng/2*#Vng/2 particles (in the c.m.s.). 

For an isotropic distribution of particles in the 
c.m.s. we know, on one hand, that the fraction of 
particles f contained within the angle oF =n/2> 
A@ is £=(1—- cos 6f)/2. On the other hand, 


f = (ns/2 + V 1,/2)/ns. 
It follows hence that cos 6 =+V2/ng . Substi- 


tuting this values into Eq. (2) we obtain 
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tan 93), 


Vn, —2 

(mix) Vat V2 Vi+tan®,, 

It can be seen from Fig. 5 that the width of fluc- 
tuation strips does not include the expected amount 
of experimental points and, consequently, fluctua- 
tions of the multiplicity and of the angle 6 1/2 can- 
not explain the observed relatively large number 
of showers corresponding to tunnel lengths > 7.54. 
We therefore plotted curves for larger J/d (up 
to I/d = 22), in order to encompass all showers 
studied. The points corresponding to these show- 
ers lie below the curve J/d = 7.54; in extensive 
showers one must assume, for agreement with the 
theory, that 6; may in some cases be 3 to 5 
times larger. Such an increase may be due to 
secondary interactions in the target nucleus. 


tang, (11) 


BF TY BR" MGRIEON Ee aor, 


FIG. 5. Dependence of 0% on ng for //d = 7.54 and fluc- 
tuation curves: dashed — for fluctuations of Oy, solid — for 
fluctuation of ng. 


The experimental points in Fig. 4 for showers 
with Ep) > 50 Bev were divided with respect to 
tunnel length (points lying above dotted curves 
were not taken into account). A histogram was 
then constructed of the distribution of showers 
with respect to 7/d and compared with the com- 
puted histogram of the tunnel-length distribution 
of the relative number of interactions with emul- 
sion nuclei. 

If the interaction cross section is equal to the 
geometrical one a= oA 3, then the number of 
interactions with a given nucleus is n = oqSt, 
where q is the number of nuclei per unit volume, 
S is the flux of primary nucleons with a given 
primary energy, and t is the time. The total 
number of interactions can be obtained by inte- 
grating over the nuclei of all elements of the 
emulsion. The relative number of interactions 
with each nucleus is as follows: 


I Ag Br S O N C H 
0.0082 0.3068 0.3815 0.0032 0.1037 0.0273 0.1154 0.0542 


If we represent the nucleus by a spherical con- 
tinuous body of radius ra 3, we can relatively 
easily calculate the relative number of interac- 
tions in the emulsion for different tunnel lengths. 
The results of the calculation for Ilford G-5 
emulsion are: 


i/d= 0-1 1-2 2-3 3-4 4-5 5-6 6-7 7-7.54 
0.089 0.104 0.173 0.182 0.139 0.168 0.132 0.013 


These data served as the basis for the histo- 
gram and were compared with the experimental 
histograms (Figs. 6 and 7). 


= 
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é 
024.6 by i 4 Bh aces e 
FIG. 6. Histograms of the tunnel-length distribution 
(0 < //d< 7.54) of interactions. (Solid line — theoretical). 
Experimental histogram (dashed) includes errors. E, > 50 Bev. 
(94 showers). 
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FIG. 7. Histograms of the tunnel-length distribution 
(0 < l/d< 22) of showers with E, > 50 Bev. Solid line — 
theoretical, dashed — experimental (59 events). 

It can be seen that the experimental histogram 
is shifted towards longer tunnels. The same re- 
sult follows from an estimate of the ratio of the 
number of interactions N, for longer tunnels 
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(7.54 = I/d > 3.6) to the number of interactions 
N, involving shorter tunnels (3.6 = J/d = 0): 
the calculated ratio in emulsion is N,/N, = 1.45, 
while the observed is N;/N, = 5.39 + 0.30 for 
Ey > 50 Bev and N,/N, = 2.92 + 0.31 for Ey > 
100 Bev. 

We have studied the variation of Eq. (1) and 
the form of dependence of 6, /2 OM Ng when con- 
ditions (b) and (c) are not satisfied. 

Let the condition (a) be satisfied, i.e., let the 
showers have a large multiplicity. We shall find 
y for the case when the emission of particles in 
the c.m.s. is asymmetric with respect to the plane 
passing through the center of mass and perpendic- 
ular to the direction of the nucleon, but is symmet- 
ric in the system of equal velocities. In sucha 
system the velocity of the incident nucleon (vj), 
of a tunnel nucleon (v,), and of the system (Vp) 
are equal. 

The energy of a tunnel nucleon y’ is given, 
for = 1, by the expression: 


y= Vy 1—B?, 8, = Up /C =1/V 1 +tan6), . 


The nucleon velocity v in the laboratory system 
and vj; in the equal-velocity system are connected 
by the relation: 


B= 28,/(1 + Bp). 
The primary particle energy in l.s. is then 
y= 1+ 2/tan*6,,,. 
If 6, #1 and m= Bp / Br: we have 
y = 2/m*tan? Oy, — 1. 
and the relation between 6; and ng is: 


N*/[0.84(L/d + 1)]* = 2/m®tan? 6,,—1 for l/d <3.7, 
N4/(1.55 (d/d — 0.25)*]* = 2/m?tan?6),—1 for J/d> 3.7. 
(12) 


The dependence of 6,4 on ng for different m, 
calculated according to Eq. (12) for I/d = 7.54, is 


shown in Fig. 8. For comparison, analogous curves 


for the c.m.s. are shown in the figure as well, the 


energy of the primary for a symmetric distribution 


in the c.m.s. being defined by the formula 


a (l/d) (1 — m? tan? 8y,) +) (ljd)* ar m?tan? 05), @ = lid)? 4 
fae m* tan? U1), 


(13) 


The curves, obtained under the assumption of a 
symmetric emission in the equal-velocity system, 
lie below the corresponding curves in the c.m.s. 
since Bp = BG. If we drop conditions (b) and (c), 


a still larger number of experimental points will 
fall above the curve for 7/d =7.54 and, conse- 
quently, will not be explained by the multiple me- 
son production theory: 


024 6 8 0 it 4 6 18 20 22 24 26 28 DW Sn, 


FIG. 8. Dependence of 0% on ng, for different m. Top 
curves calculated assuming symmetry in c.m.s., bottom — 
assuming symmetry in the equal velocity system. 


In the above calculations the energies were es- 
timated neglecting the energy spectrum of shower 
particles. Such a procedure decreases the primary 
energy. If we correct the value of yg according 
to reference 2, the calculated curves fall lower, 
as can be seen in Fig. 9. 
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FIG. 9. Curves for //d = 1 and 7, calculated assuming a 


power energy spectrum of shower particles (dashed), and as- 
suming that the particles are monoenergetic (8,, = 1) (solid). 


CONCLUSION 


The integral angular distribution of shower par- 


ticles in stars produced by 5 x 10!° to 10! ev pri- 


402 SAN’KO, TAKIBAEV, and SHAKHOVA 


maries is asymmetric about f= Whe An analysis 
of the symmetry of the integral-distribution curve 
shows that the angular distribution of shower par- 
ticles in the c.m.s. is nearly isotropic. The ex- 
perimentally observed relation between ng and 
64/, is greatly different from that calculated on 
basis of the multiple meson production theory. 
The discrepancy cannot be explained by fluctua- 
tions of multiplicity and angle 6, Vx 

The observed values of ng and 6; can be 
explained if one assumes the production of me- 
sons in secondary interactions in about 40% of 
showers produced in the stratosphere at 30 to 
33 km altitude. 


1M. Baldo-Ceolin and B. Sechi, Nuovo cimento 
2, 6 (1955). 

2 Castagnoli, Cortini, Franzinetti, Manfredini, 
and Moreno, Nuovo cimento 10, 1539 (1953). 


37h. S. Takibaev, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 85, 277 (1958), Soviet Phys. JETP 8, 
191 (1959). 

4 Bradt, Kaplon, and Peters, Helv. Phys. Acta, 
23, 24 (1950). 

5 Schein, Glasser, and Haskin, Nuovo cimento 
2, 647 (1955). 

8 Debenetti, Garelli, and Tallone, Nuovo cimento 
4, 1142 (1956). 

Zh. S. Takibaev, Becru. AH KasCCP (Bull. 
Acad. Sci. Kazakh S.S.R.) 1, 69 (1957); Takibaev, 
Usik, and Antonova, Dokl. Akad. Nauk SSSR 111, 
341 (1956), Soviet Phys. “Doklady” 1, 666 (1956). 

8S. Z. Belen’kii and L. D. Landau, Usp. Fiz. 
Nauk 56, 309 (1955). 


Translated by H. Kasha 
122 


SOVIET PAYSICS JETP 


VOLUME 35(8), NUMBER 3 


MARCH, 1959 


ON THE THERMAL STABILITY OF THE DOMAIN STRUCTURE IN SILICON-IRON 


CRYSTALS 


. KIRENSKII and I. F. DEGTIAREV 


Institute of Physics, Siberian Branch, Academy of Science, U.S.S.R. 


Submitted to JETP editor April 1, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 584-586 (September, 1958) 


The longitudinal magneto-optical Kerr effect is applied to the examination of the domain 


structure of 3% silicon iron in the temperature range from 20° to 700°C. 


It is shown that 


the domain structure possesses high stability in this temperature range. 


INTRODUCTION 


A very great number of investigations, both theo- 
retical and experimental, have been devoted to the 
study of the domain structure of ferromagnets. 
Such interest in their domain structure is fully 
justified insofar as the basic properties of ferro- 
magnets in weak and intermediate fields are de- 
termined by the domain structure, and the magneti- 
zation process proceeds by way of the motion of 
domain boundaries.! 

At the present time there are many methods for 
the study of domain structure. The principal, well- 
developed method is that of powder patterns.? The 
application of the powder-pattern method, however, 
is limited to relatively low temperatures. Besides, 
an examination of the dynamics of a domain struc- 
ture by means of cinematography and powder pat- 
ters is possible only for slowly varying fields or 
elastic stresses.® 

Thus, attempts to find other methods of inves- 
tigation of the domain structure of ferromagnets, 
free from the drawbacks indicated above, are quite 
natural. Among such methods, one must cite the 
electron-optical methods,’ the permalloy-probe 
method,° and methods that utilize the magneto- 
optical Kerr effect. As regards the last method, 
the polar Kerr effect has been successfully em- 
ployed in the investigation of the domain structure 
of uniaxial crystals, in particular MnBi crystals. 
Application of this method is possible only in the 
presence of a magnetization component normal 
to the surface of the specimen. 

There are comparatively few works employing 
the longitudinal Kerr effect with the magnetization 
vector in the plane of the surface of the specimen 
and in the plane of incidence of the light beam, and 
the investigation itself involves considerable tech- 
nical difficulties. These difficulties are due to the 
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fact that the angle of rotation of the plane of polari- 
zation upon reflection of light from a ferromagnetic 
mirror is small (maximum up to 5’) for the afore- 
mentioned Kerr effect. Besides, a major experi- 
mental difficulty lies in overcoming the effect of 
microrelief of the surface. Surface microrelief 
gives significantly more difference between in- 
tensities of beams reflected from different regions 
than between neighboring zones of spontaneous 
magnetization. 

The small rotation of the plane of polarization 
in the longitudinal Kerr effect makes visual ob- 
servation of the domain structure impossible on 
account of insufficient contrast. The authors of 
the works referred to above surmounted the ef- 
fect of surface microrelief by applying a photo- 
graphic method. The specimen under investiga- 
tion was photographed in a state of magnetic 
saturation. The true surface microrelief was 
obtained in the negative obtained. From the neg- 
ative, a transparent positive was prepared which 
was exactly superposed on the negatives taken 
with the specimen in the investigated state. This 
made it possible to disclose the domain structure. 

The literature contains indications that the 
Kerr effect is reinforced by dielectric and semi- 
conducting films.’ This effect was uti'ized to de- 
velop a method for examining the doiuain struc- 
ture. This method has no time delay and is 
applicable over a considerably broader temper- 
ature range. 


EXPERIMENTAL PORTION 


The basic idea of the experiment consists in 
employing the properties of the iron oxide film 
to increase the magnitude of Kerr effect observed, 
making possible visual observation of the domain 
structure along with still and motion picture re- 


cording. 
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FIG. 1. Arrangement of apparatus for observation of a 
domain structure by means of the longitudinal Kerr effect. 


The diagram of the arrangement is shown in 
Fig. 1. Light from the source S (a prefocused 
incandescent lamp) is converted into a parallel 
beam by means of lens L,;. The polarizer P 
polarizes the light in a plane perpendicular to 
the plane of incidence. After reflection from the 
surface of the examined specimen K, the lens 
L, forms an image of the surface in the plane C, 
where the photographic plate is placed. The ana- 
lyzer A is located at the point of maximum con- 
vergence of the reflected rays. 

Before photographing, the polarizer and ana- 
lyzer are adjusted for minimum light transmis- 
sion. The analyzer is then turned through a small 
angle and, if visually observed through the ocular, 
the domains emerge clearly in the form of dark 
and bright bands. Since this method is instantane- 
ous, the stroboscope effect can be used to observe 
the process of boundary displacement in applied 
fields of frequency 50 cps and higher. 

It has been found possible also to study the do- 
main structure over a very broad temperature 
range. For this, the specimen K was placed to- 
gether with a heater H in a chamber which could 
be evacuated (Fig. 2). The chamber had two glass 
windows positioned normal to the incident and re- 
flected beams. The heater was mounted in a por- 
celain tube D-so that no shifting of the specimen 
occurred during a change in temperature. The 


temperature was measured by means of a nichrome- 


constantan thermocouple 

At temperatures above 500°C the specimen be- 
gan to glow, but for exposures up to ten seconds 
this natural radiation did not essentially affect 
the photographic film up to 700°C. 

Studies were carried out on single crystals 
of 3% silicon iron, cut in strips 25x4x0.3 mm. 
in the (110) plane. The specimens, prepared in 
the same way as for observation of powder pat- 
terns, were annealed in vacuum on the order of 
10-3 mm. Hg at a temperature near 1000°C for 
three hours. The annealing removed the mechan- 
ical strains and covered the surface of the speci- 
men with a fine film of iron oxide. With an ap- 
propriate film thickness, the visual observation 
spoken of above was made possible. 


V. KIRENSKII and I. F. DEGTIAREWV 


FIG. 2. Diagram of 
apparatus for the investiga- 
tion of domain structure at 
various temperatures. 
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The photographs of Fig. 3 illustrate the change 
in the domain structure during the application of 
an increasing magnetic field. The broadening of 
the-domains most advantageously oriented with 
respect to the field at the expense of those less 
favorably oriented suggests that both the domain 
structure itself and its change with the field are 
recorded sufficiently reliably. 

Photographs of the domain structure in the ab- 
sence of a field at various temperatures from 20 
to 700°C are presénted in Fig. 4. It is seen that 
the domain structure of silicon iron is character- 
ized by an unusually high thermal stability. In 
fact, the width of the domain strips is maintained 
strictly constant over the indicated temperature 
interval. 

The domain structure shown can be called 
“normal.” By “normal” domain structure ina 
given case we understand such a domain struc- 
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FIG. 3. Change of the domain structure during application 


of a field. a) H =O, b) H=15 Oe, c) H = 25 Oe, d) H = 600e. 
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ture as is obtained by demagnetizing the speci+ 
men with an alternating field whose amplitude de- 
creases to zero. In case of a specimen with some 
other prior magnetic history, the domain structure 
can be substantially different from normal. Visual 
observations made at temperatures from 20 to 
500°C have shown that such an abnormal domain 
structure likewise remains unchanged with vari- 
ation of temperature. 


SUMMARY 


1. Utilization of an iron-oxide film in the study 
of the domain structure of ferromagnets by means 
of the longitudinal Kerr effect allows visual ob- 
servation of the domain structure and its still- and 
motion-picture photography. 

2. Because of the absence of time delay, the 
magneto-optical Kerr effect method permits the 
conducting of examinations at substantial rates 
of change of the magnetic field and of the elastic 
stresses. 

3. The magneto-optical Kerr effect allows in- 
vestigations to be carried out over a broad range 
of temperatures. 

4. The domain structure of silicon iron in the 
(110) plane is distinguished by high thermal stability. 
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Results of an investigation of tritium production in various elements by 660-Mev protons are 
presented. Excitation functions are given for tritium production in the 120 to 660 Mev range. 


EXPERIMENTAL METHOD 


Tee present investigation was undertaken to sup- 
plement the results of references 1 to 6 and to de- 
termine additional characteristics of tritium pro- 
duction in metals by protons. 

Specimens of metals measuring 2x6x15 mm 
were bombarded with protons in the internal beam 
of the synchrocyclotron of the Joint Institute for 
Nuclear Research. Four to six specimens were 
irradiated simultaneously while fastened in a mas- 
sive aluminum holder. The proton beam was di- 
rected parallel to the 6-mm side. The bombard- 
ing energy was varied by changing the target radius 
in the synchrocylotron. Irradiation times were 2 
to 5 min in an internal beam of 101! to 10’ protons/ 
sec. 

The quantity of tritium in a bombarded target 
was determined by means of a special vacuum 
system which is shown diagramatically in Fig. 1. 
The apparatus consists of a tubular furnace 1 with 
a quartz tube 2 for melting the targets 3; a palla- 
dium thimble 4 with an electric heater 5 to sep- 
arate the hydrogen-tritium mixture from the 
other gaseous reaction products; traps containing 
activated charcoal 6 cooled by liquid nitrogen 
(a trap was used to produce a pressure drop dur- 
ing passage of the active gas); and a Geiger counter 
7 in a lead shield 8 (40 mm thick). The apparatus 
also included several reservoirs — for hydrogen 9, 
pure argon 10, alcohol 11, and a tank 12 for diluting 
the highly active mixture. 

Bombarded targets were melted in a quartz tube 
of 140 cm? volume, ina hydrogen atmosphere* at 
50 mm Hg. The melting time was 1.5 to 2 hours 
at 900 to 1050°C.+ About 90% of the tritium was 
separated from the specimens. A second melting 


*The hydrogen used experimentally as a carrier first passed 
through the palladium thimble. 

+The experiments were performed with elements whose 
melting points did not exceed 1100°C. 
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process under the same conditions gave 8 or 9% 
and a third process yielded 1 to 2% of the total 
tritium activity. A special check of the yield of 
the active mixture by activated charcoal showed 
that the charcoal yields practically all of the gas 
at room temperature. 

The vacuum system enabled us to send into 
the counter from 0.057 to 0.1 of the hydrogen- 
tritium mixture at 1 to 6 mm Hg. The £-particle 
detector was a cylindrical glass counter of 60 cm? 
volume with a copper cathode. The counter was 
filled with alcohol vapor at 15 mm and argon at 
95 to 100 mm in addition to the hydrogen-tritium 
mixture. Under these conditions, the Geiger 
counter had the following operating characteris- 
tics: a counter plateau from 100 to 150 v, a plateau 
slope not greater than 10% at 100v, and a back- 
ground of 80 to 100 pulses per minute. The tri- 
tium activity was measured at 1000 to 10000 pulses 
per minute. The efficiency of the counter for reg- 
istering beta particles from tritium decay is esti- 
mated at about 90%. 

The proton beam was monitored by a 20y alu- 
minum foil in which the specimens were wrapped 
during bombardment. The dependence of the yields 
of the Al? (p, 3pn) Na*4 reaction on the proton 
energy was taken from references 7 and 8. After 
bombardment the aluminum foil was dissolved in 
1 ml of HCl, after which the decay of activity was 
measured in the fraction 0.01 of the solution. The 
activity of the monitor was measured by an end- 
window counter with mica windows 3 mg/cm? thick. 
The detector recorded 18% of the entire activity of 
the monitor. 


EXPERIMENTAL RESULTS 


The table contains the cross sections of vari- 
ous elements for tritium production by 120 to 660 
Mev protons. The values in the table are the av- 
erages of not less than 3 measurements, except 
that for magnesium, tin, gold and bismuth single 
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FIG. 1. Diagram of the vacuum system for deter- 
mining the amount of tritium produced in various 
elements by high-energy protons. 


measurements are sometimes given. The total 
error in determining each value is estimated at 
+30%. This is double the half-width of the curve 
of deviations from the average experimental val- 
ues for all of the experiments; the curve was al- 
most Gaussian in shape. 

The tritium production cross sections 0773 of 


aluminum and lead at 120 Mev are almost identical. 


Considerable increase of oy3 for heavy elements 
is observed as the proton energy is increased. In 
the 300 to 500 Mev range the increase of the cross 
section is slowed down, but above 550 Mev it in- 
creases sharply. At 660 Mev the oy, of lead 
and bismuth is almost twice as large as on the 
plateau (300 to 500 Mev) and reaches 10% of the 
geometric cross section. This relation is clear 
for lead and bismuth. For aluminum and magne- 
sium the relation is almost linear. The values 
for tin lie between the values for lead and alumi- 
num. 

The dependence of 03 on atomic weight at 
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660 Mev is shown in Fig. 2, where the dashed line 
shows the dependence of the excitation energy on 
atomic number at 450 Mev. The figure also shows 
the cross sections which we obtained experimen- 
tally at 450 Mev or by means of interpolation of 
the energy relations (triangles), and gives re- 
sults taken from reference 1 (open circles). 
There is good agreement between our results and 
reference 1 for aluminum and lead at 450 Mev. 
Figure 2 is marked by a steady increase of oy 
with A. At 660 Mev oy 3 of aluminum and bis- 
muth increases ~3 times as A increases ~8 
times. 


DISCUSSION 


It is interesting to observe how the tritium 
production cross section depends on proton energy 
at still higher energies. Fig. 3 gives data on tri- 
tium production in aluminum and lead by fast pro- 
tons; the data were obtained in the present work 
or from the literature.'’4*® Experimental values 


Number of 


Target Proton Average Number of Target Proton Average 

material experiments material energy, Mev | cross section | experiments 
Magnesium 43 + 13 2 Tin 550 69 + 21 1 
Aluminum 46 + 14 17 Lead 550 87 + 26 3 
Copper WES 32 9) 6 Bismuth 550 Us) ae 2, 1 
Zinc 6700 Uf Aluminum 500 SH/ ae ill 5 
Silver US 25 IF 4 Magnesium 450 SiO) ae) il 
Cadmium 95 + 28 3 Aluminum 450 ARN Be Yl 3 
Tin 1225337. 3 Lead 450 hl as AY/ $) 
Antimony 88 + 26 2 Magnesium 300 19516 2 
Gold 139 + 41 1 Aluminum 300 9s) 32 7 3 
Lead 186 + 56 if Tin 300 sii ac iil 2 
Bismuth 167 + 50 4 Lead 300 {eh 32 PP 4 
Aluminum 44 + 13 2 Bismuth 300 We) 28 2D il 
Tin 86 + 26 1 Aluminum 200 18 +6 5 
Lead 157 + 47 3 Aluminum 120 16245 3 
Magnesium 26 +8 2 Lead 120 IY 38 3) 3 
Aluminum 33 10 6 
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taken from the literature are indicated in Fig. 3 
by open circles and squares. The crosses denote 
cross sections in iron for the proton energies 
0.16, 1.0, 3.0 and 6.2 Bev (reference 4) and 50 
to 170 Mev.® The figure shows that the observed 
growth of o}j;3 in lead above 550 Mev is continued. 
For 2.05 Bev o 3 exceeds the cross section at 
300 to 500 Mev by a factor of more than 5 and 
reaches 25% of the geometric cross section. In 
the case of aluminum oy 3 is almost unchanged 
up to 2.05 Bev. oy3 increases steadily in iron 
with proton energy, but the curve for iron is 
closer to the curve for aluminum than for lead. 
Only for the energy region from 0.1 to 0.17 Bev 
is @};3 in iron below the value for aluminum. 
Thus with increasing proton energy the heavy 
elements show a relatively greater rise of the 
tritium production cross section than the light 
elements. 

In Fig. 3 the solid curves give the dependence 
of the variation of the probability of tritium emis- 
sion from lead and aluminum as calculated by 
evaporation theory in the 120 to 500 Mev proton 
energy range. The calculated curves were adjusted 
to experimental results so as to provide coincidence 
of the greatest possible number of points. The cal- 
culation was performed by means of the formulas 
given by Hagedorn and Mackay,’ using the excita- 
tion energies given in reference 10. (For lead we 
used the excitation energy calculated for bismuth. ) 
The relation which gives the temperature of a nu- 
cleus at a given excitation energy was taken from 
reference 11. The effective barrier for tritium 
emission was V}j3 = V)/2 = 8.1 Mev for lead and 
Vy3 = V)/2 = 2.8 Mev for aluminum. We see that 
the evaporation theory gives a relation between 
oy3 and proton energy which is about the same 
as the experimental result. 

The relative probability of tritium emission, 
vH?/Ytot. Where Ytot is the total evaporation 
probability of neutrons, protons, alpha particles 
ete. (Ytot = Yn + Vp + Yd + YH3 + YHe3 + YHe!): 
also agrees with the experimental ratio o3/ Cgeom 
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FIG. 2. Dependence of the tritium production 
cross section on the atomic weight of the target 
material at 1) 660 Mev and 2) 450 Mev. 
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for 120- and 500-Mev protons. For aluminum 

7 H3/7to¢ Was 107? and 3 x 10~*, whereas 
7H3/Cseom i8 2.5 10 (neglecting the trans- 
parency of the nucleus). For lead 7 43/7 tot ‘ 
was 3x 1073 and 1.1 x 107? with the same pro- 
ton energies. o173/Ogeo7, (neglecting trans- 
parency) was 8 X 1073 and 4 x 10°; respec- 
tively. Thus the relative probability of tritium 
emission varies in the same direction as the 
experimental ratio o73/ Sgeom differing by a 
factor of not more than 3. This discrepancy is 
not significant in view of the approximate charac- 
ter of the calculations. 

The agreement of the proton-energy depend- 
ence of oy (Fig. 3) and of oy3/0ge9m with 
evaporation theory indicates that in our experi- 
ments we recorded mainly tritium nuclei which 
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FIG. 3. Dependence of the tritium production cross section 
of aluminum, lead and iron on proton energy. @, O — Pb; 


®, 0 — Al; X — Fe; solid curve — calculation by evaporation 
theory. 
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had been evaporated. This conclusion is also sup- 
ported by the shapes of the curves for the excita- 
tion energy and production cross section oy3 in 
different elements with 450-Mev protons (Fig. 2). 
For proton energies above 500 Mev evapora- 

tion theory gives a probability of tritium emission 
which is notably above the experimental cross sec- 
tions, although the ratio YH3/Ytot remains approx- 


imately unchanged. If we assume that theory agrees 
with experiment in the 120 to 500 Mev energy range, 


then for 2 Bev the probability of tritium emission 
exceeds the experimental value by ~7 times in 
aluminum and ~13 times in lead. These excessive 
calculated values are evidently due to the fact that 
at such high proton energies the evaporation theory 
cannot be applied. 

The authors wish to thank V. A. Khalkin, M. Ia. 
Kuznetsova, and V. I. Salatskii for their assistance, 
and Iu. D. Prokoshkin for valuable suggestions. 
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A single-crystal scintillation spectrometer adjusted for operation at high counting rates was 


used to measure the energies and absolute intensities of y rays in the region of 20 to 1000 


: 


kev, emitted after radiative capture of neutrons in samples enriched in isotopes of Mo”, 


Ag? Te!23, andeGsle. 
states of these nuclei. 


MEASURING TECHNIQUE 


Tue present paper is a continuation of previous 
work of the authors! on the investigation of the y 
radiation emitted by nuclei after capture of ther- 
mal neutrons. The measurements were carried 
out in the range of y-ray energies from 20 to 
1000 kev. The neutron source was the modernized 
heavy-water reactor of the Academy of Sciences, 
U.S.S.R.2. The increased power of the reactor and 
the use of more complete neutron collimation than 
in the previous experiments enabled us to obtain 

a flux of the external beam in the region of the 
target of ~ 10° neutrons/sec cm. 

In measurements of neutron-capture gamma 
rays using magnetic spectrometers,® ° the shield- 
ing of the neutron beam from pile y rays was 
accomplished by means of thick layers (~106 cm) 
of lead or bismuth. In the present work it turned 
out that it was sufficient to cover the neutron 
beam inside the collimator with a thin combined 
filter (1.7 mm of lead, 1.5 mm of tin, and 0.5 mm 
of zinc), which strongly absorbed the soft y rays 
and produced a negligible weakening of the neutron 
flux. 

The y-ray detector was a single crystal scin- 
tillation spectrometer with a Nal (Tl) crystal 
30 mm in diameter and 19.7 mm high. The use 
of photomultiplier FEU-11, a non-saturating 
pulse amplifier,® and a fast acting non-saturating 
single-channel analyzer enabled us to work with 
high integral counting rates (up to ~ 10° pulses/ 
sec) without any change in the resolution and the 
energy calibration of the spectrometer. The win- 
dow width of the analyzer corresponded to energy 
intervals of 2.4, 6, and 20 kev for measurements 
in the energy ranges Ey, = 50, Ey = 400, and 


The observed y rays come from transitions between low lying 


Ey = 400 kev, respectively. The line shape, the 
photopeak efficiency, and the resolution of the 
spectrometer were determined experimentally, 
under the geometrical conditions existing in the 
capture gamma-ray measurements, for y rays 
of 22, 25, 27, 31, 59, 72 kev (the K_ radiations 
of Ag, Sn, Te, Cs, W, and T, respectively ), 
159 kev (Te!23M)> 279 kev (Hg2%), 323 kev 
(Cr*!), 480 kev (y-rays from the B! (n, a) 
Li” reaction), 662 kev (es*), 762 kev 
(Nb*), and 1120 kev (Zn®>), The resolving 
power of the spectrometer in the energy region 
E,, = 279 to 1120 kev can be written as 


ey: 
4 = (240/V Ey) + 0.2. (1) 


where the resolution 7 is in percent and E,, is 
in kev. For Ey < 279 kev, the values of n (Ey) 
are somewhat smaller than those given by for- 
mula (1). Figure 1 shows the dependence of the 
photopeak efficiency €g@ of the spectrometer on 
Ey:' (1) for a Nal (Tl) crystal with h=10 mm, 
d= 28 mm; (2) for the crystal with h = 19.7 mm, 


SSS el 
200 400 600 800 1000 &,kev 


FIG. 1. Photopeak efficiency of spectrometer with Nal 
(Tl) crystal: 1) crystal with h = 10 mm, d = 28 mm; 2) crystal 
with h = 19.7 mm, d = 30 mm. 
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FIG. 2. Spectrum of pulsed from Mo’® y rays: 1) measure- 
ments without filter, 2) measurements with 5.490 g/cm? filter. 


d = 30 mm, which was used in our work. The re- 

duction in ¢g for E,,< 100 kev, which is shown 
in curve 2, is caused by the increased probability 

of escape of iodine K radiation from the crystal 

and the consequent increase in the “escape” peak 

at the expense of reducing the area under the peak 
corresponding to the full energy of the y rays. 


For Ey < 33 kev (the binding energy of the elec- 


trons in the iodine K-shell), eg ~ 100%. 

The intensity of the measured y rays, in 
numbers of quanta per neutron capture, was de- 
termined as previously! by comparison with the 
known y-ray intensity from the B® (n, a) Li” 
reaction, which is 0.935 quanta per capture.’ 

The values of the effective neutron capture cross 
sections were taken from Hughes.® 

The details of the technique for measurement 
of neutron capture y rays (the geometry of the 
experiment; the extraction of the effect of neu- 
trons from the (ny) reaction; the measurement 
of the spectra with thin lead filters to absorb the 
soft radiation for the purpose of reducing the back- 
ground from hard y rays; the resolution of the 
spectra into components; the determination of the 
intensity of y-ray lines, etc) have been described 
earlier.} 


RESULTS OF MEASUREMENTS 


Molybdenum. A sample of metallic molybdenum 
weighing 0.666 g was enriched to 88.8% of the Mo” 
isotope, so that 99.4% of the neutron captures oc- 
curred in this isotope. Figure 2 shows the spec- 
trum of pulses from Mo” y rays in the energy 
region from 550 to 1350 kev. Curve 1 corresponds 


Present work lResults of other authors 
Radiating Number of quanta Number of quanta 
nucleus , 7-ray energy per neutron cap- aed prc per neutron cap- 
Ey, kev ture ny, in% yy, kev ture ny, in% 
| 
Mo% 360-+10 ~2 
770+10 91+14 
840-+10 434-8 
1100—1240 18 
Agios 22-+-2* 10-56 
33-2 18+3 82-2 [19] 2044 [19] 
41743 g+2 417-2 [20] 14-2 [20 
202 (Meee) 43 f 21-4 199+3 |19} 3446 [19] 
\215+4 \ 22+4 187 [11] 
(266-44) ** {243 
(802++5) 18-44 
Tel24 
360-10 2.5+0.5 ; 3 ; 
605--10 58-+9 625-+10 [15]; 609 [1] 04+14[19] 
725-+10 1744 
C5184 34-42* 27+6 Spectrum not 
120-18 208 resolved"? 
18443 92 
(215-+-4) GaeZ 
(258-4) o+4 
(310-£5) 41 


*K x-radiation. 


**The energies of y lines whose existence has not been reliably established 


re given in parenthesis. 


See re 
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to measurements without a lead filter in the colli- 
mator, curve 2 to measurements with a 5.490 g/ cm? 
lead filter. The dotted curves are the individual 
lines resolved from curve 2, whose energy and 
intensity are given in the table. In the 1100 to 
1240 kev energy region there is an unresolved 
maximum from Mo” y rays with a total y-ray 
intensity of ~18%. In the region E,, < 770 kev 
we observed a small peak from 360-kev y rays, 
but this peak is not present in the spectrum of the 
filtered radiation. 

The hard y rays from radiative capture of 
neutrons in molybdenum were measured by Kinsey 
and Bartholomew.® From their work, the energy 
of the first two excited states of Mo® is 760 + 15 
and 1610 + 20 kev. The 840- and 770-kev y rays 
found in the present work are the cascade transi- 
tion from the second excited state of Mo® at 1610 
kev, which is well known from the decay of Nb 
and Tc%*.9 Apparently the (360 + 10)-kev y rays 
result from a transition between levels lying higher 
than the first two excited levels. 

In the decay of Nb’ and Tc the Mo nucleus 
is excited to an energy ~2.7 Mev. The ground 
state of Mo’ is then reached only by cascade 
transitions through the first excited level. In 
neutron capture one produces an excited state 
of Mo” with an excitation energy of 9.15 Mev.° 
However, in this case also the ground state of the 
nucleus is reached mainly by transitions through 
the first excited level (in 91 + 14% of the cases 
of neutron capture). 

Silver. A metallic silver sample weighing 
0.455 g was enriched to 97.8% in the Ag!" isotope, 
so that 94% of the neutron captures took place in 
this isotope. Figure 3 shows the spectrum of 
Ag! y» rays absorbed in 2.205 g/cm? of lead, and 
the resolution of the spectrum into components. 
The energies and intensities of the y lines are 
given in the table. It should be mentioned that 
the half-width of the 202-kev peak exceeds by 30% 
the half-width for a monochromatic line of the 
same energy (which is shown by the dashed curve 
in Fig. 3). This allows us to postulate the pres- 
ence in the region of the peak of at least two y 
lines with energies 197 + 3 and 215 + 4 kev, with 
intensities of 2144 and 22 + 4% respectively. 
This resulution is not unique since there are no 
reliable arguments for assuming that this maxi- 
mum consists of two and not more than two lines. 
However these y rays with their assigned ener- 
gies fit well into the y-ray transition scheme 
(Fig. 4) discussed below. 

According to the data of Skliarevskii, Stepanov, 
and Obiniakov,’® the y rays from radiative cap- 
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FIG. 3. Spectrum of pulses from Ag*®® y rays, absorbed in 
2.205 g/cm’ Pb. 
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FIG. 4. y-ray transitions in Ag’®*. The numbers in the 
breaks in the arrows give the intensities of the transitions in 
percent per neutron capture, taking account of conversion 
(ny +k y ): 


ture of neutrons in the Ag!’ and Agtt? isotopes 
include lines with energies close to one another. 
The intensities of the Ag! y lines found in the 
present work were corrected for the contribution 
of the radiation following neutron capture in Ag! 
in the sample (6% of the captures) by using the 
intensities from reference 10. The values of en- 
ergy and intensity for those y lines which occur 
in both our work and in reference 10 are in good 
agreement. The 187-kev y rays found by Hamer- 
mesh and Hummel! in the radiation accompanying 
neutron capture in natural silver are apparently 
due to a superposition of neighboring lines of Ag!% 
and Ag!t0 10 

The y rays at 22 + 2 kev are naturally in- 
terpreted as Ag K radiation, which could result 
from internal conversion in the K shell and from 
self-absorption of the y rays in the target via the 
photoeffect. Of the observed 22 + 4 X-ray photons 
per hundred neutron captures, 12 + 2 photons are 
due to the effect of self-absorption. The self-ab- 
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sorption was computed for the target thickness 
0.283 g/cm? employed in the experiment by using 
the intensities of the Ag! y lines given in the 
table. Thus 10 +6 x-ray photons are associated 
with internal conversion. After correcting for the 
K -fluorescence yield f= 0.82,'* the number of 
cases of conversion of all the y rays will be equal 
to K =UKy. = (12+7%) per neutron capture, 
where Ky. refers toa single y line. The “thick” 
target used in our experiments limited the accuracy 
in determining K. 

The hard y quanta from the Ag (n, vy) reac- 
tion which were found in reference 4 indicate the 
presence of levels in Ag!® with excitation ener- 
gies of 0.32 + 0.03 and 0.21 + 0.03 Mev. The soft 
Y rays observed in the present work fix more pre- 
cisely the energies of these levels which serve as 
the basis for setting up a possible scheme of y 
transitions (Fig. 4). In this scheme, which includes 
the y lines found by us, excited levels at 83 + 2 
and 266 + 4 kev are introduced in addition to the 
levels mentioned above. 

The state of Ag!® which is produced as a re- 
sult of capture of a thermal neutron (from now on 
we call it the initial state) can be either 0° or 1” 
The direct transition to the ground state is an El 
transition. The transitions with comparable inten- 
sities to the 197- and 302-kev levels, which were 
found in reference 4, should also be El. Thus 
these levels can be 0*, 1t, 2*. 

Using the known intensity of the 83-kev y rays 
and theoretical values of the K-shell conversion 
coefficients taken from the work of Sliv and Band,'® 
we can predict the number of cases of conversion 
Kgs for radiative transitions of various multiplici- 
ties: 133 (M2), 37(E2), 11.4(M1), and 43 (E1) 
(in % per neutron capture). The quadrupole tran- 
sitions contradict the experimental value of K as 
determined in the present work from the intensity 
of the x-rays. We have a choice between the di- 
pole transitions M1 and El for the 83-kev y 
transition. If we assign this transition to be E1, 
the state at 83 + 3 kev must have negative parity. 
If this is the case, the intensities of the competing 
transitions of opposite parity from the 302- and 
197-kev levels to the 83-kev level and to the ground 
state (cf. diagram) should be markedly different, 
whereas the experiments show them to be compa- 
rable (cf. table). In addition, in order to make 
the intensity of the transitions leading to the 83- 
kev state agree with the intensity of the transitions 
which deexcite this state, it is preferable to assign 
the (83 + 3) -kev transition to Ml. Thus this 
transition should be taken to be magnetic dipole, 
and the characteristics of the corresponding ex- 


cited level can be 0*, 1* or 2*. In reference 4 
no y quanta corresponding to the transition from 
the initial state to the 83 kev level were found, 
which can be understood if the initial Ag!® state 
is 0” and the 83-kev state is 0* or 2+. The 

0- assignment for the initial state in Ag! is 
directly established by the results of refer- 
ence 14, in which the first resonance level of 
Agi0t at Ep = 16.6 ev was found to have I = 0. 
The excited levels at 197 and 302 kev will be 

1+, and the y transitions shown in Fig. 4 will 
be either M1 or E2, which does not contradict 
the experimental value of K.. 

Tellurium. The 72.8-mg sample of metallic 
tellurium used in the experiment was enriched to 
28% in Te!**, so that 97% of the neutron captures 
took place in this isotope. In 2.4% of the cases, 
the neutrons were captured by Te!*4 which con- 
stituted 41.5% of the sample. The energies and 
intensities of the observed y rays are given in 
the table. Figure 5 shows the spectrum of y lines 
absorbed in a 4.39 g/cm lead filter, in the region 
of well-resolved lines (shown dotted in the figure). 
The energy and intensity of the (605 + 10)-kev y. 
quanta determined in the present work agrees, 
within the limits of error, with the results of pre- 
vious work.!115 

The y quanta with energies of 775 and 605 kev 
can only come from Te!*4, because of their high 
intensity. Similar y rays are observed in the © 
radioactive decay of Sb'24 and 1'4,° where they 
correspond to transitions between the first two 
levels of Te!*4. The 360-kev y lines with 2.5% 
intensity could belong to Te’?5 since the target 
contains Te!4, But in that case the high intensity 
of this line (~ 100% per neutron capture in Tei; 
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FIG. 5. Spectrum of pulses from Te’™ y rays absorbed in 


4,386 g/cm? Pb. 
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would require its assignment as a transition from 
one of the lower lying levels. But it is known from 
the decay of Sb!*5 (reference 9) that no y quanta 
of such energy are emitted in transitions between 
the low lying states of Te! Thus the 360-kev y 
quanta observed here probably belong to Te!4 and 
correspond to transitions between levels with ex- 
citation energies greater than 1380 kev. 

The intensities of the transitions between the 
first two excited states of the even-even nuclei 
Te!24 and Mo" differ somewhat. In Te!4 the 
majority of the cascade transitions from the ini- 
tial state lead to the ground state, passing over 
the first two excited states. 

Cesium. In the measurements with cesium, we 
used targets of cesium fluoride weighing 0.540, 
2.486, and 8.200 g. The first of these targets was 
used for the measurements in the region E, = 90 
kev, where the absorption of the y rays in the 
source material is especially important. Figure 6 
shows the spectrum of the y rays, absorbed in 
2.205 g/cm? of lead, for the 2.486-g target, and 
its resolution into components (only the photo- 
peaks are shown). The energies and intensities 
of the y lines are given in the table. The Cs!* 
nucleus has a level at 10.5 kev whose quantum 
numbers (5*) are close to those of the 4* ground 
state.’ The y transitions from higher levels to 
this level and to the ground state can have com- 
parable probabilities. It is possible that the spec- 
trum is poorly resolved in the region Ey > 180 kev 
because of overlapping of y lines due to such 
transitions. The neutron capture y rays of ce- 
sium were measured earlier by Hamermesh and 
Hummel," but the spectrum was not resolved. 

The y lines found in the present work are not 

to be associated with the decay of the three-hour 
isomer of Csi. since the cross section for ac- 
tivation of this isomer is small (2 x 107? barn). 
The intense y radiation with energy 120 + 3 kev 
probably corresponds to a transition from a 

(120 + 3) -kev state to the ground state. The less 
intense y quanta with energy 184 + 4 kev are pos- 
sibly due to transitions between levels with excita- 
tion energies of 310 + 5 and 120+ 3 kev, while the 
310-kev y rays come from the direct transition 
from the excited state to the ground state. 

The softest y radiation with energy 31 + 2 kev 
is the x-radiation of cesium, emitted mainly after 
internal conversion of the y quanta inthe K 
shell. For the thin target of cesium fluoride, the 
correction for self-absorption through the photo- 
effect amounted to 10% of the observed x-ray in- 
tensity. Taking into account the K -fluorescence 
yield f= 0.89,’ the total number of cases of con- 
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FIG. 6. Spectrum of pulses from Cs*** y cays absorbed in 


2.205 g-cm? Pb. 


version will be K =(30+6)% per neutron capture. 
The value of K was compared with the intensities 
of the y lines, using theoretical values of the K - 
shell internal conversion coefficients,'? in a way 
similar to that which we described in our discus- 
sion of the measurements on silver. This analysis 
leads to the conclusion that the 120-kev y transi- 
tion is E2, while the 184 and 215 kev transitions 
are M2. In this case we get a value of K = 25 + 5, 
in satisfactory agreement with the experimental 
data. The large number of soft y rays in the 
spectrum from the Cs!*3(n, y) reaction indicates 
that the odd-odd nucleus Cs!“ has a high level 
density even near the ground state. 
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Inelastic interaction between cosmic ray protons of kinetic energy above 7 Bev (mean energy 
~ 20 Bev) and carbon and hydrogen nuclei was investigated at a geomagnetic latitude of 31°N 
in the stratosphere. The measurements were made with a telescope containing absorbers of 
lead and of the investigated graphite and paraffin. A system of hodoscopic counters surrounded 
the telescope and the absorbers. A value of 315 + 50 millibarns was obtained for the proton- 
carbon inelastic-interaction cross section. The proton-proton inelastic interaction cross sec- 
tion was 32 +10 millibarns. The average number of charged penetrating particles was found 
to be 4.2 + 0.5 particles per shower in carbon and ~ 3.4 particles per shower in hydrogen. 


1. INTRODUCTION 


Tae study of absorption of beams of nuclear- 
active particles in cosmic rays! and of the forma- 
tion of various secondary cosmic-ray components 
in the atmosphere? has led in its time to the con- 
clusion that the interaction between nucleons and 
light nuclei have low inelasticity in the energy 
range from 2 to 1,000 Bev. In connection with 
this, it has been suggested by Vernov’® that the 
observed low inelasticity of the interaction dis- 
closes a certain structural feature of the nucleon, 
namely that it has a denser central portion and 
less dense peripheral portion. Experiments on 
the scattering of 1.4-Bev pions by protons, per- 
formed in 1955,‘ lead to similar conclusions. 

A study of the inelasticity of interaction be- 
tween nucleons and nuclei is thus found to be one 
of the effective means of investigating the struc- 
tural properties of the interacting particles. It 
must be emphasized here that the value of the co- 
efficient of inelasticity of interaction obtained in 
references 1 and 2 depends substantially on the 
effective cross section for inelastic interaction 
between the nucleons and the nuclei of the atoms 
in the atmosphere. This cross section was as- 
sumed to equal the geometric cross section. It 
was therefore quite important to measure this 
cross section for cosmic-ray particles in the 
region of energies, for which collisions with 
light nuclei were found to be of low inelasticity. 

Directly connected with problems in the inter- 
action of high-energy particles with light nuclei is 
the study of the dependence of the number of par- 


ticles generated upon interaction on the atomic 
weight of the nucleus and on the energy of the in- 
cident particle. It is equally important to deter- 
mine the effective cross section of inelastic proton- 
proton interaction and its energy dependence. 

In the present article we report the measured 
effective cross sections of inelastic interaction 
between primary cosmic rays (protons with kinetic 
energy greater than 7 Bev) with carbon and hydro- 
gen nuclei® ® and the measured number of particles 
generated in these interactions. The experiments 
were performed in the stratosphere at an altitude 
of 20 to 25 km and a geomagnetic latitude 31°N, for 
there the proton energy spectrum is cut off on the 
low side of 7 Bev, and diminishes as the 1.5 power 
with increasing energy (integral spectrum). The 
apparatus developed made it possible to measure 
the interaction cross section by two different 
methods, to measure the number of particles 
produced by interaction, and to determine the 
current of primary particles with greater pro- 
cedural reliability than previously. 


2. MEASUREMENT METHOD AND APPARATUS 


Two methods were used in this work to deter- 
mine the inelastic-scattering cross section. 

Method I. The cross section was determined 
from the reduced flux of single shower-producing 
protons as the latter pass through the investigated 
absorber. The flux is reduced by inelastic inter- 
actions between the protons and the atomic nuclei 
of the investigated matter. The relative reduction 
in the flux is determined in this method by the 
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FIG. 1. a) Arrangement of counters and absorbers in the 
instrument and counter operation in the shower, b) Number of 
showers of lead measured as follows: 1) without graphite 
absorber in telescope, 2) with 16.8 g/cm? graphite in the 
telescope. 


change in the number of electron-nuclear showers 
from a lead indicator over which the investigated 
absorber is placed. 

Method II. The cross section is determined by 
directly measuring the number of electron-nuclear 
showers occurring in the investigated matter when 
nuclear-active particles pass through the latter.* 
To determine the cross section by this method it 
is necessary to know, in addition to the number of 
electron-nuclear showers from the investigated 
substance, also the flux of shower-producing pro- 
tons Ix ata given depth of the atmosphere x. 
This flux can be determined if we know the flux 
I) of the primary protons, arriving from cosmic 
space at the boundary of the atmosphere, and we 
know the absorption range of the shower-producing 
component in the air, ia (Lene is determined 
from the altitude dependence of the electron- 
nuclear showers in lead).® 

Thus, to solve our problem with the aid of the 
above two methods, we had to measure in the 
stratosphere, as accurately as possible, the num- 
ber of electron-nuclear showers in paraffin, graph- 
ite, and lead. It was also necessary to determine 
the altitude dependence of the particle flux of the 
hard component which, when extrapolated to the 


*Owing to the large extent of the atmosphere at low den- 
sity of matter, the nuclear-active components in the strato- 
sphere with energies below 10** ev are almost exclusively 
nucleons, since the charged pions with energies less than 
10'! ev decay before they interact with the nuclei of the air 
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FIG. 2. a) Arrangement of counters and absorber in the 
instrument and counter operation in the shower. b) Curves: 
1) number of showers in upper part of the instrument when 
measured with graphite absorber (16.8 g/cm?); 2) the same 
without graphite absorber (background); 3) difference between 
curves 1 and 2; 4) number of interactions in carbon Nintc, 
with allowance for corrections. 
top of the atomosphere, yields the flux* I) of the 
primary protons. Based on these requirements, 
we selected apparatus that separated, the hard 
component of cosmic rays with the aid of lead. To 
obtain good geometrical conditions with respect 
to separation of the hard components, we placed 
the lead indicator of our instrument in the lower 
portion of a rather long telescope, thanks to which 
the possibility of registering the so-called “addi- 
tional” showers in lead due to particles moving 
outside the solid angle of the instrument.f 

The placement of the counters and absorbers 
in the instruments used to determine the cross 
section of inelastic interaction is shown in Figs. 
la and 2a. The vertical telescope consisted of 

*By extrapolating to the top of the atmosphere we found 
the flux of primary particles at latitude 31°N (longitude 73°E) 
to be I, = 2.0 to 2.1 particles/cm?-min-sterad.° Winkler et al’ 
found at a depth of 15 g/cm? (geomagnetic latitude 30°N) a 
value I, =,5 =~ 2.7 to 2.8 particles/cm?-min-sterad with a 3-cm 
lead absorber. Extrapolation of Winkler’s data to the top of the 
atmosphere where the flux of the primary particles at the 
boundary of the atmosphere at latitude 30°N a value I, = 2.1 
to 2.2 particles/cm?-min-sterad, i.e., a value very close to 
ours. 

+ The “additional” showers due to particles traveling out- 
side the solid angle of the instrument cause coincidences of 
discharges in telescopic counters only because shower parti- 
cles enter into these counters. 
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three rows A, B, C of self-quenching Geiger- 
Mueller counters, (five counters in each row) 
connected for three-fold coincidence. Row D 

of hodoscopic counters, placed at a certain dis- 
tance above the Geiger counters, covered almost 
the entire solid angle of the instrument. An ab- 
sorber comprising 8 cm of lead and 0.9 cm of 
aluminum was placed between rows B and C 

of the telescopic counters. Absorber 2% of the 
investigated substance was placed between rows 
A and B of the telescopic counters. The solid 
lines in the diagram show the placement of an 
absorber made of powdered graphite (volume 
density d ~ 1.0 to 1.1 g/cm’; density per unit 
absorber surface d; = 16.0 g/cm’). The dotted 
line shows the position of a paraffin absorber 

(d = 0.95 g/em®; d,; = 18.8 g/cm”). The absorb- 
ers were interchanged automatically every three 
minutes. The telescope and the absorbers were 
surrounded by a large number of counters (K, 
ey, Lj, M; My, N, Ny, E.G, H),* which 
served to register the charged particles produced 
by interaction between the protons and carbon, 
hydrogen, and lead nuclei. All counters,f includ- 
ing the telescopic ones, were connected to a 
vacuum-tube hodoscope. 

The pulse controlling the operation of the in- 
strument was produced by three-fold coincidence 
of the discharges and counters A, B, and C. 
However, when processing the measurement re- 
sults, we took into account only those cases where 
the triple coincidence was accompanied by opera- 
tion of one of the counters in row D, i.e., four- 
fold coincidences. The instrument readings were 
telemetered to the earth and recorded on motion- 
picture film by a photoregister. The resolution 
of the telescope was 3 xX 10° seconds; the resolu- 
tion of the hodoscopic numbers (which was differ- 
ent for different counter groups) ranged from 1 x 
107° to 2x 107° seconds. The instruments, their 
characteristics, the method of hodoscope data proc- 
essing, and the methods used to introduce various 
corrections in the measurement results are all de- 
scribed in references 6 to 8. 

The results published in this article were ob- 
tained by launching five instruments in pilot bal- 
loons into the stratosphere in September 1955. 


*In the processing of the results we disregarded the 
counter rows G, and H, which were used only to monitor the 
operation of counters K and L. 

+The dimensions of the counters are given in reference 6. 
The counters were filled with a mixture of argon and ethylene. 
The negative electrode was a thin graphite layer deposited on 
the inner surface of the glass walls of the counters. The 
counter glass wall was 1.0 to 1.5 mm thick. 
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Two of these instruments contained a graphite 
absorber and an absorber comprising 8 cm lead 
and 0.9 cm aluminum in the telescope, two con- 
tained absorbers of paraffin and graphite and a 
Pb + Al absorber, and one contained absorbers 
of paraffin and graphite without a Pb + Al ab- 
sorber in the telescope. 


3. USE OF METHOD I TO DETERMINE THE 
RANGE AND CROSS SECTION FOR INELASTIC 
INTERACTION BETWEEN A PROTON AND A 
CARBON NUCLEUS 


Using hodoscopic counters, we were able to in- 
vestigate cases where a singly-charged particle 
(proton) traversed the upper portion of the tele- 
scope (through absorber 2%) without interacting 
and without experiencing inelastic interaction in 
the lead block. We selected here the events in 
which the particles of the shower produced in the 
lead entered only into counters C, E, M, M,, N, 
and N;, located in the lower portion of the instru- 
ment around the lead (showers produced in lead 
without upward-moving particles). The selection 
method employed is illustrated by the shower in 
lead shown in Fig. la (the counters operated by 
the passage of the particles are denoted by the 
filled-in circles). The number of such showers 
in lead is proportional to the flux of single shower- 
producing particles incident on the lead. When the 
graphite is placed in the telescope the flux dimin- 
ishes in accordance with the reduction in the flux 
of single shower-producing particles. An analysis 
of the counters operated in the showers has shown 
that these showers contain practically no non-local 
shower impurities (not more than 4%). 

Figure 1b shows the measured number of show- 
ers in lead in the presence of graphite in the tele- 
scope, (NG, curve 2) and without graphite 
(Ngpp: curve 1) at different depth x of the at- 
mosphere. The curves were corrected for ran- 
dom coincidences and for 6 showers (the cor- 
rection for the 6 showers in lead was the same 
with and without graphite in the telescope and its 
numerical value was (6.85 + 0.12)% of the num- 
ber of single particles registered at a given alti- 
tude®®). The statistical errors are indicated for 
all points of the curves. To increase the sta- 
tistical accuracy of the determined cross sec- 
tion for the interaction with carbon we also 
used, when plotting the curves, the results of 
a series of measurements with graphite and 
paraffin with an approximate account of the 
shower production in hydrogen. The effective 
thickness of the graphite absorber, for the 
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TABLE I. Range and cross section of inelastic p-C interaction 
as measured by method I. 


eae ; Showers in lead 
pth without graphite; with graphite* Cc : 
saree Pa tetescoe: _ in telescope N pb ee g/cm2 ox) mbn 
x, g/cm NgPp, cm? NsPp cm? b 
| min? sterad™ min sterad-1 Nepp 
93.0 | 0.452+0.026 | 0.369-0.024 0,816-+-0.070 
40). 7 0.454+0,024 | 0,870--0.019 0 .815-+-0 059 
POW) | 0.609-+0.029 | 0.431-40,012 0.709-+0.039 
Average B By +12 DAT LT 
33.7 | 0.754+0.030 63774 315-450 


*Effective thickness of graphite 16.8 g/cm’. 


combined data, was 16.8 g/cm*. From the data 
given in Fig. 1b it is possible to determine the 
range L5 for the inelastic interaction between 
a proton and carbon nucleus, using a formula that 
accounts for the fraction of a particles in the 
primary cosmic radiation: 

Nepp/ Nop = Pexp {— 16.8/L$} + wexp {— 16.8/LS). 

(1) 

Here p and a-are the fractions of the protons 
and a particles at altitudes 20 to 25 km, and 
Lq@ is the interaction range of an a particle in 
a light substance, assumed here as 40 g/cm?. The 
number of primary a particles at the top of the 
atmosphere was assumed to be 20% of the total 
number of primary particles. The correction for 
the interaction due to q@ particles was approxi- 
mately 5% of the value of the cross section. 

The range Lg and the cross section on for 
inelastic interaction between protons and carbon 
nuclei, obtained by the above method in the alti- 
tude range from 20 to 25 km, was found to be 
(see Table I): 


Lo = 63t2 g/em?; of = 315-+50'millibarns. 


It must be noted that the cross section of inelas- 
tic interaction as determined by the above method 
includes automatically interactions with proton 
charge exchange and with formation of only neu- 
tral fast particles; it also includes events of 
shower production by charged particles with a 
wide angle of divergence, when not one charged 
particle enters the lower row of telescopic counters. 


4. USE OF METHOD II TO DETERMINE THE 
RANGE AND CROSS SECTION OF INELASTIC 
INTERACTION BETWEEN A PROTON AND A 
CARBON NUCLEUS 


The showers of the particles that are produced 
by interaction between protons and carbon nuclei 


are identified by operation of the counters that are 
immediately adjacent to the graphite filter (count- 
ers K, K;, B, Ly, L) independently of the opera- 
tion of the counters located near the lead, i.e., 
they are classified as showers registered in the 
upper portion of the instrument.® An example is 
the event shown in Fig. 2a. 

We determine the range of inelastic interaction 
from the relation 


Nint C= [xp (1 — exp {—16.8 / L5}) 


2 
a Ulgo( le expla herein, S 


Here I, =I) exp(—x/L3},) is the flux of shower- 
producing particles at a given depth x of the at- 
mosphere, I) is the flux of primary particles on 
the top of the atmosphere at the geomagnetic lati- 
tude 31°N, Lap, is the absorption range of the 
shower-producing component in the air, and Nint C 
is the number of nuclear interactions in carbon. 
Figure 2b shows the altitude dependence of the 
showers registered in the upper portion of the in- 
strument by the counters that surround directly 
the graphite absorber, obtained with a graphite 
absorber (N§, curve 1) and without it (Ne, 
curve 2). These curves have been corrected for 
random coincidences and for 6 showers (the 
corrections are respectively (7.00 + 0.20)% and 
(3.00 + 0.15)% of the total number of registered 
single particles with and without graphite in the 
telescope®~®). The statistical errors are indicated 
for all points of the curves. Curve 3 of Fig. 2b 
represents the difference between curves 1 and 2. 
Curve 4 was obtained from curve 3 by introducing 
corrections for the change in the number of show- 
ers in lead with upward-directed particles, when 
changing from measurements with graphite to 
measurements without graphite (correction for 
the variation in the “backward current,” see ref- 
erences 6 and 7), and for the entrance of shower 
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particles into the slit between counters (see Table 
Il). To determine the cross section with our data, 
we took the flux of primary particles on the top of 
the atmosphere of latitude 31°N to be Ip = 2.0 
particles/cm?-min-sterad (reference 6) and the 


: = range of absorption of a shower-producing com- 
0 Ps ponent in air to be L3;% 150 g/cm’ (reference 6). 
of Using this method we obtain the following val- 
é = ues for the range and for the cross section of in- 
i + © elastic p-C interactions (see Table II): 
8 ‘ LS = 76-7 g/cm?; of = 264-+ 24millibarns. 
»y sr 
ou E = The cross section obtained by direct observa- 
> ff 2s H tion of showers in graphite thus turned out to be 
g oa : 6 a some 20% less than the value obtained from the 
= = reduction in the flux of single shower-producing 
a gS o = particles. It is possible that this difference is 
Q| ga a explained essentially by the fact that when the 
= 5 | protons interact with the carbon nuclei, approxi- 
alee Ps 5 i mately 10 or 15% of the events are accompanied 
Oo) esses a by interactions without a shooting off of high en- 
el Sele 3 ay ergy charged particles (7? mesons and fast neu- 
a ee z tron ) 1911 It is also possible that charged-particle 
e on Sa = showers with wide divergence angles are produced, 
3 Mo It | Fy so that not a single charged particle enters into 
a ZeS | & the lower row C of the telescopic counters. These 
g Seo)" 6 events are missed by the instrument in the direct 
3 ich observation of showers in the graphite, but are 
SP l[srags | SSB registered by the first of the methods described. 
2 Z 833 el oa The indicated fraction of such interactions is quite 
° VES 2 probable, if we consider that the showers observed 
= aes in graphite consist in approximately 30% of the 
I z ae Se z cases of two charged particles. Comparison with 
o Ba viel Std the measured values of the cross section, obtained 
el} + RA : by other authors!2~4 by diverse methods, also in- 
A a 5 S dicates a possible error in counting the interactions 
2 |g ae Ser a in determination of the proton-carbon nucleus cross 
5 : ¢ E aT: Bos sa section by direct observation of showers in graphite. 
a \sls bas] ae) 
= z 3 es We S 5. CROSS SECTION OF INELASTIC PROTON- 
4 |slz 26 ie PROTON INTERACTION 
n | * r HD 
a : : 4 ‘ S85 2 We investigated the inelastic proton-proton in- 
S & 2 : . +44 & teraction as the difference between proton interac- 
e Soa Bae 2 tions in paraffin and in graphite. Both aforemen- 
oe S36 9 tioned methods were used to determine the cross 
oe: Ss 3 section for inelastic proton-proton interactions. 
22 o~ ore. lls a Production of a shower that consists of only neu- 
ges x | BSA eat tral fast particles is considerably less probable 
8 in proton-proton interactions than in collisions 


between a proton and a complex nucleus. The 
method of direct observation of showers on hydro- 
gen can therefore be considered practically free 
of interaction counting errors due to production of 
fast neutral particles alone. This is in contrast 
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Instrument Method 


TABLE III. Results of measurement of range and cross section of inelastic p-p interaction 


Average depth of 
atmosphere, 


x, g/cm? 


Ratio of fluxes 


I, ar/Igy 


on, mbn 


No. 3 with absorber 8 cm Pb + 0.9 cm Al te II 


No. 5 with absorber Pb + Al II 
No. 7 without lead absorber II 
No. 3 with absorber 8 cm Pb + 0.9 cm Al I 


No. 5 with Pb + Al absorber 


| Average 


Note: Amount of hydrogen in paraffin 2.8 g/cm’. 


36.4 0.905 + 0.033 


25.9 0.948 + 0.030 
42.5 0.981 + 0.028 
36.4 0.866 + 0.058 
25.9 1.000 + 0.060 


0.947 + 0.060 S250 


with what takes place in the determination of the 
cross section for the interaction between protons 
and carbon nuclei. We have determined the cross 
section from flight data with two instruments 
(Nos. 3 and 5) with paraffin, graphite, and lead 
absorbers and with one instrument (No. 7) with 
paraffin and graphite absorbers, but without a 
lead absorber in the telescope. 

For approximate standardization of the condi- 
tions of registration of the electron-nuclear show- 
ers produced in the paraffin and graphite, we used 
powdered graphite. The graphite and paraffin ab- 
sorbers were placed in the telescope with their 
centers aligned (see Figs. la and 2a). The thick- 
ness of the graphite absorber, in g/ cm?, was 
equivalent to the amount of carbon, in the paraffin 
absorber, also in g/cm?. 

We have calculated the cross section for in- 
elastic proton-proton interaction from the ratio 
of the fluxes of single shower-producing particles 
obtained with paraffin and graphite in the telescope 


(Ipar and Igy respectively). This ratio is related 


to the range LH of inelastic proton-proton inter- 
action by the equation 


I par// gr = EXP (—2.8/ Lp); (3) 


where 2.8 is the amount of hydrogen in paraffin 
(g/ cm?). The interaction due to primary o@ par- 
ticles was negligible. 

In the method of direct observation of showers 
in paraffin (NBA*) and in graphite (Ng ), the 
flux ratio is obtained by measuring the quantity 

ar r 
(NBA® — NET )/Igps 
(NEAT — N8*)/Igp. Here Ipy 
Iy exp ( —x/LAE ) exp (—-x’ Lo) is the flux of single 


abs y 
shower-producing particles at a given depth x of 


the atomosphere, attenuated by interaction with 
carbon nuclei in the paraffin absorber, and x’ is 
the carbon in the paraffin in g/ cm’. To determine 


since Ipar/Igy = 1 - 


a Ph Cx 
= I, exp ( x’ Ly) 


Igy we used our following data: 1) I) = 2.0 par- 


ticles/em?-min-sterad;® 2) ieee = 150 g/cm?;® 


3) LC = 63 g/cm? (sec. 3; see also reference 7). 
In the method that makes use of the reduction 
in the flux of single shower-producing particles, 
the flux ratio is obtained by measuring the number 
of showers in lead in the presence of paraffin 
(NP&a! ) and graphite (NEED) in the telescope: 


sPb 
= NPar /Ner 
I / N / NeDp: 


par lor sPb 

Table III shows the values of the ratio of fluxes 
of single shower-producing particles, Ipar / Igy, 
obtained with various instruments and diverse 
methods. These values include the corrections 
(see references 6 and 8). The statistical errors 
are indicated in all cases. 

After averaging all the data given in the table, 
with allowance for the statistical weights, the range 
LH and cross section oH of inelastic proton- 
proton interaction become: 


LE = 51433 g/em* co, = 32+10 millibarns 


Figure 3 shows the cross section for inelastic 


op, mbn 


fesse 


30 


20 


x | | 


=f) 1 el = 
5 10 15 20 


f,Bev 


FIG. 3. Effective cross section of proton-proton inelastic 
integration vs. kinetic energy of incident proton. X — data of 
reference 15, obtained with accelerators, A — Wright et al.” 
oO — Alekseeva and Grigorov.°:8 
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proton-proton interaction as a function of the 
kinetic energy of the incident proton, plotted from 
data obtained with accelerators!®)!6 and from our 
own data obtained with cosmic-ray protons of 
kinetic energy > 7 Bev (E ¥ 20 Bev). This curve 
shows that, within the limits of statistical experi- 
mental errors, no considerable change in the cross 
section for inelastic proton-proton interaction is 
observed in the energy interval from 1 or 2 to ap- 
proximately 20 Bev. 

At energies on the order of several Bev we can 
estimate the nucleon interaction in peripheral col- 
lisions from a calculation of the interaction of 
their m-meson fields by the Weizsaecker-Williams 
method. Such an estimate was made by Bubelev, !718 
who used experimental’ values of the scattering 
cross section and of the radius of the nucleon core. 
In the energy range from 1 to 10 Bev, Bubelev’s 
calculations yield a constant effective cross sec- 
tion for inelastic peripheral nucleon collisions. 

If we take Bubelev’s calculations, then our experi- 
mental data, which suggests a constant effective 
cross section for inelastic interactions up to en- 
ergies of ~ 20 Bev, lead to the conclusion that, 

in the energy range from 1 or 2 to ~ 20 Bev, the 
contribution of central collisions to the value of 
the cross section remains constant and does not 
exceed ~ 20%. 


15 


6. NUMBER OF PARTICLES IN ELECTRON- 
NUCLEON SHOWERS, OBTAINED ON LIGHT 
NUCLEI AT ENERGIES 10° ey. 


By analyzing the operation of the counters di- 
rectly adjacent to the investigated absorber & 
(counters K, K;, B, Ly, and L; Fig. 2a) we 
were able to determine the distribution of the 
showers of particles in carbon and hydrogen from 
the number of operating counters; we were also 
able to determine the average number of counters 
operated per shower. The shower particles reg- 
istered by the counters consisted essentially of 
penetrating particles (the energy of the 7 me- 
sons registered by the counters surrounding the 
absorber & was E, 2 50 Mev). 

Figure 4 shows the distributions of the electron- 
nuclear showers over the number n of counters 
operated per shower (over the number of particles 
in the shower ), obtained by us and by the authors 
of reference 20, as a percentage of the total number 
of registered electron-nuclear showers with n => 2. 
Curve 1 gives the distribution of electron-nuclear 
showers in carbon, as obtained from the number of 
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N, 7) | 


FIG. 4. Distribution of electron-nuclear showers with more 
than 2 charged particles with respect to the number of parti- 
cles n in the shower, as a percentage of the total number of 
counted showers. 1) showers in carbon, according to Alekseeva 
and Grigorov; 2) showers in beryllium according to Baradzei, 
Smorodin, et al.2° 


counters operated in the shower,* for an altitude 
of 20 to 25 km at geomagnetic latitude 31°N. To 
improve the statistics in plotting this curve, we 
used the combined data of all the instruments lifted 
to the stratosphere, both with graphite absorbers 
and with graphite and paraffin absorbers, with a 
lead absorber in the telescope. The measurement 
results were corrected for random coincidences 
and for 6 showers. Curve 2 of Fig. 4 gives the 
measured number of penetrating particles in show- 
ers in beryllium, obtained by Baradzei, Smorodin 
et al.? with the aid of a cloud chamber at an alti- 
tude of 9 km and geomagnetic latitude 51°N. These 
results are free of the influence of the control sig- 
nal on the shower selection, since the chamber 
would operate by passage of even one charged par- 
ticle through the instrument. We see that our 
shower spectrum differs substantially from the 
spectrum obtained in reference 20 (curve 2). This 
difference in spectra cannot be attributed to the 
difference in the atomic weights of the investigated 
substances (carbon and beryllium ), since these 
atomic weights are close to each other. There is 
also little likelihood that the difference in the spec- 


*In those cases when two counters in rows K and L 
could be operated by passage of a single particle (operation of 
two in-line counters in the middle of rows K and L), these two 
counters were regarded as a single counter. 
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tra is due to differences in the apparatus .* . 
The difference between our spectrum and that 


obtained by the authors of reference 20 (see Fig. 4) 


is apparently due to difference in the energy spec- 
tra of the shower-producing protons. 

We obtained the following values for the aver- 
age number of operated counters (average number 
of penetrating particles) in showers with n= 2 | 


particles at an average energy of shower-producing 


protons E ~ 20 Bev: n=4.2+0.5, and n¥ 3.4 
particles per shower for carbon and hydrogen, re- 
spectively (see Table IV). 

Comparison of the average number of charged 
m™ mesons in showers with n= 2 in beryllium, at 
an average kinetic energy of shower-producing 
protons E ~ 6 Bev (reference 20 and 21), with 
the value we obtained for the average number of 
charged m mesons in showers from carbon at 
an average proton energy E ~ 20 Bev (see Table 
IV) gives an approximate dependence fn = kE™, 
where m ~ 0.3. 

At energies ~1 ev, the production of 7 
mesons by nucleon-nucleon interactions is treated 
by the statistical theory of multiple-particle pro- 
duction. The principal conclusions of this theory, 
with allowance for the nucleon isobar states that 
arise during the interaction, are discussed in ref- 
erence 22. It would be interesting to compare our 
experimental data on the number of particles pro- 
duced in p-C and p-p interactions with the de- 
ductions of the statistical theory of multiple- 


010 


particle production in nucleon-nucleon interactions. 
Inasmuch as we deal in stratosphere measurements 


with proton spectra that are different at different 
altitudes, we have calculated, for the sake of com- 
paring the experimental results with the theoret- 
ical deductions, the average number of charged 
particles (p, mr, m ) per shower in p-p inter- 
actions for the primary-proton spectrum in the 
stratosphere at geomagnetic latitudes 31°N (Exin 
~ 20 Bev) and 51°N (Exjn ~ 6 Bev). The cal- 
culations were based on the results obtained by 
the authors of reference 22, with allowance for 


the fluctuation in the number of charged particles 


*The effect of errors in counting showers with n = 2 parti- 


cles, resulting from shower particles entering into the same 
counter, was relatively small in our experiments, since for 
the cosmic-ray proton spectrum at the latitude 31°N the pro- 
duction of showers with n = 2 charged particles is less prob- 
able than production of showers with n> 3 (for the proton 
spectrum at latitude 51°N to the contrary, a shower with 

n = 2 is more probable). In addition, for each class of show- 
ers, the loss in showers due to transition to a class with a 
smaller number of particles n is compensated for, to a con- 
siderable extent, by the showers from classes with higher 
values of n. 


produced in the shower.* This number was found 
to be, respectively, 3.8 and 3.0 particles (p, 7‘, 
m ) per shower. The number of protons per 
shower, according to the calculations, was 1.1. 
Unfortunately, the presence of additional appa- 
ratus-induced fluctuations in the experimentally- 
obtained distribution of showers with respect to 
the number of particles has made it impossible 
to make a correct comparison between the theo- 
retical and experimental particle-number spectra 
of showers. 

The calculated values of the average number of 
charged m mesons produced in p-p interaction, 
and also the experimental data on the average 
number of charged particles and charged 7 me- 
sons in showers with n = 2, are compared in 
Table IV fot hydrogen,'® beryllium,”° and carbon 
and hydrogen (our data). It follows from the table 
that, within the limit of the statistical accuracy of 
the experiment, the experimentally -determined 
average number of charged 7 mesons produced 
by p-p interaction agrees, for the energy spectra 
of the primary protons at latitudes 31°N and 51°N 
with the number calculated on the basis of the sta- 
tistical theory of multiple particle production with 
account of the isobar states of the colliding nucleons. 
Going from hydrogen to the light nuclei Be and-C, 
the number of charged a mesons in the shower 
(shown in the last column of Table IV), for inter-_ 
actions between nucleons and light nuclei, is ap- 
proximately 1.2 or 1.3 times the number of 
charged ma mesons in nucleon-nucleon interac- 


*Since the theoretical curves of the relative probability of 
production of n particles by inelastic proton collision in the 
energy range from 1 to 20 Bev are well approximated by the 
normal-distribution curye with a constant h = 0.32 £0.58 © 
E,°’. Bev, the average number of charged particles were de- 
termined for the proton spectra indicated above by graphically 


integrating the expression: 


n=1 


Appt = UnFy(n)/Fo, (4) 
P n=2 


where 


co 


Ah 
1p) = = 
‘ Ms (xin ie Ve 


~ kin 


exp{— le [n = n (Exin)| i dE kin, 


a psi NS ies si) Ser 

2 me (Emin +1 kin > 

kin 

A is a constant, and n (Exin) is the most probable number of 
particles per shower for a given proton energy Exin: All the 
supplementary data of the theoretical investigations of 
S. Z. Belen’kiy, V. M. Maksimenko, A. I. Nikishov, and 
I. L. Rozental’ needed for these calculations, were graciously 


supplied by V. M. Maksimenko. 
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TABLE IV. Average number of particles in showers with n = 2 particles, produced by interaction » | 
between a proton and a light nucleus and between two protons ‘ 


Average proton energy 


Interaction 


Experimentally-obtained average number of charged 
particles in shower (7 mesons and protons) 

Correction for protons 

Average number of charged 7 mesons in shower 
(experiment) 

Average number of charged 7 mesons in shower, 
according to statistical-theory data for the 
energy spectra of incident protons 

Ratio of number of charged 7 mesons in shower in 
interactions between a nucleon and a light nu- 
cleus and in nucleon-nucleon interactions 


*Our data. 
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AGO) ae i) fof: | 

| 

— 0.6*** —0.8*** | 

2.4 3.4 | 
1.26 


**Correction in accordance with statistical-theory data. 


***Correction in accordance with Smorodin’s data for showers in beryllium.?1 
Ne Fee Bara as we winds Ss. AE Ls WN aS a 


tions at the same energy. From a comparison of 
the experimental data with the results of the sta- 
tistical-theory calculations it follows apparently 
that at energies ~ 10!" ev there is little likelihood 
of considerable production of independent succes- 
sive nucleon-nucleon interactions within the light 
nucleus. 


CONCLUSIONS 


1. The measured values of the range and of the 
cross section for inelastic interactions between 
protons and carbon nuclei are, respectively Ly = 
63¢2 g/cm? and of = 315 + 50 millibarns. This 
means that, within the limits of experimental ac- 
curacy, the latter equals the geometric cross sec- 
tion of the carbon nucleus. 

2. The respective values obtained for proton- 
proton interactions are iy = 51533 g/cm? and 
off = 32 + 10 millibarns. In the energy range from 
1 or 20 Bev, there is no noticeable change in the 
proton-proton inelastic cross section, within the 
limits of experimental accuracy. 

3. The average number of penetrating particles 
in electron-nuclear showers is 4.2 + 0.5 ~ 3.4 
particles per shower, in carbon and hydrogen re- 
spectively, at an average proton energy of ~ 20 
Bev. The dependence of the average number of 
m™ mesons in the shower on the average energy 
of the incident proton varies approximately as 
the 0.3 power of the energy, in the range from 
6 x 10° to 2 x 10!° ev. The calculated number of 
charged ma mesons produced in p-p interactions, 
calculated on the basis of the statistical theory of 


multiple particle production which account of the 
isobar states of the colliding nucleons, equals the 
experimentally-determined number. 
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Brikker, F. D. Savin, N. A. Shcherbakov, M. M. 
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A phase transition in the interval from 90 to 300°K was detected by the paramagnetic relaxa- 
tion method in single crystals of chromium potassium sulfate and ammonium iron sulfate. 


{ee author has shown earlier!” that the 546-Mcs 
spin-spin absorption in parallel fields at room tem- 
perature diminishes monotonically in certain salts 
of Mn** and Gd‘tt with increasing constant 
magnetic field Hj). The experimental curves ob- 
tained fit well the approximate formula 


" b/e 
eee dtp hee ee eS 
x" /ho = ( )? es (a + FI 


‘ (1) 
where v is the frequency of the alternating mag- 
netic field H,, and pg is the isothermal spin- 
spin relaxation time, independent of Hj). Formula 
(1) follows from the general theory of Shaposhni- 
kov® provided 1/p, < v < 1/py,. Formula (1) leads 
to a relation for b, the constant of the magnetic 
heat capacity of the spin system: 


b=(1+V2)C(AA;)*, (2) 


where C is the Curie constant and AH is the 
half-width of the absorption curve  '! (Hi a 
good agreement between the Shaposhnikov theory 
and experiment was also reported in references 
4 to 6. 


1. MEASUREMENT PROCEDURE 


A point-by-point measurement consumes much 
time and does not always disclose the details of 
complicated x”(Hj) curves. In the present work 
we used, instead of a static magnetic field, a 50- 
cycle magnetic field of amplitude up to 2500 Oe. 
The x”(H) curves were displayed on an oscillo- 
graph screen. The magnetic field was calibrated by 
resonance from the free radical of aa-diphenyl-f 
pycril-hydrazil at a frequency of 600 Mcs. The 
measurement procedure was described in detail 
in reference 7 and verified with Tutton’s salt 
(MnNH,SOQ,-6H,O). The x”(Hj;) curve obtained 
for this salt in the frequency range from 600 to 
300 Mcs and in the temperature interval from 300 
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to 90°K diminishes monotonically with increasing 
field H). In this case AH); remains constant as 
the temperature is varied from 90 to 300°K. The 
experimental y”(Hj) curve fits formula (1) with 
Ps = const and b/c = 0.61 x 108 Oe*. At T = 90°K 
the intensity of x”(H,) is approximately three 
times the intensity at room temperature. 

We used CuCl,*2H,O to verify that H, and Hy 
are parallel. In this salt, T, = T, = 8.1 x 107'° sec, 
owing to the large exchange interactions in the per- 


pendicular field, and the absorption x”(Hj) is in- ° 


dependent of Hj ‘in parallel fields.® 

When measuring the paramagnetic relaxation 
and the proton resonance in single crystals of the 
alums, the magnetic field Hj, was oriented along 
one of the diagonals of the elementary cube. 


2. MEASUREMENT RESULTS 
CrK(SO,)> . 12H,0 


This salt was investigated in detail in a wide 
range of temperatures, using both the paramag- 
netic-relaxation method in parallel fields,*?»!9 
and the method of resonant absorption in the mi- 
crowave band.!!~!8 

Paramagnetic-resonance measurements!? have 
shown that there is a phase transition in potassium 
chromium sulfate, and that therefore the initial 
splitting of spin doublets depends on the tempera- 
ture (see Table I). 

Investigations!? of paramagnetic relaxation 
T =90°K give a value b/c = 0.64 x 108 Oe? and 
a spin-lattice relaxation time py, (Hj =0) =2.5 
x10’ sec. Since py, is on the order of 107" sec, 
the spin-spin relaxation plays the predominant role 
in the frequency range from 600 to 50 Mcs. The 
experimental x”(Hj;) curve (see Fig. la) which 
we obtained at 545 Mcs and T = 90°K, does not 
fit the theoretical x”(Hj) curve, calculated with 
formula (1) for pg =const and b/c = 0.64 x 10 
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TABLE I 
Tea | 293 | 193 | 90 | 20 
- | r 0.15 0.45+0.01 
Se et gee | { 0.26-40.01 | { 0.270.003 
Oe’. In this case the theoretical curve for Hy ~ 0 


passes above the experimental y”(Hj;) curve. 
Our experimental x”(Hj) curve also fails to fit 
formula (1) for b/c = 0.79 x 10° Oe’, determined 
from the structure of the microwave magnetic- 
resonance spectra!*>!4 under the assumption that 
the potassium chromium sulfate contains approxi- 
mately 80% Cr**t ions with 6=0.15 cm™ and 
20% with 6 = 0.27 cm}. 

When AH} = 370 Oc relation (2) gives b/c = 
0.33 x 10° Oe?. This low value of b/c is in con- 
tradiction with the b/c values given above. At 
200°K and 545 Mes, the y”(Hj) curve (see Fig. 
1b) corresponds to spin-lattice absorption. At 
this frequency, spin-lattice relaxation is observed 
only when py, is on the order of 10°° sec. 

When the temperature is raised to room tem- 
perature (295°K) the spin-lattice absorption is 
seen to weaken and spin-spin absorption appears. 
It follows hence that the time py, is on the order 
of 107° sec. Further increase of the temperature, 
to 320°K, increases the time further to an order 
of 5 x 107° sec. This is why spin-spin absorption 
plays a predominant role at this frequency, while 
the absorption due to the spin-lattice relaxation 
is vanishingly small. A maximum absorption is 
seen now in x”(Hj) at Hy = 480 Oe (see Fig. 1c). 
It is impossible to calculate b/c from relation (2), 
owing to the presence of a maximum on X”(Hj). 

At 75 Mcs and 90°K the maximum of x”(Hj) in 
CrK(SQ,).°12H,0 occurs at Hy = 260 Oe. An anal- 
ogous x”(H,) curve was reported earlier in ref- 
erence 14. 
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FIG. 1. CrK (SO,), - 12H,0; v = 545 Mcs; 

a, b, c) curves of x (Hj); a,, b,, ¢,) curve 90°H 
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In efflorescent potassium chrom alum, which 
contains 5H,O, on the average, the phase transi- 
tion disappears and at v ~ 540 to 75 Mcs, in the 
temperature range of approximately 320 to 90°K, 
one observes absorption which decreases monoton- 
ically with increasing Hj. The pattern of the phase 
transition does not change when D,O replaces H,O 
in single crystals of potassium chrome alum. 


FeNH,(SQ,), - 12H,O 


Ammonium iron sulfate is the most thoroughly 
investigated salt.49)!5 mvestigations!? of paramag- 
netic relaxation in parallel fields at T=90°K have 
yielded b/c = 0.27 x 10° Oe? and pyz,(Hy =0) = 
4x 10° sec. 

The x”(Hj|) absorption curve, which we have 
for v=540 Mcs and T= 90°K, corresponds to 
spin-spin relaxation (see Fig. 2a). Relation (2) 
for AH = 480 Oe gives b/c = 0.55 x 108 Oe?. In 
view of this, the theoretical curve will be consid- 
erably below the experimental curve when pPg= 
const and b/c = 0.27 x 10° Oe? for Hy = 0. 

At 200°K the x”(H)) absorption curve (see 
Fig. 2b) is due to the spin-lattice relaxation. It 
follows therefore that py, is on the order of 107° 
sec. A further increase of the temperature to 
295°K again results in a spin-spin absorption 
curve (see Fig. 2c), indicating a lengthening of 
py, to approximately 107° sec. 

When AH = 300 Oe, relation (2) yields b/c = 
0.22 x 10° Oe?. The theoretical curve, calculated 
for b/c = 0.27 x 10° Oe? for Hy 4 0 lies above 
the experimental curve of y”(H}}) at T = 295°K. 
At 75 Mcs and 90°K, spin-spin absorption is ob- 
served with a maximum of y”(H|) at Hy = 600 Oe. 
In efflorescent salts, containing 4H,O on the aver- 
age, the phase transition vanishes and an absorp- 
tion maximum of x”(Hj|) is observed in the range 
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v ~ 600 to 200 Mcs. The position of the maximum 
of x”(Hj;) is independent of the temperature and 
shifts towards the lower magnetic fields H, with 
diminishing frequency of the alternating magnetic 
field Hy. 


3. PHASE TRANSITION IN PERPENDICULAR 
FIELDS 


In perpendicular fields, the phase transition in 
undiluted potassium-chrome (see Figs. la,, 1b,, 
and 1c,) and iron-ammonium (Figure 2a,, 2b,, 
and 2c;) alums is also accompanied by a change 
in the shape of the absorption curves x”(H,) in 
the temperature range from 90 to 300°K (see 
Table II). 


TABLE II 
AHy,, Oe 
Substance 
SOS | 200° K | 295° K 
CrK (SO4)2-12 HO | 400 | 500 | — 


In single crystals of CrK(SOQ,).-12H,O and 
FeNH,(SQ,).°12H,O, diluted respectively by 
AIK(SO,4)2+12H,O and AINH,(SQ,).°12H,O ina 
ratio of 1:10, fine-structure spectra correspond- 
ing to intermediate fields (6 2 hv) are observed 
at 540 Mc and 90 and 295°K. The spectra at 90°K 
differ from those at room temperature, and in the 
vicinity of the phase-transition point, T ~ 200°K, 
the fine-structure peaks spread out, leaving one 
broad line. 

An unsuccessful attempt was also made to study 
the phase transition in dilute chromium-potassium 
and iron-ammonium phosphates and in pure alumi- 
num-potassium and aluminum-ammonium sulfates 
with the aid of proton resonance. At 15 Mcs we 
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obtained temperature-independent fine-structure 
proton lines consisting of four components for po- 
tassium sulfates and five components for ammoni- 
um sulfates. 


4. DISCUSSION OF THE RESULTS 


In one of the first investigations devoted to the 
absorption maxima in parallel fields, Gorter and 
Frijer’4 suggested that this maximum in CrK(SQ,)2° 
12H,O at 20°K is due to relaxation between two 
spin systems (“second spin-spin relaxation”). They 
observed furthermore that at liquid-air tempera- 
ture the second relaxation in the spin system of 
CrK(SQ,).°12H,O does not permit exact determi- 
nation of b/c from measurements of paramagnetic 
dispersion and absorption. 

During phase transitions in chromium-potassium 
and iron-ammonium sulfates, conditions are appar- 
ently set up for the appearance of second relaxation 
in the spin system. This second relaxation causes 
the half-width AH), of the x”( Hj) curves that 
result from spin-spin relaxation to broaden in 
iron-ammonium sulfates at 90°K and ~540 Mcs 
and to narrow down in chromium-potassium sulfates 
at the same temperature. The second relaxation 
is sometimes the cause of the maxima that appear 
on these curves. 

We now proceed to a discussion of the results 
obtained in perpendicular fields. Since the line 
width in a perpendicular field is determined, in 
the case of dilute single crystals, by the spin- 
lattice interactions, then the short time py, at 
200°K leads to such a strong broadening of the 
lines that the peaks of the fine structure spread 
out at 540 Mcs, leaving a single broad line. On 
the other hand, in undiluted single crystals the 
widths of the lines are determined by magnetic- 
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dipole interactions and therefore the shortening 
of py, of 200°K barely affects the width AH peers 
the x”(H;) curve. 


5. PRINCIPAL RESULTS 


1. The paramagnetic-relaxation method was 
used for the first time to observe the phase tran- 
sition in the iron-ammonium sulfate in the tem- 
perature range from 90 to 300°K. 

2. The same method was used to confirm the 
existence of a phase transition in chromium- 
potassium sulfates. 

3. The phase transition in both alums is accom- 
panied by variations in py,, AH,, AH) and b/c. 
Here py, becomes shorter as the temperature 
drops from 300 to 200°K and reaches a value PI, 
~ 10° sec at T ~ 200°K. Upon further cooling 
pj, again lengthens, as expected. 

4. The shortest time py, corresponds to the 
minimum value of 6 for CrK(SO,4).°12H,O. To 
reconcile this result with the Van Vleck theory’® 
it is natural to assume that the variation in the 
splitting of the orbital levels in a cubic field, re- 
sulting from the phase transition, has a greater 
effect on the relaxation time py, than the varia- 
tion in the initial splitting of the spin sublevels. 

In conclusion, the author thanks B. M. Kozyrev 
for an evaluation of the results and E. I. Semenova 
for preparation of the specimens. 
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The absorption of extensive air shower particles in an absorber of low atomic number was 
investigated at the altitude of 3860 m above sea level. Analysis of the data shows that in the 
lower third part of the atmosphere about 60% of the energy of the nuclear-active component 
is transferred to » mesons and neutrinos. Some of the data seem to indicate that the ab- 
sorption of shower particles increases in showers with total number of particles N > 107 


INTRODUCTION 


Numerous experimental data on extensive air 
showers (EAS) of cosmic radiation, obtained at 
various altitudes, lead to the conclusion that the 
shower structure i.e., its lateral distribution and 
composition, is independent of the level of obser- 
vation, within the limits of experimental errors, 


for altitudes from 0 to 5000 m above the sea level. 


On the other hand, the study of the dependence of 
EAS on the altitude shows that the variation of the 
recorded number of showers with altitude of ob- 
servation depends only to a small extent on the 
total number of particles and, consequently, cannot 
be explained by the electromagnetic cascade the- 
ory. There are two possible ways of explaining 
these experimental facts: 

1. An extensive atmospheric shower is pro- 
duced by a nuclear cascade event! that takes place 
when ultra-high-energy primary cosmic ray par- 
ticles pass through the atmosphere. The electron- 
photon component of the shower is in equilibrium 
with nuclear-active particles that constitute the 
foundation of the shower. The energy flux of these 
particles has the following absorption coefficient 
in the atmosphere 


u = 1/200 cm?/g. 


2. It is possible’ that, because of the still-un- 
known value of the effective nucleon interaction 
cross-section, or of the fluctuations of energy 
distribution among secondary particles in inter- 
actions of ultra-high-energy nucleons, the mean 
free path of particles that initiate EAS is equal 
to or greater than ~ 120 g/cm*, and that the flux 
of nucleons (and of other nuclear-active particles ) 
of corresponding energies decreases with the alti- 
tude with an absorption coefficient ~ 1/120 em?/g. 
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The shower characteristics are then independent 
of the observation level because of the biased de- 
tection of showers produced at a certain effective 
height above the place of observation. 

There are still no sufficient data for a definite 
choice between the two alternatives. Two ways of 
solving the problem are possible. The first is to 
determine experimentally the effective cross-sec- 
tion for the transfer of a given energy fraction to 
secondary particles in nuclear interactions of nu- 
cleons and m* mesons of 10" to 10% ev. So far, 
such data are not available even for ~10'! ev. 

The second way is to measure the particle absorp- 
tion of an individual EAS. The absorption of an 
individual shower in the atmosphere can be studied 
by simultaneous measurement of Cerenkov-light 
pulses produced by the passage of shower particles 
through the atmosphere and of the number of par- 
ticles at the observation level.? One can also 
measure the absorption of EAS of a given size in 
a dense medium. The results of such measure- 
ments, made with ionization counters and a counter 
hodoscope, are presented in this article. The 
measurements were carried out at 3860 m above 
sea level (Pamir) in the autumn of 1955. 


EXPERIMENTAL SETUP 


The results given below were obtained by means 
of a large and complex array described in refer- 
ence 4. A general diagram of the part of the array 
essential for the present work is given in Fig. 1. 

We recorded all EAS, the particles of which 
produced four-fold coincidences of counters placed 
around the center of the array in two groups 2 m 
apart. The area of the master counters in each 
channel amounted to 500 cm?. Thirty-nine groups 
of hodoscoped counters, the position of which is 
shown in the diagram, were used for core location 
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and determination of the number of charged par- 
ticles. Thirty-three hodoscope-counter groups 
contained each 24 counters of 100 cm? area each, 
three groups placed 19 m from the array center 
consisted each of 36 counters, 330 cm? in area 
each; three other groups at 19 m from the array 
center consisted each of 24 counters 22 cm? in 
area each. The flux density of charged particles 
incident on a hodoscope-counter group was deter- 
mined from the ratio of the number of counters 
struck to that of counters missed. 

The method of core location was similar to 
that used in reference 5. The lateral distribution 
function of charged particles was taken from ref- 
erence 6. Errors in axis location using such a 
method amounted to 5 or 6 m near the center of 
the array and increased to ~ 15 to 20 m at dis- 
tances of ~60 m from the center. In case when 
the shower axis fell in the central part of the 
array where 33 counter groups were placed, the 
axis was located by our earlier method.® The 
accuracy increased then to 0.8 m. 

For the subsequent determination of the total 
number of shower particles we made use of many 


hodoscope points, obtaining an accuracy of 6 to 15% 


for showers with axes incident on the central part 
of the array. In that case, the error in axis loca- 
tion does not influence the measured number of 
particles in the shower, since the array is sym- 
metric. In other cases the error of the determi- 
nation of the shower size amounted to 40%. The 
showers recorded were divided into seven size 
groups. The distribution of showers in these 
groups, for showers with axes passing near the 
array center, is shown in Fig. 2. It should be 
noted that the distribution in Fig. 2 does not in- 
clude showers with less than 104 and more than 
10° particles, since the described hodoscope array 
was not suitable for detection of such showers. 
The relative number of showers of > 10° particles 
with axis near the array center was, however, 
small because of the energy spectrum of primary 
particles, and showers with < 10‘ particles prac- 
tically did not produce four-fold coincidences in 
the master counter groups. 

Twenty-four cylindrical ionization chambers* 
were used to measure the number of shower par- 
ticles under the absorber. Twelve of these were 
18.5 cm in diameter and had a working-volume 
length of 42 cm. The remaining chambers were 
22.5 cm in diameter and a working-volume length 
of 96 cm. The chambers were filled with pure 
argon at 4 atmos. The chambers were calibrated 


*The authors thank L. A. Razorenov who took part in the 
development and testing of the ionization chambers. 
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FIG. 1. General diagram of the array: 1) groups of large 
ionization chambers, 2) groups of small ionization chambers, 
3) master counters, 4, 5, 6) hodoscope-counter group. 


both by measuring the ionization produced by the 
passage of a meson along the chamber axis 
and by comparing the ionization burst in non- 
shielded chambers with the number of discharged 
hodoscope counters during the passage of an EAS. 
Allowing for the transition effect in chamber walls 
(2 g/cm? Cu) and for the angular distribution of 
shower electrons, both methods of calibration 
give practically identical results which are also 
in agreement with the calculated size of bursts. 
An absorber made of aluminum and graphite 
was placed above the chambers for a measure- 
ment of the absorption of EAS in dense substances. 
The relative amounts of aluminum and graphite 
were chosen so that the absorber had absorption 
characteristics similar to air (neglecting the 
a — p*+v decay). The thickness used was 
equal to 230 g/cm”, which amounted to 7.7 cas- 
cade units and 3.5 nuclear units, or, assuming 
that the effective cross section for nuclear in- 
teractions is equal to the geometrical cross sec- 
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tion, 3.45 nuclear units. A layer of air 230 g/cm? 
thick is equal to 7 cascade units and 3.5 nuclear 
units. Since the mean atomic numbers of the lower 
graphite layer and of the air are similar, the tran- 
sition effect in walls of the charnbers was prac- 
tically identical in chamber calibration and in 
measurements of the number of particles under 
the absorber. An increase of the ionization per 
shower particle, caused by the scattering of 
shower particles, which leads to an increase of 
the “mean” chord of the chamber, was also inde- 
pendent of the fact whether the absorber was 
placed above the chamber. It is possible that 

the mean ionization per shower particle was 
somewhat lower under the absorber, in view of 
the zenith-angle distribution of shower axes. 

This effect, which could lead to a decrease of the 
number of particles observed under the absorber, 
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FIG. 3. A single-core shower with N = 4.2 x 10‘. Position 
of ionization chambers appear in the diagram (upper left). 
The position of the axis is indicated by a star. The numbers 
of the ionization chambers are indicated on the x axis. The 
y axis represents the number of particles. 
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FIG. 4. A multicore shower, with N = 4.7 x 10°. Notation as 
in Fig. 3. 
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has been neglected, but its magnitude is clearly 
small. In view of the fact that the 1 decay mean 
free path is much larger than the nuclear interac- 
tion mean free path in a dense medium, the frac- 
tion of nuclear-active particles in a shower is 
larger under a dense absorber than at a corre- 
sponding altitude in air. The contribution of ioni- 
zation due to heavily ionizing particles to the total 
ionization measured under a dense substance in- 
creases proportionally to the flux of nuclear-active 
particles. However, the uncertainty about the com- 
position of ionizing particles under a dense ab- 
sorber does not influence the determination of the 
energy flux carried by shower particles, since it 

is immaterial in which way the energy of the 
shower is dissipated on ionization. 


OBSERVATION OF THE CORES OF EXTENSIVE 
AIR SHOWERS 


It was already mentioned that the error in 
shower-axis location by means of the hodoscope 
was 0.8 m when the axis passed near ionization 
chambers. Since the ionization chambers and the 


counters were placed in different horizontal planes, _  - | 


and the shower-arrival angle was measured in a 
few cases only, the error in finding the point of 
intersection of the axis with the ionization-chamber 
plane increased to ~1m. It was therefore impos- 
sible to tell, on the basis of the hodoscope data 
only, through which of the chambers the core 
passed. 

The distribution of pulse heights of the ioniza- 
tion chambers was analyzed for each case in order 
to increase the accuracy in core location. It was 
found from the pulse-height distribution that the 
number of cores passing through the chambers is 
approximately equal to that expected from statis- 
tical considerations. The size distribution of 
showers given in Fig. 2 consists of all events in 
which the axis fell not further than 3.5 m from the 
geometrical center of the ionization-chamber posi- 
tions. The collecting area was equal to ~ 37 m?. 
Out of 400 showers, the axes of which fell in that 
area, 43 axes passed through the chambers, the 
total area of which amounted to ~3.5 m*. The 
shower size distribution of these events is shown 
in Fig. 2. It can be seen that the distribution is 
analogous to that of all 400 showers. One cannot, 
however, attribute much weight to this fact in view 
both of the existence of multicore showers and of 
the diffuseness of the core. 

Typical histograms of the ionization-burst size 
distributions for showers incident on an area cov- 
ered by ionization chambers are shown in Figs. 3 
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and 4. Since there is no sharp limit between the 
record of showers with single cores and those 
having multiple ones, we classify as multicore 
showers all events in which the largest pulses, 
differing by no more than a factor of two, were 
observed at least in two non-adjacent or any three 
ionization chambers. We analyzed all events in 
which the shower axis passed through ionization 
chambers, using this criterion for multicore show- f hay ry . 
ers. The results are given in Table I. Given. SECUD Was, CoHned AS aNoeel tap 24 Noi 
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N ata given distance r from shower axis, we 
measured the mean ionization produced in ioniza- 
tion chambers by showers with mean number of 
particles between N,; and Ny, (Ny <N<N,) the 
axes of which fell in the ring r,;<r<yr,. The 
chosen intervals of the total number of shower 
particles are shown in the histogram in Fig. 2. 
The mean number of particles in EAS of a 


i 
where Noj is the total number of particles in the 
TABLE I ( : f 
i-th shower, and n is the number of showers in 
the group. The mean distance was defined for a 


Total number of 
particles in show- 
ers of the group 


Number of 
axes with two 
or more cores 


Number of 
axes observed 


n 
given ring as r = (1/n) y) rj- The corresponding 
i 
particle flux density under an absorber can be de- 
Saget 
fined as p(r, No) = =e >) Jj, where o is the 


area of the ionization Glembere and Jj; is the sum 
of ionization bursts in chambers under the absorber, 
expressed in numbers of shower particles. The re- 
sults are given in Table II. It should be noted that 


It can be seen that the relative number of mul- all said above is correct for distances larger than 
ticore showers amounts to ~ 30% of showers with 2 or 3 m, where we can neglect the dimensions of 
total number of particles N < 10°. Multicore the ionization chamber array and the error in axis 
showers are more frequent among EAS with N > location. For smaller distances, the axis location 
10°, their fraction being ~ 70%. was found more accurately by comparing the ioni- . 

i i ious chamb and taking the 
MEASUREMENT OF THE SHOWER PARTICLE “0 DUES In aru Co bs 
ee ee OnbER distances in the 0 to 0.8 m range, when the dimen- 

To determine the shower particle flux under an sions of separate chambers were larger than the 
absorber in EAS with a given number of particles region under consideration, the number of particles 


TABLE II. Mean ionization, expressed as the number of relati- 
vistic particles per m? for shower groups with different 
number of particles No 


Distance from 1.5-10¢ | 2.9-108 5-108 | 8-108 45-108 | 35-408 | 5.8-108 
axis, r | 
0.03 4750 3000 5300 6300 6700 418000 58000 
+650 --1000 +1600 +500 +400 +7000 
0.3—1 230 360 630 4000 4400 5000 41000 
4120 | +60 | +4130 | +250 | +600 | +2200 
4—2 25 125 200 500 540 4150 2500 
Bits ale p06)! GO aso ere Onset 50 
2—3 23 719 126 260 320 470 630 
oe 16%] 24) ) mec 70n)m esc800|er-e1 202.2460 
3—9 18 37 44 Tal 89 120 400 
eer 415 | +449 +16 +21 +30 | +120 
5-8 633 8) 23 45 ol 90 250 
28 ob.) 440 110 04 | 425 ches 70 
8—20 a ial 6.3 7.4 9.4 8.3 — 
BAGO, |) ete) = EDI): aL Ot 6 MIMO? 
20—40 — — 0.83 2 2.9 Pes) 8 
; 40.27 | 40.6] 44.4 | 40.8 | 44.5 
as = as = = il WL A TAS) 
cm 0.25 E0.8 
planet tor 5100 | 16000 
Samictea titty 500 g50 | 4500 | 1800 | 1900 


in the radius of | -+180 +280 +450 +140 +110 ; --2000 
0. 


3m fala eee UC ee 
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under an absorber in a circle of 0.3 m radius, 
given in the lowest row of Table II, was actually 
measured instead of the mean density p(r, No). 
This number was assumed to be equal to 


n 

N’(r) =(1/n) 2) Jj, where Ji is the measure 
i=1 

of ionization in the chamber with the largest burst 


or the sum of ionizations in two adjacent chambers 
with the largest bursts. In part of the events, the 
value of N’(r) was slightly higher in view of the 
fact that particles not belonging to the core passed 
through the chambers. However, by extrapolating 
the lateral distribution of shower particles under 
a dense absorber (Fig. 5) for the smallest dis- 
tances, we can see that the increase is not larger 
than 25% of the value measured. The errors given 
in Table II are standard deviations of the arithme- 
tic mean for the given shower group. 


perm? 


“4a tf 8 0 8 Orm 
FIG. 5. Lateral distribution of the particle density of 
charged particles under an absorber in EAS of different size. 


A— showers with N = 3.5 x 10° particles, x— with N=5 
x 10*. Solid curves represent an analytical approximation. 


The data of Table II can be regarded as the re- 
sult of measurements of the mean particle flux 
density at various distances from the axis of the 
EAS under an infinitely extended absorber. Con- 
sequently, one can talk about the lateral distri- 
bution function of the effective particle flux under 
an absorber. An analysis of Table II shows that, 
within the limits of experimental errors, the func- 
tion is independent of shower size in the region 
from 0 to 6.5 m and can be written in the form 


f(r) ~ 1287 £0.04), 


The lack of experimental data on the flux of par- 
ticles at large distances form the axis for showers 
with N< 10° does not permit us to determine the 
dependence of the lateral distribution function on 
shower size at distances above 6.5 m. However, 
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the fact that function does not change at small dis- 
tances from the axis gives grounds for expecting 
that the lateral distribution of particle flux under 
dense substances is independent of shower size 
also at large distances from the axis. For show- 
ers with N> 105, the lateral distribution function 
in the 6.5 to 70 m region can be written in the 
form 


f(r) = r—(2-8£0-1) | 


Figure 5 illustrates the fit between this approxi- 
mate expression and the observed lateral distri- 
bution of particle flux in EAS under a dense sub- 
stance. 


ABSORPTION OF EXTENSIVE AIR SHOWERS IN 
A DENSE SUBSTANCE 


The data on particle flux density under a dense 
substance obtained by us made it possible to cal- 
culate the total number of particles in EAS under 
an absorber 230 g/cm? in thickness. The number 
of particles was directly measured in the 0 to 0.3 
m region, while for larger distances we used the 
approximations discussed above. 

An estimate of the ionization produced by 
shower pu mesons and electrons in equilibrium 
with each other shows that the ionization meas- 
ured under the absorber can be explained by yp 
mesons traversing the absorbers only at distances 
> 1000 m from shower axis, i.e., at distances 
where the particle-density observed in air coin- 
cides with the density of the ~ -meson component. 
We limited ourselves therefore to distances < 
1000 m from shower axis in calculating the num- 
ber of particles in a shower under the absorber. 
Results of the calculation are given in Table III. 


TABLE III 


Number of parti- 
Total number of cles underneath 


shower particles 
underneath the the absorber 
within the 


absorber radius of 40 m 


Total number 
of shower 
particles 
above the 
absorber 


4.5-104 | (7.844.4)-108 3 
2.9-104 | (1.7-£0.23)-108 a 
5-404 | (2.8-40.43).404| (2.24+0.3)-104 
8-104 | (4.3-£0.54)-104 | (3.9-£0. 46). 108 
1.5-108 | (4.6£0.6)-108 | (4.5-£0.6)-108 
3.5-108 | (1.4£0.17)-108 | (7,320.9). 108 
5.8-108 | (2.5--0.6)-108 


The result of a straightforward summation of the 
number of particles in rings at distances 0 to 40 m 
from the shower axis is given in column 3 for sev- 
eral shower groups. It can be seen that particles 
at distances larger than 40 m contribute little to 
the total number of particles. 

The ratio of the number of particles observed 
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under the absorber N to the total number of 
charged particles of the same showers at the 
observation level in air Ny is given in Fig. 6. 

The values of that ratio calculated for an electron- 
photon cascade with age parameter s = 1.2, neg- 
lecting the nuclear-active shower component, are 
also shown in the figure. This value of s follows 
from the altitude dependence and from the electron 
lateral distribution function of EAS at 3860 m 
altitude.’ The marked discrepancy between ex- 
perimental data and cascade theory calculations 
indicates a substantial contribution of the electron- 
photon component, produced in the absorber by 
nuciear-active particles to the total flux of shower 
particles under the absorber. 

It is of interest to compare the absorption of 
shower particles in the dense substance used as 
the absorber with the absorption of EAS particles 
in air. The ratio of shower particles at an alti- 
tude corresponding to the pressure of 880 g/cm? 
to the number of particles at our observation level- 
(650 g/cm?) is also shown in Fig. 6. The absorp- 
tion of shower particles in air is calculated from 
the longitudinal development of EAS® and the data 
on the barometer effect.? The discrepancy between 
the values of the absorption coefficient of EAS 
with Ny > 10° at sea level given by references 8 
and 9 is shown in Fig. 6 by the shaded area. 


DISCUSSION OF RESULTS 


A striking feature of Fig. 6 is the observed dif- 
ference in the absorption of EAS of various size. 
For showers with Ny < 10° the ratio of particles 
under the absorber N to the number above the 
absorber Ny is equal to 0.55 + 0.035. For show- 
ers with N, > 10° that ratio is 0.33 + 0.032. The 
deviations from the mean N/N) = 0.47 + 0.025 are 
large enough to be significant. The question arises 
whether the observed absorption variation is lim- 
ited to a narrow range of primary energies which 
follows directly from Fig. 6, or whether shower 
absorption varies all over the investigated range, 
increasing monotonically with shower size. It 
must be mentioned that the increase of the shower 
absorption coefficient with the primary energy 
contradicts both the electromagnetic cascade 
theory and any nuclear cascade theory of develop- 
ment of EAS, which assumes that the character 
of elementary nuclear interactions is independent 
of the energy of interacting particles. 

We shall write the dependence of N/Ng 
on Nog as 


N/No = log («/ N'%). 


The values of @ and # can be determined by the 


w- 310° a as0" 


10 Log Ny 

FIG. 6. Dashed line represents the ratio N/N, calculated 
for an electron-photon cascade with s = 1.2; dot-dash— N/N, 
calculated from the altitude dependence of showers. The 
points represent the values of N/N, measured in the experi- 
ment. 


least-squares method. At the statistical accuracy 
of the experimental data, the proposed relation 
cannot be rejected, although the probability that it 
is correct is less than 25%. The fit between the 
experiment and the proposed relation N/ No = 
f£(Ny) is especially bad near Ny ~ 10°. The 
spread of the values N/Ny observed over the 
range Ny) =5 104 to No =1.5 10° at the seven 
measured points would be expected to occur with a 
probability of 6%, the proximity of the values Ng 
indicating that the problem lies not in a successful 
choice of the relation N/Ny =f(Nj)), but in the 
validity of that relation on the whole range of No 
from 1.5104 to 5.8 x 10°. It is therefore very 
probable that the experimentally-observed vari- 
ation of the absorption of EAS in dense substances 
for showers of Ny = 1.5 x 10° and Ny < 8 x 104 
actually exists. This variation could be due to a 
variation of the character of the elementary act 

of nuclear interaction for particles with energy 
corresponding to EAS with Ny ~ 10° at 3860 m 
altitude. 

Let us consider our results on the absorption 
of EAS with N, < 10° in connection with two pos- 
sible interpretations of experimental data on EAS. 
If we assume that the showers recorded at any ob- 
servation level are initiated at different heights 
above that level by primary cosmic ray particles 
as the result of nuclear interactions accompanied 
by a transfer of the whole energy of the primary 
to secondary particles (7 mesons), and that the 
variation of the recorded number of showers with 
the altitude of observation is associated with the 
absorption of primary cosmic ray particles, then 
the age of the electron-photon component of EAS 
s =1.2 to 1.3, observed in measurements, is an 
average characteristic of the showers selected 
by the array. 

Under such assumptions, secondary nuclear- 
active particles are not an important component 
of EAS. To estimate the further absorption of the 
group of showers recorded by the array, we con- 
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sider the absorption of the electron-photon shower, 
which is a superposition of all showers recorded* 
and which can, therefore, be assigned the value 

Ss ~ 1.2. It can be seen from Fig. 6 that the ab- 
sorption of a shower with s ~ 1.2 is markedly 
different from the absorption measured, which 
shows that one cannot neglect the nuclear-active 
component. Production of the electron-photon 
component by nuclear-active particles lengthens 
the range of the cascade. 

If the range increase is such that the cascade 
absorption corresponds in the mean to the alti- 
tude dependence then, on the average, an equilib- 
rium is reached between the electron-photon and 
the nuclear-active shower components. This fact 
rules out nuclear interactions with full energy 
transfer to secondary particles, since such events 
cannot lead to equilibrium cascades, absorbed 
with a mean free path of ~180 to 200 g/cm’. 

We shall consider now our results from the 
point of view of an equilibrium between the elec- 
tron-photon component and the nuclear-active 
_ shower particles. In that case the observed alti- 
tude dependence of EAS corresponds to the ab- 
sorption of the particles in an individual shower. 
It can be seen from Fig. 6 that the absorption of 
showers with Ny < 10° in a dense substance, 
measured in our experiments, is much less than 
the absorption in an equivalent layer of air. This 
result can be explained by the transition effect, 
in view of the fact that no decay of 10° to 10!°-ev 
1 mesons occurs in dense substances. 

We shall now analyze quantitatively the energy 
balance in EAS with N)=10°. The energy Ee 
dissipated by the shower electrons, from the ob- 
servation level (3860 m altitude) until the shower 
is totally absorbed, is derived from the energy 
carried by the electron-photon component at the 
observation level Eg_p and from the energy E 70 
transferred to 7’ mesons in nuclear interactions 
below the observation level. Ee-p can be deter- 
mined from the electromagnetic cascade theory 
under the assumption that s = 1.2.’ For a shower 
with. Ny= 10°, Ee-p equals ~ 2.6 x 10" ev. 

Furthermore, 

Ee= \ No8 exp {—x/200} dx = 4.2-10!8 ey. 
0 
where £ is the ionization-energy loss of a rela- 
tivistic particle traversing 1 g/ cm? of air, and 
x is the thickness of air in g/cm? traversed. 
We have, therefore, 


*Such a procedure is permissible when the number of show- 
ers with s< 1 amounts to not more than 20 to 25% of the total 
number of showers in the group. 
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Exe = Eo = Be-p = 1.6: 10% 3ev> 


Since the absorption of a nuclear cascade in 
dense substances, as well as in air, is determined 
essentially by the absorption of particles having 
the highest energy we can expect that, after the 
transition processes have ended, the absorption 
of EAS particles in a dense substance follows the 
same law as in air (cf. Fig. 7). However, ina 
dense substance the total energy of the nuclear- 
active component is transferred to the electron- 
photon component, Eg = Eg-p + En-g. We shall 
now determine Eg. According to Fig. 7 we have 

Eq = \ NoBf (x) dx = 1.108120 


0 


+\ 8.5.5. exp {— x/200) dx ~ 7-10" ev. 
120 


g 100 200 300 
FIG. 7. Absorption of shower particles in the lower third of 
the atmosphere (solid line) and in an equivalent dense sub- 
stance (dashed). 
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It follows that Ey-, = 4.4 x 10'% ev. In the at- 
mosphere a larger part of this energy (Ep-g — E70 
~ 2.8x10% ev) is carried away by mesons 
and neutrinos in the m*>—~yp*+v decay. If that 
fact were neglected, the energy of the nuclear- 
active component would be underestimated. The 
energy distribution among the various components 
of a shower with N)=10° at 3860 m altitude is 
as follows: 

Energy of the electron-photon 


component 2.6 x 108 ey 
Energy of the nuclear-active 
component: 
carried by 7° mesons 1.6 x 10% ev 
carried by u* mesons 
and neutrinos 2.8 x 108 ev 
Energy of , mesons 4x 108 ev 


It can be seen from the above that the energy 
fraction of the nuclear-active component, trans~ 
ferred to the electron-photon component in the 
passage of EAS with Ny) < 10° through the lower 
part of the atmosphere, is practically identical to 
the number of 7’ mesons relative to that of all 
the mesons produced in nuclear interactions. This 
means that most nuclear-active particles in EAS 
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with Ny < 10° are nucleons, owing to the instabil- 
ity of ™ mesons. In. fact, according to Ref. 4, 
the most energetic nuclear-active particle in EAS 
with Ny =10° has an energy of 2 to 4 x 10” ey 
and transfers in a nuclear interaction about 4 x 
10 ey per secondary ma meson, which is close 
to the energy at which the decay of 7 mesons 

at 3860 m in air becomes predominant over sec- 
ondary nuclear interactions. The main flux of 
nuclear-active particles inEAS with N) =10° has 
an even lower energy. Calculations* carried out 
by us using the consecutive-generation method!” 
lead to the same result: 60% of the energy of the 
nuclear-active component is carried away by py 
mesons. The calculations were based upon the 
following assumptions: (1) The energy spectrum 
of nucleons of the depth of 500 g/cm? is of the 
form ~ dE/E!* for E < 10' ev, high-energy 
particles are absent; (2) in nuclear interactions 
a nucleon carries away 0.6 of the primary nucleon 
energy; (3) such a particle is not produced in nu- 
clear interactions of m mesons; (4) 0.25 of the 
secondary m mesons carry away 75% of the en- 
ergy transferred to m mesons; the remaining 7 
mesons carry away the remaining energy fraction, 
the assumed total number of m7 mesons being 

~ 4 (Ey /2Mc?)¥4, where E, is the primary- 
particle energy and M the nucleonic mass. The 
mean free path for nuclear interactions was taken 
as 70 g/cm?. It should be noted that the conclusion 
about the predominantly nucleonic composition of 
the nuclear-active component of EAS is in agree- 
ment with the observed ratio between the neutral 
and charged nuclear-active particles.’ 


CONCLUSION 


1. The measurements indicate that in EAS with 
total number of particles 104< N< 10° an equilib- 
rium is attained, at least in the mean, between the 
nuclear-active and electron-photon components. 
This fact contradicts the hypothesis that EAS are 
produced in the depths of the atmosphere as the 
result of nuclear interactions in which the total 
energy of the primary particle is dissipated. It 
indicates also that fluctuations play a compara- 
tively unimportant part in the development of EAS 
of the above size. 

2. The energy carried by the nuclear-active 
component in EAS with N < 10° in the lower 
third of the atmosphere is 1.7 times that carried 
by the electron-photon component. However, a 


*The energy carried away by » mesons was estimated ac- 
cording to references 10 and 11. In view of the lack of experi- 
mental data on the energy region above 10*° ev and on their 
lateral distribution at distances > 1000 m from the shower axis, 
these estimates are very rough. 
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larger part (~60%) of this energy is dissipated 


in w-meson production. 

3. The variation of the absorption coefficient 
of EAS, as well as the change in the core struc- 
ture observed in the passage from showers with 
N < 10° to showers with N > 10°, is consistent 
with the assumption, proposed earlier,'4 that the 
character of the nuclear interaction changes at 
the energy Ey © 3 x 10 ev. 
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A study was made of the disintegration of uranium by 460-Mev and 660-Mev protons into 
three multiply-charged particles: two particles of the heavy fragment type and the third 
with considerably smaller mass and charge. The yield for given proton energies, the an- 
gular distribution of the light multiply-charged particles (front-to-back ratio), and their 
distribution in charge and energy were determined for such triple disintegrations. A 
mechanism is proposed for the triple disintegrations and the fragmentation cross section 


of uranium is estimated on this basis. 


1. INTRODUCTION 


In scanning plates with uranium-loaded emulsion 


which have been irradiated with high-energy protons, 


one observes disintegrations with emission of three 
multiply charged particles (cf. the figure in the in- 
sert). Such events occur approximately once in 200 
or 220 cases of normal binary fission for incident 
proton energies of 660 Mev, and once in 400 cases 
for protons of 460 Mev. Up to now, 43 such disin- 
tegrations have been found and studied. 

These disintegrations can be divided into two 
types. Type I consists of those disintegrations in 
which the ranges of all three multiply-charged 
particles are approximately equal. The equality 
of the ranges implies approximate equality of the 
masses. 

The disintegrations of type II are those in which 
one of the three multiply-charged particles has 
considerably greater range in the emulsion and 
consequently much lower mass than the other two. 
The yield of triple disintegrations of type II is 
greater than that for type I by a factor of 5 or 6. 

It should be mentioned that in the majority of dis- 
integrations of type II, in addition to the three 
multiply-charged particles one also observes 
tracks of protons and a particles, with an av- 
erage of 1.6 charged particles per disintegration, 
whereas none of the disintegrations of type I are 
accompanied by emission of charged particles. 

The present paper describes the results of a 
study of disintegrations of type II. The reason 
for this restriction is that up to the present time 
a satisfactory method for determining the nature 
of particles in nuclear emulsions has been devel- 
oped for charge values up to Z = bil whereas 
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there is no reliable method for identifying multiply- 
charged particles from their tracks in emulsion 

for larger values of the charge. Thus all the sub- 
sequent statements will refer to disintegrations 

of type II. 


2. EXPERIMENTAL RESULTS 


The main results are the following. 

(a) The yield of triple disintegrations increases 
with incident proton energy; for example it doubles 
when the proton energy is changed from 460 to 660 
Mev. 

(b) The light multiply-charged particle in the 
triple disintegrations is emitted preferentially in 
the forward direction relative to the incident pro- 
ton beam. The front-to-back ratio is ~5. 

(c) We give below the charge distribution of the 
light multiply charged particles. The charge was 
determined by the photometering method! in 22 
cases: 


Charge of particle: 4s By 6 THES PIO Oa A 
Number of particles:!"<9m 5) 1 \4aeonuae ems 


From these data the average charge is ~6. 

(d) The table gives the energy of the light mul- 
tiply-charged particles as determined from the 
range-energy curve?’? and the energy of the Cou- 
lomb interaction* between the light multiply charged 
particle and the residual nucleus. The charge of 
the residual nucleus was taken tobe Z = Zt — 
(Z17+AZ), where Z; is the charge of the uranium 
nucleus, Z, is the charge of the light multiply- 
charged particle, and AZ is the change of charge 


*In computing the Coulomb interaction we set r = 1.45 
x 107° cm. 


TRIPLE DISINTEGRATIONS OF URANIUM NUCLEI 


Sears 
AoW 2hee |" -28) | 159 80 55 70 
30 | 78 65 40 
28 
9 mS7 7 
Eexp, Mev | 73 | 55 a 
Bo 984 
25 
36 | 
Ecoup Mev| 42 | 51 | 60 | 74 | 85 | 92 | 102 


associated with emission of protons and qa par- 
ticles in the particular disintegration. 


3. DISCUSSION OF EXPERIMENTAL RESULTS 


The data on dependence of yield on incident pro- 
ton energy, angular distribution of the light-multiply 
charged particles, and their charge distribution are 
not in contradiction with the assumption that these 
disintegrations occur as the result of the super- 
position of two processes: emission of a light 
multiply-charged particle (a fragment) by the 
nucleus, and subsequent normal fission of the 
residual nucleus. Assuming this mechanism for 
the production of triple disintegrations, we can 
evaluate the cross section for fragmentation of 
uranium or the ratio of the fragmentation cross 
section to the cross section for inelastic processes, 
and compare the result with the similar ratio ob- 
tained for a nucleus in the middle of the periodic 
table, such as silver, since the fragmentation cross 
section has been determined for this element.* 

We have: 
See (W) ee Neg) Sin (86) \ Sin (U) 
FC ears (1s c, 8) / (5 o¢ (U) 


Here Nv is the number of disintegrations of 

type II (30 for Ep = 660 Mev) observed for N¢ 
binary fissions (= 6300); o¢(U) is the uranium 
fission cross section® (= 1.1 barns); oj,(U) is 
the cross section for inelastic interaction of 
uranium® (= 0.9 Sgeom OF 2.2 barns); of(86) 

is the fission cross section of the residual nucleus. 
This last cross section was taken to be 0.4 barn 
in the computation; this value was based on the 
assumption that in the interval from bismuth (for 
which ‘og¢( Bi) © 0.2 barn) to uranium the fission 
cross section changes proportionally to the change 
in Z. On substituting these values, we get: 


(ofr / Sin), 0-01 = (off /sin)ag 


and consequently ofy(U) * 22-millibarns (for in- 
cident proton energy Ep = 660 Mev). 
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The result obtained on the basis of our assump- 
tions shows that the fragmentation cross section 
increases proportionally to the geometric cross 
section. This value for the fragmentation cross 
section of uranium (22 millibarns) was obtained 
under the assumption that the emission of the frag- 
ment from the target nucleus does not affect the 
probability of fission of the residual nucleus. If, 
however, the preceding fragmentation changes 
(increases or decreases) the probability of fis- 
sion of the residual nucleus, we obtain a corre- 
spondingly increased or lowered value for the 
fragmentation cross section of uranium. 

However, not all of the experimental data can 
be made understandable from the point of view of 
our assumption of superposition of the two proc- 
esses — fragmentation and subsequent fission of 
the residual nucleus. Comparing the values of the 
experimentally observed energy and the Coulomb 
interaction energy given in the table, we see that 
in most cases Egxyy < ECoy, whereas for frag- 
mentation of silver nuclei! the values of Ee 
cluster around the values of the Coulomb interac- 
tion energy, and Eexp> ECoul in several cases. 
As mentioned previously, we computed the Coulomb 
energy for a spherical nucleus, assuming ry = 1.45 
x 10° cm. However, if we compute Ecoy for a 
deformed nucleus, assuming for example AR/R = 
0.2, the values of Eqoy, are decreased by ap- 
proximately 10 Mev, which brings many of the 
values of ECoy] close to Eexp. But if in the 
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majority of cases Eexp is actually less than 
ECoy] computed on the assumption of interaction 
of two charges (even taking account of nuclear 
deformation), this may indicate that there is 
simultaneity in the disintegration of uranium into 
three particles. Such events can be treated as 
triple fissions, but it is then not clear why the 
light multiply charged particle is emitted pref- 
erentially into the forward hemisphere. 

For a more detailed study of the phenomenon 
of fragmentation of uranium nuclei, it would be 
interesting to study this phenomenon in pure form, 
i.e., not only to study disintegrations with three 
multiply charged particles, two of which may be 
assigned as fission products, but also to study 
disintegrations with one fragment. However, 
such a study is not possible if the emulsion is 
loaded with uranium by soaking the plate in a 
water solution of some uranium compound. With 
such a loading procedure, it is not possible to 
separate fragment-containing stars from disin- 
tegration of uranium from similar stars from 
disintegration of silver nuclei. Besides, there 
will be more fragment-containing stars from 
disintegration of silver nuclei because the num- 
ber of Ag nuclei in the emulsion is approximately 
two orders of magnitude greater than the number 
of uranium nuclei loaded into the emulsion. 

One solution to this problem is to introduce 
the element in which fragmentation is to be stud- 
ied in the form of grains of dimension 3 to 6yu 
into the middle layer of a three-layer plate.’ How- 
ever such a method requires a very long time of 
searching for disintegrations, in view of the low 
probability for producing a disintegration contain- 
ing a fragment in such grains. 

In our laboratory, the fragmentation of bismuth 
nuclei is being studied by the method of introduc- 


ing elements into the emulsion in the form of 
grains. The results will be published later. 
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Experimental data are presented on the size spectrum of extensive air showers in the region 
10° to 2 x 10° particles. An analysis of these and other data available in the literature indi- 

cates that there is, very probably, an irregularity in the shower size distribution curve in the 
region between 10° and 10’ particles. This is considered to constitute an argument in favor 

of the metagalactic origin of cosmic rays with energies above 10’ ev. 


Ln connection with the problem of a change in the 
character of the elementary interaction in the ultra 
high energy range, Vernov! suggested the idea that 
such a change could reflect itself as an irregular- 
ity in the size spectrum of extensive air showers 
(EAS). On the other hand, the study of the size 
spectrum of EAS is of considerable interest for 
the investigation of the primary component of 
cosmic radiation. 

In the majority of experiments carried out so 
far the density spectrum of EAS was actually 
measured, and the size spectrum was calculated 
on its basis. Such a method of obtaining the size 
spectrum of an EAS has, however, many disad- 
vantages. In fact, it is known that the density 
spectrum is the result of an integration of the 
size spectrum over a wide range, in which the 
number of particles varies by 2 or 3 orders of 
magnitude. As the result, the density spectrum 
cannot reflect all details of the size spectrum. 

In the present work the size spectrum of EAS 
has been studied directly. The measurements 
were carried at sea level in May 1954. 


EXPERIMENTAL SETUP AND METHOD 


The measurements were carried out using the 
array described in reference 2, by the method of 
correlated hodoscopes? which, in principle, per- 
mits it to study each shower individually. 

The size and position of the hodoscope counter 
groups are shown in Fig. 1. The array permitted 
us to locate the shower axis and find the number 
of particles in showers in the range from 2 x 104 
to 2x 108 particles. The hodoscope arrangement 
displayed the number of discharged counters in 
various counter groups for each shower. Knowing 
the position of counters struck in the plane of ob- 
servation, one can find the total number of par- 
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ticles N and the coordinates of the axis Xp, Yo 
of the recorded shower, under the assumption 
that (1) the shower is axially symmetric and 

(2) the trajectories of the shower particles are 
distributed according to the Poisson law and pos- 
sible fluctuations of the lateral distribution func- 
tion in a shower with given N are governed only 
by that law. 

The probability that, when mj out of nj count- 
ers are struck at the i-th point with coordinates 
Xj, Yj, the recorded shower consists of N par- 
ticles and its axis has coordinates X), Yo, is 
proportional to 


Ge [1 — exp (—o,9;)]" exp [—o.9; (mi — m)], 
where oj; is the area of a single counter in the 
i-th group, and 

6; = RN{ ([r;— ol), R= 2-10? ma FI, 


[t,—To| 
i (\re—79|) = eee 58 ) 


lr; — ¥q| = [(Xe— Xo)? + (Yi — Yo)? J". 


The probability that, for an occurring combination 
(mj, nj), the recorded shower will have individual 
characteristics N, X, Yo, is then given (toa 
normalization constant) by the following expres- 
sion: 


W (Xo, Yo: NV) 


56 
ci Cri [1 — exp (—azpa)]”4 exp [supe (4 — m)). (1) 

t=1 
Determination of the shower size and its axis loca- 
tion is therefore reduced to the following extremum 
problem: find the maximum of Eq. (1) with respect 
to the variables N, Xj, and Yo, knowing the value 
of other parameters in the expression. The prob- 
lem was solved with the electronic computer of the 
Computing Center of Moscow State University. 
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FIG. 1. Diagram of the hodoscope array used for the study 
of the size spectrum of EAS. @— group of 24 hodoscope coun- 
ters, 330 cm? in area each: A— group of 48 hodoscope counters, 
24 of area of 100 cm? each, and 24 of area of 24 cm’ each, 
®— master groups. 


N was found with an accuracy of 10%, and X) and 
Y) with an accuracy of 0.5m for shower axes fall- 
ing within the area S,. The errors were 15% and 
1.0m respectively when the axis fell within the 
area Sz. 

The axis location and the number of particles 
for each individual shower being known, it is pos- 
sible to find the absolute rate of showers of a 
given size. The dimensions of the collecting area 
were different for showers of different size, being 
determined not only by the position of hodoscope 
points but also by the probability of shower detec- 
tion using the chosen six-fold counter coincidence 
arrangement. 


RESULTS AND DISCUSSION 


The experimental results which are made use 
of in the present article were gathered during 285 
hours of operation of the array. The number of 
showers of a size above given value, the axes of 
which fell in the area S, = 78 m? for N>8 x 104, 
S. = 400m’, for N >1.6 x 10°, and Sy = 576 m?, 
for still larger N (the relative position of these 
areas is shown in Fig. 1), used for constructing 
the spectrum, are given in the table. The proba- 
bility that a shower incident upon the above areas 
was recorded by the array was greater than 95%. 

The integral size spectrum constructed from 
using the data is shown in Fig. 2. The ordinate 
represents the number of showers above certain 
size in cm~ sec"! sterad™!. It was shown! that 
the rate of showers arriving vertically per unit 
solid angle F(N, 0) is related to the total F(N) 
for the given array by 


F (N, 0) = F (N)(v +1) /2k, 


when the zenith angle distribution of shower axes 
incident upon the array is proportional to. cos? Be 
with v= 8.° 
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log F (> N) cm? sec”! sterad? 


-0 


0 wo 10” 


100g N 
FIG. 2. Integral size spectrum of EAS. @ — measurements 
of the present experiment, O — measurements of reference 7. 


The data indicate with a high probability that a 
change in the character of the spectrum may occur 
in the investigated region N = 8 x 10* to 1.5 x 10°. 
In the region N = 8 x 104 to 8 x 10° the integral 
spectrum can be approximated by a power law with 
an exponent «k =1.5+0.1. For N>8x10° the 
spectrum is steeper. For a quantitative deter- 
mination of the exponent x in that region we used 
the data of reference 6, in which each shower was 
measured individually.* These data are also shown 
in Fig. 2. For the region N = 8 x 10° to 3 x 108 
we then obtain xk = 2.2 + 0.3. Using the results 
of reference 6, for the region N = 10! to 10° we 
have K =1.5+0.2.f 

The exponent of the size spectrum of EAS was 


*It should be mentioned that the lateral distribution func- 
tion used in reference 6 does not differ from that used by us 
by more than 25%. 

tIn reference 6 the size-spectrum exponent was determined 
for the whole range of measurements N = 8 x 10° to 10° and was 
found to be x = 1.84 + 0.15. A x” test shows, however, that 
the probability that the spectrum has two exponents x = 2.2 
+ 0.3 and x =1.5 + 0.2 is three times higher then the prob- 
ability of a single exponent x = 1.84 + 0.15. The probabili- 
ties are 75 and 25% respectively. 
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measured earlier using arrays with widely spaced 
counters connected in coincidence.’*® It is well 
known that such arrays select effectively showers 
with size varying by two orders of magnitude. The 
values of the exponent xk ~ 1.9 to 2.0 obtained in 
these experiments for the range 10°<N < 108 do 
not contradict the above data on variation of the 
exponent in that range. 

The observed variation of the size spectrum is 
evidently related to a corresponding variation of 
the spectrum of the primary ultra-high-energy 
cosmic radiation that initiates the EAS.* We shall 
make the simplest assumption that the total num- 
ber of particles N in EAS is connected with the 
primary energy E by the following relation: 


18 — RN, 


where ky is almost independent of N and, at 
sea-level, equals about 1019 ev.? To the size 
range N= 10° to 10° corresponds, therefore, 
the primary energy range E = 10! to 10'8 ev 

The observed variation of the primary cosmic- 
ray spectra can be explained by the following model 
of propagation from their point of origin to the point 
of observation: we shall assume that sources of 
primary cosmic radiation exist in the galaxy, 
producing particles with energy E, up to the 
highest experimentally observed’? ones, integral 
spectrum of this particle being ~E~*. In view 
of the presence of regions with a higher magnetic 
field (magnetic clouds) in the galaxy, the particles 
are diffused when their energy is E=300 Hl = 
1048 ev, where J is the size of magnetic clouds 
and H is the magnetic field intensity (H~107° Oe 
and JZ is on the order of several light-years). 
As the result of the diffusion, the particles are 
accumulated in the galaxy, the storage factor being 
on the order of ~ 10° to 10‘.'! Particles with en- 
ergy E> 10'8 ev are diffused to a lesser extent, 
so that their concentration is strongly dependent 
on the energy. One can expect therefore a rather 
sharp variation of the primary-energy Setdom 
namely that it becomes steeper for E >10'%e 
Particles of > 10'¢ ev, propagating saoanteniee 
in straight lines, leave the galaxy. If we assume 
that a similar process takes place in other galax- 
ies as well, it is evident that the particles with 


*With regard to another possible interpretation, ch 


reference 1. 


Ee 10" ev may have a metagalactic origin. 

We shall estimate now the contribution of other 
galaxies to the flux of particles with E > 10!* ev 
We shall asume that the concentration of galaxies 
in the universe is n. If S is the emission inten- 
sity per unit volume of each galaxy then the total 
flux of particles I through surface w will be given 
by the expression 


f= svc r°drn2 ves 


0 


® cos 0 


sin 6d4, (2) 
where V is the galactic volume and R is the 
maximum distance traversed by the particles with- 
out interaction.* The flux of particles of similar 
energies through surface w produced by our 
galaxy Iq is 

Ry T/2 

le S2m\aear2 
adi 


0 


oe i 


sin 6d6, 


where Rp, is the radius of galaxy (assuming that 
the galaxy is spherical). The ratio of these fluxes 
is I/Ig =nVR/Ry. Assuming that n= 10" cubic 
light years, V ~ 10" per cubic light year, R= 10” 
light years (reference 12), and Roy = 10° light years, 
we obtain I/Ig = 10°. 

The ratio of the particle flux produced by other 
galaxies to that produced by our galaxy is, in its 
order of magnitude, equal to the “storage factor” 
due to diffusion. 

It is natural to assume that the energy spectrum 
of particles of metagalactic origin will be charac- 
terized by the same exponent x. Since the inten- 
sity of the galactic and metagalactic radiation is 
of the same order of magnitude, the observed spec- 
trum is a superposition of the spectra of particles 
of galactic and metagalactic origin. 

Finally, we should like to mention that the con- 
clusions of the present work with respect to the 
irregularity in the size spectrum of EAS cannot 
be regarded as final, since the experimental data 
on which they are based do not possess a sufficient 
statistical accuracy. The results, however, stress 
the great urgency of further experiments on the 
size spectrum of EAS. 


*In connection with the presence of magnetic fields of 
~10°7 Oe in the metagalactic space,’ the upper limit of inte- 
gration in Eq. (2) will be limited by smaller values of R; it is 
then necessary, however, to account for the storage factor of 
the metagalactic space. 
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The anomalous behavior in the magnetic anisotropy of K3Fe(CN)g single crystals near 126°K, 
apparently due to the interaction between paramagnetic ions, is described, 


Fue temperature dependence of the anisotropic 
magnetic susceptibility of K,Fe(CN), single 
crystals has been studied experimentally!~4 and 
theoretically>? by a number of investigators. The 
new measurements reported in this paper were 
motivated by the recently published paper of 
Stephenson and Morrow in which an anomaly in 
the specific heat of K,;Fe(CN)g was reported at 
131°K. The authors attribute this anomaly to a 
magnetic transition of some kind but do not con- 
sider the effect in detail. 

All the presently available measurements of 
the magnetic anisotropy in K;Fe(CN), single 
crystals at low temperatures have been performed 
over large temperature ranges!» 2» 4 or have not 
included the temperature indicated above.? In no 
case has there been a detailed investigation in the 
temperature region in which the specific-heat 
anomaly has been observed. Moreover, the ex- 
perimental results reported by different authors 
are not consistent. Up to this time no account 
has been taken of x-ray studies of the structure of 
K3Fe(CN), carried out by Barkhatov and 
Zhdanov, 9-11 although these would be useful in 
interpreting the experimental results. In addition 
paramagnetic resonance measurements carried 
out in recent years!* ! furnish valuable new data 
which should be exploited. Inasmuch as potassium 
ferricyanide serves as a classical example of a 
so-called covalent complex, it is hoped that the 
present work will be of value. 


EXPERIMENTAL RESULTS 


Large K3Fe(CN). single crystals were grown in 
water solutions; a few especially well-formed 
crystals were used. The morphology of potassium 
ferricyanide crystals is described by Groth.!4 The 
crystal structure has been studied by Barkhatov 
and Zhdanov.2-!! The elementary cell contains 


two parts by weight of K;Fe(CN),. The relation 
between the external crystallographic axes (a, b, 
c), the molecular axes (a, B, y) and the molecu- 
lar magnetic axes (x, y, z) in the ab plane are 
shown in Fig. 1. These crystallographic data were 
used in analyzing the magnetic anisotropy. 

The measurements of the magnetic anisotropy 
were carried out by the Krishnan technique, using 
the system which has been described in detail in 
reference 15; this system can be used to measure 
the anisotropies over small temperature ranges 
(1 to 2 degrees) in the temperature region 90 to 
300°K. Thus, it was possible tomake a detailed study 
of the region near 130°K of interest to us. The 
strength of the uniform magnetic field was mea- 
sured by a nuclear-resonance method. The tor- 
sional constant of the quartz fiber was determined 
by measuring the torsional period of a suspended 
body whose moment of inertia was known. The 
crystals were suspended and measured along all 
three crystallographic axes; this procedure was 
necessary since the angle between the crystallo- 
graphic and magnetic axes in potassium fer- 
ricyanide is temperature dependent, especially at 
low temperatures. The difference between the 
results of the present measurements and the 
paramagnetic-resonance measurements® and the 
results obtained by Guha‘ is explained by the fact 
that this factor was not taken into account. 

To compute the magnetic susceptibilities along 
all three magnetic axes one must know the tem- 
perature dependence and the mean value of the 
susceptibility. These measurements were per- 
formed at the same temperatures using the 
method described by Guha. 

The results of measurements of the magnetic 
susceptibilities y,, x2, and y3; and the mean sus- 
ceptibility are shown in Fig. 2. Although the 
measurements were performed at every 2 or 3 
degrees, for clarity the points in the figure are 
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a; xX, 


FIG. 1 


given at every 10 degrees, except for the points of 
interest in the neighborhood of the transition. As 
is apparent from the figure, xy, and y3 are es- 
sentially the same at the higher temperatures. 
This result indicates that the tetragonal crystal- 
lographic field predominates in potassium fer- 
ricyanide. Frequently, there is a rotational effect 
when the crystals are suspended by the c axis 
since it is difficult to determine the position of 
this axis accurately from the external shape of the 
crystal. As we have already indicated, the crys- 
tals must be measured in all directions; that is to 
say, we must have more measured quantities 

than there are unknowns in the computation formu- 
las. It is necessary to eliminate the uncertainty in 
the determination of the crystallographic axes. 

The positions of the magnetic axes with respect to 
the external axes of the crystal (a, b, c), the 
molecular axes in the elementary cell (a, B, y) 
and the molecular magnetic axes (x, y, z) in the ab 
plane are shown in Fig. 1. The magnetic axes of 
the crystal coincide with the crystallographic axes. 
The molecular magnetic axes x and y form angles 
of 30 and 60 degrees with the magnetic axis x, in 
the ab plane. The molecular magnetic z axis is 
perpendicular to the xy, and x3 axes and is paral- 
lel to the xy» axis; thus, this axis is perpendicular 
to the plane of the figure. 

The most interesting results of these measure- 
ments are those for the temperature dependence 
of the magnetic anisotropy near 126°K. As is ap- 
parent from Fig. 2, at this temperature y, in- 
creases considerably, xy. decreases, and y3 re- 
mains unchanged. Measurements by the Guha 
method in polycrystalline samples, show a dis- 
continuity at this same temperature in the slope of 
the susceptibility-vs.-temperature curve. The 
existence of this anomaly in the magnetic an- 
isotropy was verified many times in several crys- 
tals. The measurements in the transition region 
are not as accurate as those at the other points be- 
cause there was a temperature variation during 
the measurement. This variation was a result of 
the large angle of rotation of the quartz fiber. It 
is difficult to determine the location of the peak. 


However, the effect is so large that there can be 
no doubt as to its existence. The absolute accuracy 
in the temperature measurements is + 2°; the rela- 
tive accuracy for the series of measurements is 
+0,5°, The error in the measurements is due 
chiefly to the fact that the temperature is not 
measured in the crystal itself, but rather in the 
vicinity of the crystal. 

It is interesting to note that after the anisotropy 
transition the magnetic axis x3, which is along 
the crystallographic axis, is characterized by a 
higher magnetic susceptibility than the xy, axis. A 
change in the direction of the axis of highest 
magnetization has been also observed by Bleaney 
and O’Brien’ in paramagnetic-resonance measure- 
ments. 


DISC USSION OF THE RESULTS 


The anomaly in the magnetic anisotropy in the 
present work is observed at approximately the 
same point as the anomaly in the specific heat 
which has been observed by Stephenson and 
Morrow in polycrystalline potassium ferricyanide. 
The present measurements verify the assumption 
made by these authors that the anomaly is due to 
a magnetic transition. Furthermore, we have 
shown that the transition is anisotropic. Since it 
is almost entirely compensated along the x; and 
X2 axes the effect on the mean magnetic suscepti- 
bility and specific heat is very small. 

It is difficult to interpret this anomaly on the 
basis of the experimental and theoretical data 
available at this time. Bleaney and O’Brien have 
observed in paramagnetic-resonance measure- 
ments that the highest susceptibility is along the 
a axis at 90°K and along the b axis at 20°K. 
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The effect observed by these authors is not 
characteristic of diamagnetic dilution; hence, it 
is reasonable to assume that the effect is due to 
exchange interactions between neighboring 
paramagnetic ions. Apparently the anomaly re- 
ported here is of the same nature. It would seem 
that the interaction between magnetic ions in the 
present case is highly anisotropic and is related 
to the change in direction of the magnetic axes of 
the individual molecules. This is to be associated 
with a change in the direction of the axes of the 
crystal as a whole. A theoretical analysis indi- 
cates that in K;Fe(CN)g a small change in the 
crystalline field must lead to a marked change in 
the anisotropy.’ The exchange forces between 
neighboring paramagnetic ions are found in ions 
with five or more d-electrons. 

The problems considered here have been 
studied recently in many experimental and theo- 
retical papers concerned with problems in anti- 
ferromagnetism. ® The relation between the ef- 
fects reported here and this work will be ex- 
amined in subsequent papers. 
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The energies of 1099 positrons from 1 —y*—et decays in photographic emulsions and the 
angles ¥ between the muon and positron tracks have been measured. It is shown that in the 
energy regions « =(0 to 0.3), (0.3 to 0.6) and (>0.9), the value of cos J, which is pro- 
portional to the asymmetry parameter, is +0.18+0.10, 0.004 0.04 and —0.09+ 0.04, re- 
spectively. (¢€ is the positron energy as a fraction of its maximum energy.) 201 low-energy 


positrons («€ < 0.3) were selected and measured out of a total of 8000 7 ie —e 


o + decays. 


For these positrons cos } =+0.07+0.05. A x2 test shows that the probability of positive 
asymmetry in the 0 to 0.3 energy range is close to 95%. 


Arrer the discovery of parity nonconservation 
in weak interactions, the energy dependence of the 
angular correlation of positrons in 7 —y*—et 
decay was studied by several groups. In refer- 
ences 1 and 2 it was shown that the asymmetry 
parameter increases with positron energy. This 
is in qualitative agreement with the two-component 
neutrino theory. 

The measurements of the Columbia group? and 
of Mukhin, Ozerov, and Pontecorvo,* which were 
performed by electronic methods, showed that 
above 20 or 25 Mev the energy dependence of 
asymmetry agrees with the two-component theory 
to within a statistical error of 5 to 10%. In this 
theory the average cosine of the angle 3 between 
the spin direction of the muon and the direction 
of positron emission in w*—e* decay is related 
to the positron energy e¢ as follows: 


oA 2e— 1 


COS go (1) 


Here ¢€ is the positron energy as a fraction of its 
maximum energy; A is a parameter of the theory, 
defined as the ratio between the vector and axial- 
vector interaction constants; a@ is a coefficient 
that indicates the fraction of muons which preserve 
their polarization before decay. It follows from 
(1) that the asymmetry is large for ¢€ close to 1, 
that it vanishes at the middle of the spectrum 
(cos 3=0 for ¢€ =), and that its sign is re- 
versed at low energies (¢€ < $). Since it is known 
from experiment that at high energies cos 3 < 0 
(A <0), we may expect for «<4 a positive value 
of cos #. 

Asymmetry at low energies was the principal 
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subject of the present investigation. NIKFI-P 
emulsions 400 thick were exposed toa m*- 
meson beam in the synchrocyclotron of the Joint 
Institute for Nuclear Research. Positron tracks 
from mt—ypt—et decays in the emulsions were 
selected according to the criteria given in refer- 
ence 2. As a result of these criteria we can as- 
sume that we were investigating correlation in a 
plane rather thanin space. This increases cos } 
appreciably since for correlation in a plane we 
have 


rm 


= 


ere Se § 
cos o = 


aA 
wy 


oO; 


(ce) 


ee (2) 
But due to the finite thickness of the emulsions the 
geometry of the measurements is somewhat differ- 
ent from plane geometry. Appropriate corrections 
are easily introduced. The values of cos ¥ must 
be 7 to 10% smaller than those obtained by means 
of (2). 

Positron energies were determined from third 
differences by the usual multiple scattering method 
with a signal-to-noise ratio which was considerably 
larger than 2.5 on the average. The mean error 
of our energy measurements was close to 15%. The 
angle J was measured to within 1 or 2 degrees. 

In the first of two series of measurements we 
obtained the energies and angles ¥ for 1099 posi- 
tron tracks which satisfied the selection criteria. 
These included the data for 580 tracks given in 
reference 2. The results are given in Table I, 
which shows the energy intervals of the positrons 
and the total numbers of tracks observed in these 
intervals. The fourth line of the table gives the 
experimental value of cos 3 obtained by examin- 
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TABLE I 
a er ee 


Number of 


0—180° particles n 46 


cos8+0.7/Vn | +0.18-++0.40 


Interval of energy © 


0,3—0,6 0.6—0.9 | 0.9 


333 440) 
0,00--0.04 | —0.05-+0.03 


280 
—-0,09-40.04 


+ wb al Like. oc) o> io min ee 


Number of 
0—60°; particles n 
120—180° | cos9+0.85/Vn- 


34 


ing all angles from 0 to 180°. The last line gives 
the values of cos # for angles from 0 to 60° and 
from 120 to 180°. In the last case cos } must 
be 1.4 times greater than the value obtained by 
using all angles. From these data we see that in 
agreement with theory the asymmetry parameter 
or cos 3, which is proportional to it, is close to 
zero near € =%3 (0.3<€< 0.6). In the region 0 
to 0.3, the sign of the asymmetry is reversed: 
cos # = +0.18 + 0.10 for all 46 particles and 
cos } = +0.30+0.15 for 34 of these 46 particles 
for which ¥ is between the limits 0 to 60° and 
120 to 180°. The data thus indicates that at low 


energies cos # is positive although the statistical 


reliability of this result is small. 

The second set of measurements was obtained 
for the purpose of improving the statistical accu- 
racy of the results at low energies. In a syste- 
matic scan of t'—yt—e* decays about 8000 
tracks were selected according to the selection 
criteria; low-energy positron tracks were se- 
lected from among these. A preliminary scan of 
the 8000 tracks was performed to select those 
which in three lengths of 180, (the field of view 
of an ocular micrometer with 40 x 15 magnifica- 
tion) give an average deviation that exceeds 5y, 
from a straight line. This preliminary scan 
yielded about 500 tracks on which multiple scat- 
tering was then measured by ordinary methods. 
Of these tracks, 155 had energies below e¢ = 0.3; 
we thus increased the number of positrons in the 
initial spectral region from 46 to 201. The ener- 
gies of the other particles selected in this way did 
not exceed ¢ = 0.8. 

Table II summarizes the asymmetry data from 
both sets of measurements at low energies. For 
¢€ =0.3—0.6 asymmetry is absent as previously, 
whereas for the energy interval 0 —0.3, where 
the number of particles is almost four times 
greater than in the first series of measurements, 
positive asymmetry is observed as previously. 

In comparing the experimental and theoretical 
values of cos ® we must calculate cos J in the 


+-0.30-+0.15 


231 300 
0.00+0.06 | —0.06+40.05 


198 
—0.16-L0.06 


energy interval of interest. The two-component 
theory easily yields a value of +0.11 for cos 3 
in the 0 to 0.3 energy interval. It must be taken 
into account that in emulsions the observed asym- 
metry is greatly reduced by depolarization; the 
asymmetry parameter in emulsion averaged over 
the entire spectrum is close to 0.1 (reference 5) 
instead of 0.33 for @a=1. The corresponding 
value of cos 3 will then be +0.03. Finally, it 
must be taken into account that the dispersion of 
scattering and bremsstrahlung measurements of 
electrons in emulsion transfers high-energy elec- 
trons to the low-energy region and thus réduces 
the positive value of cos ¥ in this region. The 
correction for dispersion obtained by suitable 
“smearing” of the theoretical spectra leads to 

a reduction of cos ¥ by 25 or 30% in the 0 to 
0.3 energy interval. We must, moreover, con- 
sider the reduction of cos ¥ which results from 
radiative corrections to the spectrum.° In first 
approximation the two corrections are added and 
reduce the theoretical value of cos 3 by about 
40%. The final theoretical value of cos # is ~ 
+0.02 for 0 to 180° and, correspondingly, ~ 
+0.03 for 0 to 60° and 120 to 180°. The meas- 
urements (Table II) are cos } = +0.07 + 0.05 
+0.13 + 0.07, respectively. 


TABLE II 
Interval of energy © 
Angle 
0—0.3 | 0.3—0.6 
Number of 
0—180° particles 201 499 
cos 9 +0.07-++0.05 +0.01-+0.03 
Number of 
0—60°; | particles 1441 337 
420—180° cos 9 +0.13-++0.07 +0.01-++0.05 


A x? test of the result shows that the proba- 
bility of positive asymmetry in the 0 to 0.3 energy 
region is close to 95%. The result obtained is con- 
siderably larger than the theoretical asymmetry. 
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The statistical accuracy of the measurements will 
have to be considerably improved, however, to 
provide a quantitative test of the theory at low 
energies. 

Measurements similar to ours have recently 
been performed by Pershin and others using a 
propane bubble chamber. The results obtained 
by these workers are close to ours.’ 

The authors wish to thank A. I. Alikhanov for 
his interest and A. P. Birzgal for calculating the 
“smearing” of the theoretical spectra. The authors 
also wish to thank the scanning group for the scans 
of a large number of emulsions. 
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An effective mechanism is described for the formation of hydrogen mesic molecules. It con- 
sists of dipole transitions from S-wave repulsive states to the K=1 rotational level with 
energy transfer to a conversion electron. The calculations give 1.5 x 10° sec! for the prob- 
ability of formation of a mesic molecule (PP) in liquid hydrogen. The process under con- 
sideration is relevant to the meson catalysis of the p+d nuclear reaction as well as to the 


w& +p—-n+v process in liquid hydrogen. 


ir formation of -mesic hydrogen molecules 
is of interest in the theory of y-mesonic cataly- 
sis! of nuclear reactions for two reasons. First, 
the yield of the nuclear reaction depends on the 
probability of formation of mesic molecules since 
the mesic molecules are the initial stage for the 
nuclear reaction. Second, formation of the mesic 
molecule (PP) (as well as the decay of the p- 
meson) depletes the supply of mesons avail- 
able for catalysing the nuclear reactions; this 
explains the dependence of the reaction yield on 
the concentration of deuterium. The formation 
of (PP) ii is also of interest in the study of the 
elementary interaction (pnyv), which is one of 
the more important problems in the theory of 
weak interactions. It has been shown? that the 
probability of formation of mesic molecules can 
be considerably increased by the resonance phe- 
nomena if the transition is from an initial state 
(in which the meson function is %, and the nu- 
clei are in a relative S state) to an excited vi- 
brational level of the mesic molecule with K =0 
(a 0-0 transition). However, even in this case 
the probability of formation of mesic molecules 
during the w-meson lifetime is not more than 
30 to 40%.* 

A rather effective mechanism, as was already 
noted,’ for the formation of mesic molecules from 
various nuclei is provided by electric dipole tran- 


*We note that in reference 3 the probability for formation of 
mesic molecules in 0—0 transitions is overestimated by three 
orders of magnitude in comparison with reference 2. In calcu- 
lating the Coulomb interaction (D.6) Jackson® stopped at the 
first term, independent of the mesic molecule coordinates, 
which would give a transition probability of exactly zero if 
the orthogonality of the initial and final state wave functions 
were taken into account. The calculation (D.6) in higher oe 
would give, as it should for a 0—0 transition, Dejrj’. 
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sitions to the rotational K=1 level accompanied 
by electron conversion. 

The dipole moment of the mesic ion relative to 
its center of mass (this is necessary since the 
total charge is different from zero) is 


Me. — My, 
as eo R+(n+)I, (1) 


where R=R, —-Ri, ry =r-R, vr, =r — R; 
R;, R,, r are the coordinates of the nuclei and 
the 4 meson, M, and M, are the nuclear masses. 
The computation of the probability of formation 
of mesic molecules with transfer of the binding 
energy to the electron of the hydrogen atom is 
analogous to the computation of the probability of 
internal conversion in nuclear transitions since 
the dimension of a mesic molecule is small com- 
pared to atomic dimensions. Taking the exact hy- 
drogenic Coulomb functions for the electron wave 
function in the initial and final states (neglecting 
the fact that the mesic atom combines with a pro- 
ton, which in turn is bound in a normal H, mole- 
cule) and integrating over the electron coordinates 
and the direction of electron emission, we obtain 
for the probability of formation of the mesic mole- 
cule 


16 m, S ° i | 
w = 18 (al) ( ae ae Dy) \ eRia fa (AR) (dr), 
\ u e Mx (2) 


where 


e 2rey "le =. 
iG w, Se lean een ee Sie 
N = 4.2 x 1022 is the number of nuclei in cm’, ae 
the Bohr radius, and vg the electron velocity. The 
integral in (2) is written in mesic atom units (e=1, 
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FIG. 1. The potential E, (R) in the repulsive >, state 
(from reference 5)—curve 1. The effective potential in the 2y 
state including the corrections (computed in reference 6) due 
to nuclear motion, for protons — curve 2, for deuterons — curve 
3. Values of the approximating exponential: 0 — Vy = 1.850 
e'®26R (for protons), @— Vy = 2.017 e°**7*® (for deuterons). 
(E and R in mesic atom units). 


h=1, m, =1) assuming that vf) is normalized 
to unit probability density in the incident wave. The 
summation in (2) is over all possible final states 

of the mesic molecule. 

The first term in the expression (1) for the di- 
pole moment (it is nonzero for different nuclei 
only, e.g., for the (pd )f, mesic molecule) takes 
part only in transitions in which the parity of the 
meson function is unchanged (LUg—~Lg). The sec- 
ond term, whose role in conversion has not been 
considered previously,* is relevant for different 
[ (pd), (dt), (pt) jz ] as well as for identical 
nuclei [ (pp), (dd ) be (tt yi] and gives rise to 
transitions of the type Ly —Xg. 

An approximate analytic expression may be 
given for v) 1 and vl) | in the case of identi- 
cal nuclei. 

The initial state wave function, corresponding 
to a dissociated mesic molecule, is of the form 


we at Bu(R, 11, 72). (3) 


The relative motion of the nuclei is described 
by an S wave, since formation of mesic mole- 
cules takes place only after mesic atoms have 
been slowed down to thermal velocities. The 
function f{(R) is determined from the Schrédinger 
equation with a known repulsive potential Ey (R). 
The numerical values of E, (R),° including cor- 
rections AE, which take into account the motion 


*It has been mentioned in radiative transitions.? 
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of the nuclei accurate to terms of order ~ my /M,° 
may be approximated by an exponential in the re- 
gion R of interest in this problem (see Fig. 1): 


Vu = Eu(R) + AE, (R) = Bexp (— BR). (4) 


The Schrédinger equation with the potential (4) 
may be transformed into the Bessel equation by a 
change of variable. The function f{(R) (including 
normalization) for the energy of relative motion 
tending to zero is of the form 


F(R) = Ko (2u Me e-R12) (5) 


[K)(z) is the Bessel function of the third kind, 
M is the mass of one of the nuclei]. £(R) falls 
off rapidly for small R, and for R= 8 it goes 
over into the wave function corresponding to free 
motion. 

The mesic molecule final state wave function, 
corresponding to the rotational K=1 level, has 
the form 

WD = EV, sag(8, @) Be (Rs Ps 72): Gs 

The numerical values of the attractive potential 
Eg(R) (taken from reference 5) together with 
the corrections AE, (calculated in reference 6) 
and the centrifugal potential are well approximated 
near the minimum Re by the Morse function 
(Fig. 2) 


Vz = Eg(R) + AE, (R) + ps ~D 
(7) 


X [eT2t(R-Re) __ 9g #(R-Re) 


The solution of the Schrédinger equation for the 
potential (7) gives, in the case of the mesic mole- 
cule (pp)j, only one K=1 level with an energy 
E ~ —109 ev. The corresponding wave function is 


L£qg=-t58 ev 9 


FIG. 2. Mesic molecule (pp),: Effective potentials in the 
2, state for K =0 and K = 1 including corrections due to 
nuclear motion.© Values of the approximating Morse function 
(7): @— Re = 2.15, D = 0.1055, « =0.67; O~ R, = 2.62, 
D=0.065, « = 0.69, (E and R in mesic atom units). 
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of the form 


g(R) = [a /T (2s)]'ee—82 fs, (8) 


-where 


pags 2Y MD —«(R—Re), ag V— ME ; 
104 a 

The deviations of the interaction potential from 
the Morse function (7) at large and small R do not 
substantially affect the magnitude of the energy 
level since in these regions of R_ the wave function 
is exponentially small.* The influence of these 
deviations on the form of the wave function at 
large R is also insignificant since for R 25, 
ei? is already = 1, and the wave function cor- 


responds to free motion: g(R) ~ exp { —RV-ME }, 


Since f(R) falls off rapidly for small R only 
the region R>4 is important in the integral (2). 
The following approximation is good enough for 
such Rf 


De,u = [2e(14S)]h(em bey, (9) 


where ; : 
Se = \eertede == (1 +R +p )ek. 


Integration in (2) over the »-meson coordinates 
then gives for the dipole moment matrix element 


(dg = — (1 — S*)# RJ 2 — R/2. 


The integration in (2) over the angles of the 
mesic molecule and the summation over the orbi- 
tal angular-momentum projections Mx is simple 
to carry out. The remaining integral over the 
radial functions is computed easily with the help 
of (3), (5), (6), and (8).t By multiplying (2) by #, 
which represents the probability that the spin wave 
function of the protons is in the state Ly, K=0 
(“ortho-mesic-hydrogen”), we finally obtain for 
the probability of formation of mesic molecules 


+ 
(PP), 
W ~1.5-10%sec™! 


(i.e., three times the probability for the decay 
u—-+et+pv+V). Consequently the formation of 
(PP) must be considered in the discussion of 
the dependence of the rate of the nuclear reaction 


*The level shift caused by these deviations may be calcu- 
lated numerically using perturbation theory: AE = f g*(R) 
(Vg ~— VMorse dR 

+We recall that mesic atom units are being used. 

tWe note that the integrand f(R) Rg(R) has, in the case of 
(pp)* », a maximum at R = 8.5; a comparatively good result is 
thus obtained by replacing f(R) and g(R) by their asymptotic 
expressions for large R, and the integration can then be 
carried out analytically. 


p +d—He® on the concentration of deuterium. 
The qualitative agreement with experiment ob- 
tained in reference 4 is, however, not upset since 
the cross section for -meson capture by deu- 
terons’ turns out to be larger than was assumed 
in reference 4.* The probability of formation of 
a deuterium mesic atom in natural hydrogen and 
in hydrogen containing 0.3% deuterium was found 
experimentally! to be 24 and 80% respectively 
(the calculation gives 44 and 94%). Apparently 
the probability of formation of ( PP ji is even 
greater, or (and) the probability of the exchange 
Pada dy +p is less than our calculations in- 
dicate. 

The probability of formation of the mesic 
molecule ( pd) i will be substantially larger than 
the probability of formation of (PP) due to tran- 
sitions Ug, K=0— Ug, K=1, caused by the first 
term in the expression (1) for the dipole moment. 
Furthermore, the resonance” may play a signifi- 
cant role if the mesic molecule (pd)i has a vi- 
brational level close to the energy of the p+d 
system infinitely separated; it could lead to an 
increase in the amplitude of the wave function near 
the nuclei. (The resonance plays no role in the 
repulsive XY state.) 

It has been shown’ that, given a quantity of deu- 
terium sufficient for all mesons to form d,, atoms, 
the number of nuclear reactions would be 0.36 + 
0.06 per meson. The measured rate equals 0.36 = 
W,W,/(W, + W)(W,+W) where W, is the prob- 
ability of formation of the molecule, W, the prob- 
ability of a nuclear reaction in the molecule and 
W the probability of the decay of a -meson per 
second. On the other hand, the time dependence 
of the nuclear reaction measured in reference 8 
was given by the difference of two exponentials 
[exp (—Agt) — exp (—A,t)] where A, =W,+ W, 

Ap = W, + W. The experiment gives 0.19 x 10° < 
A, < 0.88 x 108 0.55 x 10°< aA, <2x10", Only 

W, >1.4.x108 and 0.24 x 108 < W, < 0.43 x 108 
are consistent with the observed reaction proba- 
bility, which is in agreement with our calculations 
and other experiments. (The second solution W, 
>1.4x108 and 0.24 x 10° < W, < 0.43 x 10® is 
unreasonable. ) 

The formation of mesic molecules changes the 
conclusions drawn in reference 9 on total polari- 
zation of neutrons formed in the process w+p— 
n+ v, since in liquid hydrogen this process pro- 
ceeds to a large extent from the mesic molecule 
state. In the mesic molecule (pp), the K=1 


*In the final result in reference 7 there is a misprint; the 


actual capture cross section is 0 = 67ay keke 
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state is possible only for a parallel spin orienta- 
tion I=1 for the two protons (“ortho-mesic- 
hydrogen”). Owing to fast transitions to the low- 
est hyperfine-structure state® the initial state of 
the mesic atom is F=0 and the mesic molecules 
(pp) are formed in the K=1 state with a total 
spin J= Us so that the .-meson spin is anti- 
parallel to both protons. Although the transition 
probability from the metastable “ortho-mesic- 
hydrogen” state into “para-mesic-hydrogen” is 
small, already in the state with parallel spin pro- 
tons I[=1 and antiparallel ~-meson spin (J = Ee 
we get the product ij-8+i,-8=—1 (4, i,, 8 are 
the protons and y-meson spins respectively ), 
while in the mesic atom we get ij-8 =—% for 
-F=0 and i,-s='% for F=1. Thus the mesic 
molecule in the ortho-state with spin J='% is 
equivalent to a mixture of atoms consisting of 75% 
(F =0) and 25% (F=1). In spite of this, owing 
to the interaction between the rotation of the mole- 
cule and the spins, the K=1, J= VE state is par- 
tially transformed into the K=1, J=% state 
(corresponding to a pure F=1 state). The 
process w~+p—-n+vp inthe F=0 state with- 
out admixtures of F =1 can be observed at hy- 
drogen densities 20 or more times smaller than 
the density of liquid hydrogen.* At that the tran- 


*Gaseous hydrogen of that density has a pressure of 40 
atmos at room temperature. 


Ba ZHy-DO VICH 


and! S$. 'S.) GHRSH? EIN 


sition probability in F =0 state remains suffi- 
ciently large (10° sec™!) and the probability of 
formation of mesic molecules during the meson 
lifetime will be 15% or less. The influence of the 
relative proton —y-meson spin orientation on the 
process 4+p—n+v will be discussed in a sub- 
sequent note. 
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The radiation spectrum of a current-conducting jet which moves ina circle ina homogeneous 
space is considered, Asymptotic expressions for Bessel and Neumann functions, which yield 
good approximations even at relatively low values of the indices and arguments, are used to 
study the radiation spectrum and the transverse forces exerted by the ferrite in cases of 


non-uniform media. 


1. INTRODUCTION. METHOD OF CALCULATION 


Tue interaction between current-conducting 
jets, moving with high velocities, and a ferrite 
was first considered by Morozov.! The ramifica- 
tions of this problem were noted by this author: 
in studying earlier cases of practical importance 
the interaction could be analyzed in a quasi- 
stationary approximation. It now becomes ap- 
parent, however, that there are a number of 
physical problems in which one deals with ob- 
jects which are not true currents or charges, 
and which move as a unit with velocities greater 
than the phase velocity of light in many materials 


(high-current accelerators, new methods of gener- 
ating radio waves). In reference 1 the analysis was 


made assuming rectilinear motion of the jet. In 
this case the “trajectories” are planes parallel to 
one of the Cartesian coordinate planes. The en- 
tire space was assumed to be made up of layers 
characterized by different values of « andy, 
all parallel to the same coordinate plane. 
However, great interest attaches to the case in 
which the jet moves ina circle. In this case the 
“trajectories” are cylindrical surfaces and the 
space is divided into cylindrical layers character- 
ized by different values of e« and y, which are 
coaxial with the trajectory cylinders (this situa- 
tion is considered in greater detail in Sec. 3). An 
investigation of this configuration is of interest in 
its own right from the point of view of general 
radiation theory because at certain critical veloc- 
ities the total radiation loss is determined by 
the Cerenkov effect as well as the finite radius 
of curvature of the trajectory. 
In the present paper we consider several cases 


in which a charged current-conducting jet moving 
in a circle interacts with a ferrite medium or 
media. We assume that the different parts of 
space are media characterized by different ¢ 
and y. We assume that a charged current-con- 
ducting jet moves in the aximuthal direction ina 
circle of radius a with a velocity v(0, v, Vz) in 
one of these media; it is also assumed that the 
jet is infinitesimally thin and unbounded in the 
z direction and that it traces out a cylinder of 
radius a in its motion (cf, Fig. 1). We denote the 
strength of the current which flows in the jet by 
Ip; the linear charge density is denoted by p. The 
current components are given by the following ex- 
pressions: 

jn = 0; je = po S93 (@ — oA); 

(1) 
i= [22 = 95 (oe — at) ( = =). 


It can be shown that the electromagnetic field 
described by Maxwell equations can be broken 

up into two independent fields: one of these is 
determined by the total current I = Ip + pVz and 
the other by the charge p. As in reference 1, we 
call the first the I-field and the second the p-field. 

Substituting Eq. (1) in Maxwell equations and 
solving the system of homogeneous equations with 
appropriate boundary conditions (cf., e.g., refer- 
ence 2) we find the field components and the forces 
which act on the jet in several particular cases. 

In order to obtain definite results we assume 
that e(w) and p(w) are real in all media; this 
assumption is not entirely justified since it is 
necessary to take account of absorption in con- 
sidering dispersive media. 
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FIG. 1 


2. MOTION IN HOMOGENEOUS SPACE 


We first consider the motion of a charged cur- 
rent filament (infinite along the z axis) ina 
medium characterized by « and » which fills 
the entire space (Fig. 1). Carrying out the cal- 
culation in accordance with the scheme given 
above, we find the field components and the radi- 
ation losses for the I-field and the p-field; the 
latter is taken as the scalar product of the force 
which acts on the jet and its velocity, with sign 
reversed:? 


We-WaW+W= SW + WS, 
n=1 n=l 


where 
We= (2rwko?v? / c) ape (V epka), (2) 


Wi, = (2npkI? /c) J2(V suka). (3) 


It is easy to show that —veF =9U/dt where 
8U/at is the energy flux computed from the 
Poynting theorem. A discussion of this result, 
which is not completely obvious for the jet case, 
is given in reference 1. 

We now consider the motion of the jet in empty 
space (« =p =1). In the nonrelativistic case it is 
easily shown that the maximum radiation of the 
I-field and the p -field occurs at the first harmonic 
(dipole radiation). In the relativistic case, which 
is of greatest interest, we and wh are expressed 
in terms of Bessel functions J»(x) and their de- 
rivatives for which n~x (n—x)/n=é; é<< 1), 
Thus, to study the radiation spectra we introduce 
the asymptotic expansion for J,(x) and J’(x) ; 
these can give good approximations even at small 
values of the indices and arguments (n ~ x). With- 
out considering this procedure in detail, we may 
note that the method given in reference 4 gives a 
comparatively simple way of finding the following 
asymptotic expressions: 


ni=t V ZK, [4 cole 


y «tee De » nm (Q6)*le eg. 4 

Jn (2) = Fe Ka [2 fe, (4) 
n—x : eB B ; 
bi ee | OS ee 


where K is the MacDonald function and Bj is the 
Bernuolli number (cf. reference 5). The asymp- 
totic expressions for the Neumann functions are 
given in this same paper; these forms will be re- 
quired for analysis of other particular cases and 
are better than the asymptotic expressions given 
by Fock.® 

Substituting the expressions for Jp(x) and 
J‘n(x) from Eq. (4) in Eqs. (2) and (3) we ob- 
tain the following expressions for the radiation of 
the I-field and the .p-field: 


vo S amare GCs © 
n=1 
rin SEEM (EE me 


C= 


It is apparent from Eqs. (5) and (6) that in the 
relativistic case there is a difference in the spec- 
tral energy distribution for the I-field and the 
P-field, From Eq, (5) it follows that the radiation 
intensity of the n-th harmonic of the p-field is 
inversely proportional to n14 when n<< 3( E/mc?)3 
and falls off exponentially when n >> 3(E/mc?)’, 
i.e., the strongest radiation in the relativistic case 
is at the first harmonic. We may note that in the 
relativistic case the total radiation intensity of the 
p-field is independent of the energy of the jet. On 
the other hand, the radiation intensity of the 
I-field, as is apparent from Eq. (6), is directly 
proportional to n!/3 when n << 3(E/mce?)3, is a 
maximum when n = 3(E/mc?)? and falls off ex- 
ponentially when n >> 3(E/mc?)3, For the high 
harmonics n >> 1 (in the present case these 
harmonics make the main contribution to the total 
radiation energy) and we may assume that the 
radiation frequency w is continuous. Thus, the 
summation over n is replaced by integration; 
using the value of the integral computed by 
Klepikov: 


| Kon Ry) lem Fay P(A) (ASE) 
(7) 


xD) Reve ReGcaa) a 


we find the total radiation intensity per unit length 
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of a jet characterized by a current I : 


W" = (2/ V3) (/?B/ac) (E/me?)*. (8) 


It follows from Eq. (8) that the radiation of the 
I-field of a jet and the radiation of a relativistic 
electron which moves in a circle are strong func- 
tions of energy. Apparently, this is explained by 
the different directivity of the radiation of the 
I-field and the p-field. A similar result has been 
obtained by Morozov! for a current filament which 


oscillates in a direction perpendicular to its length. 


3. INHOMOGENEOUS SPACES 


We now consider the case in which the space is 
filled with different media. As has already been 
noted, the portions of space filled by media with 
e and » form coaxial cylindrical surfaces of 
different radii (cf. Fig. 2). In one of the media a 
charged current-conducting jet, infinite along the 
z axis, describes a circle of radius a and traces 
out a coaxial cylinder of radius a in its motion. 
As before we denote the total current of the jet by 
I and the linear density by p. 

We consider three cases below: 

(1) a jet which moves in a circle of radius a 
inside a cylinder of radius a, (a < a,) character- 
ized by €, and yy, surrounded by a medium 
described by €, and wo (Fig. 2, I); 

(2) a jet which moves in a circle of radius a 
in a medium described by €, and pw, around a 
ferrite cylinder of radius a, characterized by 
€, and py (a, < a) (Fig. 2, II); 

(3) a jet which moves ina circle of radius a 
inside a curved channel in a medium character- 
ized by €) and pe, formed by cylindrical sur- 
faces of radii a, and a, (a, < a < a»); the 
channel is surrounded by media described by 
€4, 3 and M4, 3 (Fig. 2, Ill). 

If we neglect absorption the radiation intensity 
of the p-field is given by the following: 


n=1 


of — de 4 
Oy leas 2 
2 ae + BF 1 ky ko a 


4 [or M, (ka) — BJ, (hg ay) 


> 


2 = 
Pn, 2 


Jn (bs @) ar + By 
B { hy [a Ni, (Ra) — Bi J, (250)? 
Pn, 8 72 (ba) n? hy be 2 A? + BP . 


oy = In (Ry Ar) Jin (Re 1) — Yn (Ro 1) Jn (Ry 1); 
B, = Jn (Ry 1) Nn (Ro 1) — YN (Be 1) Jn (Ar 1); 


va = Nn (Ra Gy) Jn (Re 1) — Yn (Re a) Nn (hy a1); (9) 
8, = Np (R14) Nn (RoQ1) — x Nn (R21) Nn (Ry Q); 
1O= V eotty / eytho; hi2= Va U1,2F; 


A= %1B,—B,%; B = 0102 — By ¥9; 
Qe, Bo, Y2 and 6, are obtained by substituting 
k, +kg ; a;—a, in the expressions for aj, Bj, 
Yi and S,; the subscript “s” on €, yp, and k 
indicate values for the media in which the jet 
moves; the subscript “i” refers to the particu- 
lar case considered in this section. 

In a similar way we obtain expressions for 
the radial forces exerted on the jet by the 
p-fields (below we call these transverse 
forces) : 


— Ves Ls k; 


Bice )) Pigale va i= leona): (10) 


n=1 


amy., Rk, e” v® (1 4 


2 


) Jn (es @) N'n (hs a); 


Sule 


Jn (Rs yi + 6181 . 
Naha) +e 


es 


5 


fn,2 
ler Nn By @) — Ba Ip (ReA)] Loa Sp (Re) + Bi Np (b, @)| af | 
bee Ty (be, 2) N’, (ke, 0) (08 + 82) 


pong eh I (ka) — Bid, (Ra) 
oy Jn (k, a) N,, (k, a) (A? + B?) 


X[A(Body (Ba) — 2 Ny (g@)) + B (Betn (ky a) — Ya Nn (Re @))) i} 

The expressions for the radiation intensities 
and transverse forces of the I-field can be ob- 
tained from Eqs. (9) and (10) if the following sub- 
stitutions are made: 


pv; (L—1/esusB*) 1, 


TPN eln (Ne WIN a Melee 


We may note that these formulas apply at any 
velocity. It is easy to show that when v +0, 
we I_.9 while Fed becomes the expression which 
describes the interaction between a charged fila- 
ment or a conductor and a ferrite, which is well 
known in electrostatics and magnetostatics. Thus, 
in case II (Fig. 2, II) when v —0, we obtain from 
Eq. (9) the force on a unit length of the charged 
filament in a medium characterized by €, exerted 
by a dielectric cylinder characterized by €,: 


FP, 2 = 2p (ce, —%) ai/e(% + %)a(a?—a), 1) 


from Eq.(10) we find the force which exerted on a 
conductor in a medium characterized by pw, by a 
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cylinder characterized by a magnetic permeability 
Hy: 


Fly = 21 (uy — po) at / PoC? (tr + He) a(@®— ai) (12) 


(cf. for example, reference 8). 

More interesting results are obtained for jets 
which move with relativistic velocities. 

We consider jets which move in empty space 
€, = Mg = 1) close to dense ferrite media (cases I 
and II) , or inside a circular channel which is 
narrow compared with the radius of curvature, 
(case III) with velocities close to the velocity of 
light in vacuo {|(a4,.—a)/a| =Aa/a; (A a/a)? 
<< 1}. The radiation intensity and the transverse 
currents are given by Bessel functions J)(x) and 
Neumann functions N,(x) and their derivatives 
for which the indices and arguments are approxi- 
mately the same (x ~ n) or for which the argu- 
ments are considerably greater than the indices. 
The asymptotic formulas, which yield good ap- 
proximations for these values of the indices and 
arguments, can be used to investigate the basic 
features of these cases (the asymptotic formulas 
for J,(x) and N(x) when x ~ n are given in 
references 5 and 6). We consider certain of 
these cases. 

(a) If the jet moves in the azimuthal direction 
inside an empty circular channel which is narrow 
compared with the radius of curvature (cf. Fig. 2 
Ill) and if €;= €; =€; wy= pg =n, 


Jn (Veukan) ayy 


SS a ce! 


tha) > Vy = Geo : 


(13) 


FIG. 2 
where we have introduced the notation k = 
V2€AKa/ap and d is the wave length associated 
with the radiation of the jet. 

Whence it follows that if the conditions in (13) 


are fulfilled, the expression for we : coincides 
with the expression for the radiation intensity of 
the n-th harmonic of the p-field of a jet which 
moves in a homogeneous space filled by a medium 
which surrounds the channel. The condition in 
(13) is analogous to the Ginzburg-Frank inequality? 
for a jet that moves in vacuum inside a circular 
region of space which is surrounded by a ferrite. 
It is easy to show that when (14) is satisfied the 
energy spectrum (maxima and minima on the 
curve which characterizes the spectral distribu- 
tion of radiation losses) is such that the total 
intensity of the radiation beyond a point which 
corresponds to the frequency interval Aw = 
(3av/a)(a/2 A a)3/2 is equal to the radiation in- 
tensity of a charged jet that moves in vacuum 
[ cia(5)] < 

(b) In this case the transverse forces for the 
harmonics of the P~field which satisfy the condi- 
tion in (14) are written in the following form: 

i} 
P48 (15) 
__ 2mkp? (1 — 8%) J, (Ra) J’, (Ra) (%¢ — 1/x) cos [(2n/3) (2Aa/a)'] 
i («+ 1/x) — (« — 1/x) sin [(2n/3) (2Aa/a)'?} 


It is apparent from (15) that the transverse force 
of the p - field depends on the parameter x. If 

x > 1, the harmonics of the field for which n < ner 
(critical harmonics are those which satisfy the 
condition: 4 ney (2 A a/a)?/2=2m + 1/2)z, 

m =0, 1, 2,...... weaken the attractive force be- 
tween the jet and the inner cylinder whereas the 
harmonics of the field for which n > ney intensify 
this force, On the other hand, if x < 1, the har- 
monics for which n > ney weaken the attractive 
force whereas the harmonics below the critical 
harmonic intensify it. 
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(c) The functions an and ry n,3 Which char- 
acterize the I-field are obtained from Eqs. (13), 
(14) and (15) by means of the following substitu- 
tions: pv-—+I, k— V2 Aa/ae, (1—6%)--- 1; thus, 
for the I-field the parameter which characterizes 
the maxima and minima on the spectral intensity 
curve and determines transverse forces is the 
quantity V2yAa/ae. 

(d) A comparison of cases I and III shows that 
there is no difference when (14) is satisfied. 


Pa Morozov, Becruux MIY (Bulletin, 
Moscow State Univ.) No. 1, 72 (1957) ; Dissertation, 
Moscow State Univ. 1957. 


2M. I. Kaganov, Tp. dbusuy. ormenenna cpu3.-mar. 


d-tra XTY (Trans. Phys., Div., Phys.-Math. 
Faculties, Khar’kov State Univ.) 4, 67 (1953). 


3N. Bohr, The Passage of Atomic Particles 
Through Matter (Russ. Transl.) IIL, M. 1950. 


4Ivanenko and Sokolov, Kaaccuyeckxaa teopua 
Nowa (ClassicaMTheory of Fields) GITTL.M.-L: 
1951; A. A. Sokolov, Becrnux MI'Y (Bulletin, 
Moscow State Univ.) No. 4, 77 (1947). 
"ALN. Didenko, Paquorexuuka u ateKkTpoHuKa 
(Radio Engineering and Electronics) (in press). 
6v. A. Fock, Dokl. Akad. Nauk SSSR, 1, 97 
(1934) . 

™,. P. Klepikov, Dissertation, Moscow State 
Univ. 1953. 

8Tandau and Lifshitz, JuextpoaunamuKa 
CNAOWHBIX cpex (Electrodynamics of Continuous 
Media) GITTL, M. 1957. 

‘vy. L. Ginzburg and I. M. Frank, Dokl. Akad. 
Nauk SSSR 56, 699 (1947). 


Translated by H. Lashinsky 
134 


SOVIET PHYSICS JETP 


$ 


VOLUME 35(8), NUMBER 3 


MARCH, 1959 


ELASTIC SCATTERING OF PHOTONS ON EXCITED NUCLEONS 


N. F. NELIPA 


P. N. Lebedev Physics Institute, Academy of Sciences, U.S.S.R. 


Submitted to JETP editor February 24, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 662-667 (September, 1958) 


The cross section for elastic scattering of y quanta is computed with allowance for the ex- 
cited nucleon states as described by the Markov model. The calculated cross sections are rel 
found to agree satisfactorily with the available experimental data. | 


lke It is well known that the cross sections of many 
processes (scattering and photoproduction of 7- 
mesons etc.) have been found to show only one or 
a few maxima. To explain the first of these max- 
ima, Tamm has developed a semiphenomenolgical 
theory involving a nucleon isobar state. In terms 
of this theory he analyzed m-meson! and y-ray? 
scattering and the photoproduction of T mesons? 
on nucleons. He obtained a qualitative agreement 
with the experimental data. 

Markov has given another explanation of the ob- 
served maxima of the cross sections.‘ IGtOOm1S 
founded on the picture of an excited nucleon state 
which is identified to be a hyperon instead of an 
isobaric state. We have shown earlier® that there 
exist two distinct classes of excited nucleon states 
in Markov’s model. If these excited states are 
identified with the hyperons, then accounting for 
the latter in the intermediate states leads indeed 
to resonance effects. In reference 5 this was il- 
lustrated with the example of m scattering on 
protons. However, in that paper a number of es- 
sential assumptions were made. They were: ap- 
plicability of perturbation theory, pseudoscalar 
meson-nucleon interaction, and identical form of 
the interaction of the meson both with the nucleon 
and the excited state of the nucleon. This example 
can therefore be considered only as illustration. 
In this connection it is of interest to investigate 
the elastic scattering of photons on excited nu- 
cleons in terms of the Markov model, since the 
above questions can be unequivocally answered 
in this case. Such an investigation is furthermore 
of interest because some experimental data have 
recently been obtained on that process. 

A more consequent treatment of the process 
should be made in terms of damping theory, since 
the cross section at the resonance energy is gen- 
erally infinite. However, in a preliminary calcu- 
lation of the differential cross section at energies 


differing from the resonance energy, we can 
limit ourselves to a perturbation-calculation 
treatment. We can also disregard for the time 
being effects due to the meson cloud around the 
nucleon. These simplifications are taken into 
account in the treatment of the problem in the 
present paper. Furthermore, we assume that the 
first excited state of the nucleon is the A’ -particle, 
and we take the excitation energy to be 140 Mev 
(the excitation energy in this case can lie any- 
where between 140 and 180 Mev). Then the ob- 
tained cross sections are close to the experimen- 
tally-observed values. 

2. In the lowest nonvanishing order of pertur- 
bation theory the process 


yt Poy +P’ () 


is described by the diagrams of Fig. 1. The lower 
diagrams correspond to the case where the inter- 

mediate state consists of the excited nucleon state. 
We shall perform the calculation in the laboratory 


system. 
~ ie ; ¢ Uy Ge 
2 4 ” U A 
Ky ‘ f y WK, | 17 Bt 
fe: A, P, A 2 


FIG. 1 


The matrix elements corresponding to the lower 
diagrams are given (the notation is that employed 
by Akhiezer and Berestetskii®) by 


ie? 


San = ead ie {és ih—M | a, 
2V ae e+ Me (1) 
, ie? , —( (an -f A 
San = — Pelee Us (e, ase ey uy, 
2V a, | p24 M2 
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Wo, €y and w, ey are the energy and polarization 


vectors of the incoming and outgoing photon respec- 


tively; M=m+a(nj+n, +ng+ny) is the mass 
of the excited nucleon state; a is the excitation 
energy; Ny, Ng, Ng, No are numbers that charac- 
terize the excitation of the nucleon; Jny’ = 


(Inn”In"n’ 4 + (Inn”Iy” n’ )e + (Inn” Inn’ )3 BE | Shacmelh 
Ton = N\ Hy, (1). « « Hy (Bo) 
0 


£9 1 & 1 fa 9 a t 
x exp{— eS o ra (py Ay =e M2 (fy le = iky i) ro} dé, 


k is the energy-momentum vector of the photon; 
Inn” corresponds to the transition from the initial 
to the intermediate state, and I,” to the transi- 
tion from the intermediate to the final state. The 
subscripts 1, 2... refer to the different diagrams 
of a given excited state* (which, in general, is de- 
genetate ). 

We have assumed that the photons interact with 
the excited state in the same way as with the usual 
nucleons.’ 

The two upper diagrams correspond to the fol- 
lowing transition-matrix elements: 
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where m is the mass of the nonexcited nucleon, 
while Joy and Jog are the respective integrals 
over the variables of the intermediate state. 

3. To calculate Jpn which enters the expres- 
sion for the cross section, we must know Ip’. In 


reference 5 we have obtained an expression for Inn 
for the case where either the initial or final nucleon 


momentum vanishes. For our present purposes we 
must know I), also for the case when both these 
momenta differ from zero (this need arises in the 
diagrams where a photon is emitted first and ab- 
sorbed afterwards ). 

By the same method as used in reference 5 we 
obtain for an arbitrary coordinate system 
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*In diagrams where the nucleon is not excited, M =m. 


where py,=p,/m, f,=f,/M, K, =2(t,+t,) - 
ikpYro. 

Expressing the quadratic form in the exponent 
as a sum of squares, we obtain the left hand side 
of (2) in the form 
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where 
Ky dy = 5 K® — (py Ky) (fv Ky) / (Ds fo)? 
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Thus we have according to (2) 
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In particular, if nj =n,=.. 

from (3) that 


.=np =0 one sees 
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In the following we shall assume that the excited 
state of the nucleon has a lifetime of the order 107!” 
sec (e.g.,a A’ particle). Then’, r) ~ 107! cm 
and we therefore shall neglect quantities ~ rop. 

If N=n,j +n, +n3=0, no=0 and N’ =1, 
nj = 0 then, for nj=1, we have 


(f, &) Pi — (2, 9) zy 
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Va (9) 
and analogously for nj =1, n3=1. 
If N=n)=0 and N’ =nj=1 then, for nj =1, 


Ts = es [ = Pon fo) at O a p)| (6) 
/ 
and analogously for nj=1, ng=1. 

As can be seen, the selection rules for the tran- 
sition-matrix elements with respect to the internal 
coordinates are in the present case the same as for 
f= 0, which was treated in reference 5. This 
means that the most probable transitions will be 
those for which N’ = no.* 


*It is easy to verify that Eqs. (4) to (6) go over into Eqs. 


(10), (11) of reference 5 when f = 0. We use the opportunity 
to point out that in Eqs. (10) and (11) of reference 5 a term 
2(t, + t,) should be added in the exponent and the sign of 6 
and of 2q,/E should be inverted. The same holds for Eqs. 
(13) and (14). In the last expressions q signifies that q, 
stands for nj, q, for n,' etc. 
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FIG. 2. Dependence of the differential scattering cross 
section on the energy of the incoming photon for the angle 
3 = 90° in the center-of-mass system. (The energy, w,, is 
given in the lab. system). 


4. We now calculate the differential cross sec- 
tion of the process (I). 

We limit ourselves to such excitations in the 
intermediate state for which N=nj=1. Then 
Jog Will be made up of three contributions accord- 
ing to the threefold degeneracy of the diagram con- 
taining excited nucleons in the intermediate state. 
Thus, according to (6) we have 
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Furthermore, according to (4) we have 
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We finally obtain for the differential cross section 
of process (I) the expression 
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0 28 120° 
FIG. 3. Angular distributions of the scattered photons for 
different primary energies: calculated (solid curves) and 
measured: x — 239 Mev (right scale), V— 193 Mev, 0 — 100 Mev, 
O— 90 Mev, e— 65 Mev. 
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The elastic photon-proton scattering cross sec- 
tion was evaluated from (9) (in units of e4/m?) 
for an angle of 90° in the center-of-mass system 
and for a =140 Mev. It is plotted in Fig. 2 using 
experimental points taken from reference 9. As 
can be seen, there is rather good agreement be- 
tween the calculations (in the- range of their appli- 
cability ) and the experimental data. 

The dependence of the differential cross sec- 
tion (in units of e*/m?) on the center-of-mass 
angle, according to Eq. (9) with a = 140 Mev, has 
been plotted in Fig. 3 for several photon energies. 
The experimental points are from references 9 
and 10. 

We see that these experimental data are poor 
and contain large experimental errors. The ex- 
perimental points evidently indicate a character- 
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istic tendency. As the photon energy increases, 
almost up to the resonance energy, the backward 
scattering becomes more prominent.* If this is 
_ so, then the tendency of our angular distributions 
are in opposition with the experimental distributions 
up to an energy ~100 Mev but have a similar ten- 
dency at higher energies. However, a definite com- 
parison will be possible only after the calculations 
have been performed in the damping theory, with 
account of meson effects. 

It should be further noted that the cross section 
for the scattering of photons on nucleons has been 
calculated in several papers. Some have used the 
picture of an isobaric state (see, e.g., reference 3, 
where further references are given) while others 
have used actual meson-theoretical approaches 
(see, e.g., reference 12 which also contains fur- 
ther references). The results of the different 
calculations are rather contradictory. 

In conclusion, I would like to thank M. A. Mar- 
kov for valuable suggestions and I. A. Egorova for 
the numerical computations. 
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Oscillations of the conductivity of metallic films in magnetic fields are considered for arbi- 
trary dispersion law of the electron energy and for arbitrary orientation of the field. The os- 
cillations are not a quantum effect and are related to the finite thickness of the film and to the 


diffusion character of the reflection of electrons from its surface. 


In contrast to the Shubnikoy- 


de Haas effect, the conductivity in the given case oscillates as a function of H and not of ie 
Measurements of the amplitudes and periods of oscillation allow us to draw conclusions on the 


shape of the Fermi surface in metals. 


l. Oscillations of the conductivity of a metallic 
film due to the size of the magnetic field H per- 
pendicular to it have been carried out by Sond- 
heimer! under the assumption of an isotropic dis- 
persion law for the electron energy. They are de- 
termined by the diffusion character of the reflection 
of the electrons from the surface of the film. Thanks 
to this, the helical electron trajectory bounded by 
these surfaces (the electrons move in the magnetic 
field H ) undergoes simultaneously the effect of the 
electric field E and is cut off at some fraction of 
a turn, dependent on H. The value of this fraction 
determines the oscillating component of the current, 
while the complete turns give the monotonically- 
varying component. 

In the present paper it is shown that oscillations 
also ought to exist for an arbitrary dependence of 
the electron energy ¢€ on the quasi-momentum p 
and for an arbitrary direction of the field H, not 
parallel to the surface of the film. Measurements 
of the amplitude and period for various orientations 
of the field permit us to make judgments on the 
shape of the Fermi surface in the metal. The prob- 
lem of the possibility of complete establishment of 
the Fermi surface by means of the oscillations is 
an independent problem which we shall not consider 
in the present paper. 

Let us estimate the magnitude of the period of 
oscillation. The electron travels from one surface 
of the film to the other in the time t ~ a/|¥¢l, 
where a is the thickness of the film, the ¢ axis 
is perpendicular to the surface of the film, and 
V¢ is the time average of the ¢ component of the 
electron velocity. The period or rotation of the 
electron in its orbit is T = 2mm*c/eH, where e 
is the electronic charge, and m* is the effective 
electronic mass, introduced by Lifshitz, Azbel’, 
and Kaganov in reference 2. It depends on ¢ and 
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Pz — quantities which are conserved in the pres- 
ence of a magnetic field (z axis directed along H). 
In this case, electrons with energies close to the 
Fermi energy €) are necessary for conduction. 
Inatime t, an electron completes n=t/T = 
aeH/2mm*c|V;| round trips. For this number 
to be changed by one, the magnetic field must 
change by the quantity AH = 2m™m*c|v;|/ea. This 
also is the period of oscillation of the current 
created by electrons with given p, (we consider 
€ tobe equal to €)). It depends on p,, since 
groups of electrons with different pz, correspond 
to different periods. The total current was ob- 
served experimentally; it is obvious that, gener- 
ally speaking, the oscillations connected with a 
given group of electrons will be “smeared out” 
by oscillations of other groups with neighboring 
values of p,, corresponding to slightly longer 
and slightly shorter periods. The total effect 
observed includes oscillations whose periods 
are determined by certain isolated values of pz. 
They belong to two basic types. 

Oscillations of the first type are connected with 
Pz close to pz, the maximum value of p, on the 
Fermi surface. They are sinusoidal, and their am- 
plitudes fall off as H~‘; this result agrees with 
that obtained by Sondheimer.! However, their 
period is determined not by a single parameter 
(the limiting Fermi momentum, as in reference 1 ers 
but by the relation VK/cos 6, where K is the 
Gaussian curvature of the Fermi surface at the 
point p, = Dy. and @ is the angle between the z 
and ¢ axes. Thus, it is possible, by means of the 
oscillations of the first type, to determine the 
Gaussian curvature of the Fermi surface at all its 
elliptic points. This possibility of the determina- 
tion of the Gaussian curvature, although it does 
not give very great accuracy (the amplitudes of 
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oscillation fall off rapidly with increasing field ), 
can be shown to be suitable, since it does not in~ 
volve the use of complicated high-frequency ap- 
paratus. In this case, all the data relative to the 
Gaussian curvature can be obtained in principle 
by investigating a single specimen, cut out ina 
suitable manner relative to the crystallographic 
axes. 

Oscillations of the second type are connected 
with such pz = Pz, for which the function AH (pz) 
has an extremum. Then, approximately the same 
periods AH correspond to a rather large group 
of electrons with pz, close to pzj. These oscil- 
lations are not sinusoidal, and their amplitudes 
fall off with the fieldas H79/?, 

In order that the oscillations take place and be 
observable, it is obvious that the inequality 


to Fa/|vc| > T, (1.1) 


must be satisfied, where t) is the time of volume 
relaxation of the conduction electrons. It should 
be noted that it is not easy to obtain experimental 
conditions under which ty) 2 a/|v;|. For this, we 
need monocrystalline films, free from stresses, 
and low temperatures. The difference in the film 
thickness at different points must be less than 

[vel T. However, at the present time, these diffi- 
culties are surmountable, since we now can obtain 
metallic samples in which the mean free path 1 

is sufficiently large at liquid-helium temperatures. 
For example, in the work of Kunzler and Renton,? 
1=0.45 mm (tin), while monocrystalline films 
0.1 mm thick (and in some cases less) can be ob- 
tained. The magnitude of the magnetic field neces- 
sary for the observation of oscillations is deter- 
mined by the thickness of the film compatible with 
the inequality (1.1); for a + 0.1mm, it amounts 
to thousands of oersteds. 

We note that the oscillations of similar origin 
were recently observed by Babiskin and Sieben- 
mann‘ on a sodium specimen which, it is true, had 
the shape not of a film but of a thin wire. In these 
experiments, /=0.12 mm. 

2. We now return to a rigorous solution of the 
problem. The linearized kinetic equation for elec- 
trons in a metal in the shape assumed by Lifshitz, 
Azbel’, and Kaganov? has the form (see also refer- 
ence 5): 

phon; pares eee (2.1) 
Here Q) =eH/mjc, T is the dimensionless coor- 
dinate introduced in reference 2, which determines 
the position of the electron in the orbit (7 = Mot, 
where t is the time of motion of the electron along 
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the orbit, determined from an arbitrary initial 
time), Fo is the equilibrium distribution function, 
f is the nonequilibrium addition to it, S/ ty is the 
collision operator, my is a quantity with the di- 
mensions of mass, which drops out of the final 
results; for intermediate estimates, it is appro- 
priate to consider it to be of the order of m*. 
The function f satisfies the conditions 


f \c=o, vr >0 = i lee, Die 0 ee 0) (2.2) 


(diffusivity of reflection) and in the case of a 
closed trajectory,” which is also of interest to us, 
it must be a periodic function of tT with period 
= 2mm*/m, [m* = (27)7!9S/9e, S is the area 
cut out of the surface €(p)=const by the surface 
pz =const]. The ¢ component of the current- 
density vector satisfies the conditions jg(0) = 
j¢(a) =0, but, inasmuch as div j=0 ina station- 
ary case, then, generally, j¢(¢) =0. 
3 
We set f= e(0F)/de) Pad f,, where the func- 
v=1 
tions f, are solutions of the equation 
Oe Ofy / 6 + Q Ofy/ Oe + Shy /to= Ey (2.3) 


with the boundary conditions (2.2). The Fourier 


coefficients in the expansion 


f (6) = a Di ol exp (2nikC/ a) (2.4) 
hk 
satisfy the sa 
oh) [Oe + (ike. + yS) oh” 
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ne 
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This relation is easily obtained by substituting 
(2.4) in (2.3) and taking (2.2) into account. Here 
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We carried out further calculations under the 
assumption that S= 1, i.e., that the collision op- 
erator can be described with the help of the relax- 
ation time t)(p). Such a simplification is valid 
since (as we shall see below) for ty > a/|V¢| 
(and it is principally this case that is of interest 
to us), the time ty) does not usually enter into 
the expression for the oscillating part of the con- 
ductivity tensor. This is natural, because the 
oscillations are due to those electrons which move 
from one surface of conductor to the other without 
undergoing collisions in the interior of the con- 
ductor. In this case the term which describes the 
volume collisions is necessary only for the inter- 
mediate calculations. If t) ~ a/|Vz|, then the 
relaxation time enters into the final result, since 
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it determines the fraction of electrons which do 
not reach the other surface of the film and, con- 
sequently, do not take part in the oscillations. In 
this case the assumption on the relaxation time 
permits us to determine the order of magnitude 
of the amplitudes of the oscillations and their exact 
period, since the period depends only on the peculi- 
arities of the spectrum and the relaxation time does 
not enter into it. 
The solution of (2.5) periodic in T has the form: 
oh (5) = 57 EL? | ove) exp(\ (y+ ikea) det] de! 


—o 


: “ (2.6) 
Bert, \ | Uc (t’)| gy (*’) exp \ (y + ikea) ax| ade, 
where ih : 
&y (7) =e aQ, lis (0) a5 ly (0)]. 
In turn, 
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R “oo 7 
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The series on the right-hand side of (2.7) can be 
transformed with the aid of the identity 
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») d(x — 2rn). 
Integrating the 6-function in (2.7), we obtain 
the equation for the function g,)(T): 
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where the functions T,(T) are determined from 
the condition 


( adr’ 
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(the bar denotes averaging over the period of @). 
It is not difficult to establish that, if the velocity 
v¢(7T) has one and the same sign for all 7, Eq. 
(2.10) has a unique solution T,(7) for a given n. 
In particular, its unique solution for n=0 is 
T9(T) =T. It is then quite simple to find the solu- 
tion of (2.9). From the general equality 

\ Uc dt’ = (n+ 1) que 


Th+4 


we subtract its value for n=1. As a result we 
get the identity 


Tn (ty (4) tne (ee (2.11) 


From this it easily follows that 


Tv 
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(where y (tT) =7Y+dIL/dr) is a solution of Eq. 
(2.9). The second component in (2.12) is an os- 
cillating function of the variable q with period 0, 
i.e., an oscillating function of the field H. Indeed, 
let us set 7T,=7-—q+ArT and vy =V_¢ + dW;/dr. 
The function W¢(T) is a periodic function Ole t 
with period @. The function AT satisfies the 
equation 


Ac(t, q) = We (s) /0¢e — We (te —q+At)/v¢ (2.18) 


and is consequently a periodic function of the sec- 
ond argument. But @,)(7,) = @yp(T—q+ArT), 
i.e., &,(7,) [and also ['(7,)], together with 
gy(tT), are periodic functions of q. It is clear 
that the functions gl’) T) determined by Eq. 
(2.6) are, generally speaking, oscillating functions 
of q with the same period. This dependence is 
important and leads to the observed effects if the 
exponent in (2.12) is < 1. But T—7, *%q, and 
this condition takes the form a/|vz|t) <1, ive., 
it coincides with the inequality (1.1) given origi- 
nally. The period of oscillation 6 = 2m™m*/m, 
depends on € and p,. Therefore, it will fre- 
quently be of use to us to replace q by the vari- 
able u= qm)/m* = aeH/m*c|v;|. The quantities 
At and #(T;) are oscillating functions of this 
variable with period 27. 

For certain values of € and pz, the function 
V¢(7T) can be shown to be fluctuating in sign. Then 
for some T, Eq. (2.10) at n=0 can have several 
solutions, i.e., the function 7)(7) <7 can be non- 
unique. Reasoning as above, it is not difficult to 
show that for such 7 the solution of (2.9) has the 
form 


T 


&y (t) = O,(t) — ®,(x)exp( —| de) 


% 


(2.14) 


where Tt) denotes the maximum value of the func- 
tion T)(T) = 7, different from Tt. For tT such 
that the function T)(T) is single valued Eq. (2.12) 
holds as before, but now we mean by 7, the maxi- 
mum value, generally speaking, of the multiply- 
valued function 1,(T). 

We note that (2.14) contains no oscillating de- 
pendence on the magnetic field H, inasmuch as 
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the magnetic field does not enter at all into the 
equation for tT)(7T). The reason for this is the 
following. If the velocity ve(T) is a sign-alter- 
nating function of Tt, then an electron leaving the 
surface of the film at some value of 7 can, by 
describing a fraction of a turn, return to the same 
surface and experience diffuse reflection ftom it. 
For such 7, the function 7)(7T) <7 is non- 
unique, but, inasmuch as the value of this fraction 
is independent of H, g,(7T) has a non-periodic 
dependence on H. However, even in this case 
there are electrons which make a contribution to 
the oscillations. The fact is that if the field H 
is not parallel to the film surface then, in general, 
for arbitrary ¢€ and pz, there exist initial values 
of t for which the electron reaches the opposite 
surface of the film. For such T, the function 
T)(T) = T is single-valued and consequently, the 
oscillating function (2.12) is valid for g,(T). 

8. The experimentally-measured components of 
the mean current density are * 
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where T(1!) is equal to T; or T), depending on 
whether Eq. (2.12) or Eq. (2.14) holds. The con- 
dition j¢(¢)=0 permits us to establish E;¢(¢) 
as a linear function of E é and En, and to obtain 
an expression for the current density in the form 


2 
aes > Selby 


v=] 


Uy uy 


The effective-conductivity tensor of the film sy» 
(the inverse of the tensor ry, above) is also 
determined by experiment. 

In order to compute its oscillating part Asyyp, 
we find the derivatives 

*After the present research was completed, a paper was 
published by Kaner® on the conductivity of metallic films in a 
magnetic field, in which the same expression is obtained for 
the current density in the film. However, the problem of the 
oscillating conductivity of the film was not considered there. 


O’Bhy / Ou? = (m* / my)? @2Be, / Oq?, 


from a knowledge of which we can easily find the 
oscillating parts of the coefficients BK,,. Let us 
first consider the case in which the function 
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Here we have used the identities 97, / aq = 
—V¢ /vg(7) and ve(T)dt =v_e(t,)d74, which 
follow from the definition of the function 7,(T). 
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n ) as dt SaRACHIFS. exp {yAt +1 (t,) —T (t)} 


(3.3) 


| Ve (73) | 

We have left here only the zero-order terms in the 
expansion in y <1; 6=(m*/m))y. It is clear 
that these terms are oscillating functions of u 
with period 27; consequently, they are periodic 
functions of the magnetic field H. It is then not 
difficult to prove that the oscillating parts of the 
coefficients B,,, computed to this degree of ac- 
curacy have the form eUbyy(€, pz, u), where 
bup are periodic functions of u. If v=, then 
the v¢(71,) in the numerator and denominator of 
(3.3) cancel and the zero-order term (in the ex- 
pansions in powers of y) does not oscillate. 
Therefore, if E¢(¢) is of the same order as 
E a and En; the contributions of the coefficients 

y(v# ¢) in the oscillating part of the current 
alare iy is, roughly speaking, to /T times 
larger than the contribution of the coefficients 
Byes and the latter can be neglected. Then the 
sum (3.1) is simplified, since only terms with 
k=0 enter into it, inasmuch as E¢ and Ey do 
not depend on ¢. It is not difficult to carry out 
all the calculations in the general case; however, 
henceforth we shall assume this simplification. 
We note that we can neglect the oscillations con- 
nected with Ez in every case if ty ~ a/v), where 
vo is of the order of the velocity on the Fermi 
surface. Such an estimate is easily obtained if 
we consider that the tensor s,,, is of the order 


6 
= Uz (=-) e—du \ dt Uae) ae 
Mo i 
0 


) (eo) (co) 
Sie — one oty [ Ste" 
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in this case, where of” is the conductivity tensor 
of a macroscopic sample, as computed in refer- 
ence 2. 

Now, if € and p, are such that the function 
T)(T) = T is not single valued for all T, we can 
obtain Eq. (3.3) for Cuv in the same way; in such 
a case, we integrate over that part of the interval 
from 0 to 6, where this function is single valued. 
We note that if t) > a/|Vc|, then 6u«1, and 
the relaxation time does not enter into (3.3), nor 
into the expression for the oscillating part of the 
conductivity tensor. 

With the help of the identity v¢(t)dt =v¢(71)d74, 
we obtain 
Oy, (T_) ¥% (7) 


ioe Ga lig a 


pre lg et) 


ine 


Here 1,(7) is the solution of (2.10) for n=—1 
{[ obviously, it is its own inverse function relative 
to 7T,(7)]; the first integral extends over the re- 
gion of single-valuedness of the function T)(T)=T, 
while the second extends over the region of single- 
valuedness of T)(T)=T. It is easily verified that, 
for a reversal of the direction of the magnetic field, 
we can obtain an expression for the oscillating part 
of the current, replacing 7,(7T) in (3.3) by 74(T). 
It therefore follows from (3.4) that As,)(—H) = 
As,,,, (HY. 

4 If u<«e)/kT, we can set 0F/de = —d(€-6€), 


and then 9 
Asuy = (2€my / ah?Q§) \ apzLuy (Pey U) 
0 
Pe (4.1) 
= (2em, / ah®Q3) \ dpze—@luy (pz, U), 
0 


where 


luv om buy (£0, Pz, u) ae Buy (So, rt Pz, u), Q =, aty*}| Ue |. 


The quantity Lup depends smoothly on p,, and 
oscillates like the function u >1. This means that 
Luv (Pz, u) oscillates as a function of the field H, 
while the period of oscillation AH = 2m™m*c|vV¢|/ea 
depends on pz, i.e., as noted earlier, different 
periods of oscillation correspond to groups of elec- 
trons with different p,. Oscillations of different 
types entering into the total effect described by 
Eq. (4.1) are connected with different portions of 
the integration inverval. Oscillations of the first 
type are determined by p, close to De. Oscilla- 
tions of the second type are connected with such 
Pz =Pzi, for which du/dp,=0. For such p,, 
the function AH(p,) has an extremum. 

Let us begin with the consideration of oscilla- 
tions of the first type. In the vicinity of the point 
py, the equation of the Fermi surface ¢(p) = E9 
has the form 
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3 
ug Ap. + = >; BirApiApr = 9, 


i, Rel 


Bin = (Oe / OpiOPr)o; 


(4.2) 

Api = pi— pi: 

We consider the point py to be elliptic; conse- 
2 


quently, the quadratic form y BikApjAp, is posi- 


i, k=1 
tive definite. The equations of motion of the elec- 
tron in the zero approximation in the electric field 
have the form? 


(4.3) 


As will be seen later [see Eq. (4.6)], the region 
of integration important to the determination of the 
first type is the one for which | Ap, |/pz ~ 1/u <« 1. 
It is obvious that Apy ~ Apy ~ u/2p? in this re- 
gion. Substituting into (4.3) the,expressions for the 
velocities v, and vy [obtained from (4.2)] we get 
(with accuracy up to quantities of order higher than 
aa?) 


vx = V/ 209 (p2 — pe) (Bi cos ax cos 9 + By'sin ax sin g); 


n= V 202 (p= De) (— B,* cos ot sin @ + B3*sin wt cos 9); 


w= ve =e V 202 (pz aha Pz) (Byrebi at COS @T = B iieBaee sin wt). 
(4.4) 


Here £, and f, are the principal values of the 
tensor Bix (i, k=1, 2), @g is the angle between 
the xy axis and the principal axes x’, y’, and 

w =myV BiB. =m)/m*. It then follows that u = 
wq = aeHv iB, /c|Ve|. Now, vg = —vy sind + 

vz, cos ¥ (we assume that the axes x and € co- 
incide); therefore, if cos >u7¥/?, then T= FT 
—q with accuracy up to quantities of the order 

un ¥2_ inasmuch as wy ~ vou V2, If cos 3 > uv? 
the function T)(7T) is single valued for all signifi- 
cant values of pz. 

It follows from (3.3) and (4.4) that the oscillat- 
ing part of the coefficients C,,,, computed with 
relative accuracy up to 1/u, is proportional to 
the sum of integrals of the form 

e 

\ COS Wt COS w(t — Gg) dt = nw! cos u 

0 
and identical expressions with two sines or sine 
and cosine. It is therefore not difficult to demon- 
strate that the coefficients b,,,, have the form 


buv = Cuvimg® (Br Bs) (02)? | p2— pe|cos(u + ru), (4.5) 


where cy, is a constant on the order of unity. In- 
asmuch as buy (-Pz, u) = Duy (Pz; u) in the given 
case, the part of the conductivity tensor connected 
with oscillations of the first type is 
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7? 
(1) 4c, ye? (v2)2  « 
Asie ee \ e—2 (pz — pz) cos (u + hu), (4.6) 


where Q = eH/m*c= ehVB,f, / c. We expand Q and 
u in powers of p, —- ph, limiting ourselves to the 


zero term in the former case and the linear term 
in the latter, and integrate by parts. We get 


0 
4c,,,e* (02)? 


ayers 4 y 
4p, | v¢|/o 


Asi) = e—2 cos Pare + | ‘ 


c|v2| cos 9 


(4.7) 


We note that V,8. /|v|=VK, where K is 
the Gaussian curvature of the Fermi surface. 

Thus, the oscillations of the first type are sinu- 
soidal; their amplitudes fall off as H~*, while their 
period is 


AH = 2nccos/aeY K. (4.8) 


Its measurement determines the Gaussian curva- 
ture of the Fermi surface at the elliptic point, the 
normal to which is parallel to the direction of the 
magnetic field. 

If the Fermi surface is nonconvex, then there 
can be several such points, and to each of them 
there will generally correspond a period of oscil- 
lation. If the Fermi surface is open (closed tra- 
jectory ), then there can exist a maximum momen- 
tum py for certain directions of H; oscillations 
of the first type are then lacking. In the case of 
closed Fermi surfaces, these oscillations are al- 
ways present. 

5. We now consider oscillations of the second 
type. For simplicity, we shall assume that there 
is only one point px =p, at which the derivative 
du/dpz vanishes. In order to determine the oscil- 
lating part of the integral (4.1) connected with the 
behavior of the integrand Lyyp (pz, u) near p,= 
Pzi, we expand its second argument in powers of 
Pz — Pzi as far as the quadratic term, while we 
set the first argument equal to pz;, since Ly, 
is a smooth function: 


Ey (pz, w) os Lay (Pz, Ua + uy (Pz — Pz;)" / 2). (5.1) 


In this case, inasmuch as we are only interested 
in the oscillating component in (4.1), we can con- 
sider that 


2m 


Luy (Pex) == (2Qr)~ J IER P21) u) du => 0. 
0 


Then the part of the conductivity tensor connected 
with oscillations of the second type is 


D2 
Ast, = — \ Luy [Pe uy oe uy (Pz — pz)°| dpz.(5.2) 
pps 


Here the upper and lower limits of the integral are 
so chosen that for pz =p, and pz =p», we can, 
with sufficient accuracy, limit ourselves to the 
quadratic terms in the expansion of (5.1). We in- 
troduce a new integration variable § =V|uj| x 
(Pz — Pzi). If the magnetic field is large enough 
that |é;|=Vluy| |pj —pz1| > 1, itis easy to — 
show that oscillations of the second type are pres- 
ent, and that their amplitudes fall off as H 7/2 
Actually, limiting ourselves in accuracy to 1/| &|, 
we can integrate in € over infinite limits and get 


ad’ 1 


As)? =< 207m 
wy x ae ae 
dp? |v, | m: 


et ah8Q* V eaH | c 


(1) 
oo (5.3) 


e 


xX \ Luv (Per, U5 */2) di. 


The period of oscillation is AH = 27¢|¥¢,| mf|ea. 
We emphasize that these oscillations are absent in 
every case when the derivative does not generally 
vanish in the interval 0 <p, < ee In particular, 
we can show that this derivative does not vanish 
if the Fermi surface is an ellipsoid. Of, course, 
the presence of oscillations of the second type is 
evidence of a significant deviation in the shape of 
the Fermi surface from ellipsoidal. Therefore, 
the shape of these oscillations should generally 
be quite different from sinusoidal. 

6. In addition to the two types of oscillations 
considered here, there is a third type connected 
with those values of p, for which a non-single 
valuedness arises in’the function 7)(T) Ss 
These oscillations are generally non-sinusoidal 
and their amplitudes fall off with increasing field 
more rapidly than was the case with the first two 
types (as Ho”), If the Fermi surface has a com- 
plicated structure (for example, if it is self-in- 
tersecting) then still other types of oscillations 
can exist. 

It is not difficult to estimate the order of mag- 
nitude of the amplitudes of the oscillations 


ASyy & ean (mv)? (VoT / a)? ~ H-*, 


where n is the density of electrons and k=4 or 
/, for oscillations of the first or second type, re- 
spectively. Estimates in such form are suitable 

in that they do not depend on the number of com- 
ponents of the tensor AS yp and on the magnitude 
of the ratio tov)/a (it is assumed only that tovo/a 
21). It is then easy to obtain estimates for the 
relative magnitude of the oscillating part of the 
specific resistance. For example, if tyvo /a~ 1, 
then 


0) _ (00) ie) 
Suy se a) aa a(e of Sty imiaa 
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and we find that when sin 0 > v)T/a, while open 
trajectories are absent, 


PAV ype (ORS OSA ne 


We note in conclusion that the study of oscilla- 
tions allows us, in a number of cases, to proceed 
directly to qualitative conclusions regarding the 
shape of the Fermi surface. The presence of os- 
cillations of the second type points up a significant 
departure of its shape from the ellipsoidal. The 
presence of several component oscillations of the 
first type with different periods demonstrates that 
the Fermi surface is nonconvex or, that there are 
several surfaces. Complete disappearance of the 
oscillations of the first type for certain directions 
of the magnetic field, not lying in the plane of the 
film, in the case in which the inequality (1.1) is 
satisfied, means that the Fermi surface is open in 
these directions. 
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The probabilities of nuclear relaxation transitions in Cutt ion salts are computed. The mag- 
nitude of nuclear polarization appearing on saturation of electron and nuclear resonance tran- 


sitions is calculated. The effect of electron and 


nuclear relaxation on the broadening of nuclear 


resonance lines in paramagnetic atoms is considered. 


1. INTRODUCTION 


Ir has been shown by many investigators!’* that 
by saturating the electron magnetic resonance it 
is possible to obtain polarization of nuclear mag- 
netic moments amounting to several percent at 
comparatively high temperatures of 1 to 4°K. Later 
experiments were carried out on the polarization 
of nuclei by means of saturating “forbidden” elec- 
tronic transitions, which arise in the second ap- 
proximation if the constant and the variable mag- 
netic fields are parallel to each other.*? Feher* 
obtained polarized nuclei by exciting magnetic di- 
pole transitions between energy sublevels of elec- 
tronic and nuclear spins of paramagnetic atoms. 
The success of the above experiments on nuclear 
polarization depends largely on spin-lattice relax- 
ation processes. Such processes are characterized 
by the probabilities of electronic transitions 
Am, M-; (M is the magnetic quantum number of 
the electron spin of the atom), which occur with- 
out a change in the quantum number of nuclear spin, 
and by the probabilities am, m-t of nuclear-relax- 
ation transitions. The latter transitions may be 
accompanied by a change in the orientation of 
electronic spinfrom M to M+1. Calculations 
of nuclear polarization, taking into account both 
electronic and nuclear relaxation transitions, have 
been carried out by Abragam? for the case of a 
simple atom with S=%, I= % in liquid solutions. 
In this paper we calculate the transition proba- 
bilities Ajy,M-1 and am,m-1 for doubly-charged 
copper ions in hydrated crystals. The relations 
obtained for the probabilities are then used to cal- 
culate the polarization of nuclei of Ca (r='1, 
|u| =0.40un (reference 5)]. It should be noted 
that the calculations of am,m-i carried out by 
the authors®?’ for a number of rare earth ions and 
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for ions of the iron group can be used to calculate 
nuclear polarization in salts of these ions. 


2. PROBABILITIES OF NUCLEAR RELAXATION 
TRANSITIONS 


Relaxation transitions between hyperfine energy 
sublevels of the ion are due to the modulation of 
the hyperfine splittings of the ion by thermal vi- 
brations of the lattice. The lattice vibrations af- 
fect directly only the orbital splittings of the ion, 
but through spin-orbit interactions of the form 
AL-S this leads to a modulation of the intervals 
between the levels of the electron spin. Changes 
in the spacing between energy levels of nuclear 
spin arise, in turn, through the hyperfine magnetic 
interaction of the ion of the form AJzSz + B(IxSx + 
IySy). Thus, the perturbation that gives rise to re- 
laxation transitions between the hyperfine sublevels 
of the ion has the form: 


KH = Hor +r(L°S) + AlzSz + BUS, + 1,Sy) (1) 
For the operator SXo;,, which connects the nor- 
mal coordinates of the lattice oscillators q with 
the orbital angular momentum (electron coordi- 
nates) of the magnetic ion, we use Kronig’s ex- 
pression® 


Hor = Sena *q¢@ [(3z? — r?) fy + 2 (x? — y”) fe 
— 2 ay ae Dx2l ee =e DUI gels (2) 


h= (Uzhz <= 2/5 Ke = "/5 Uyhy), 

fo = (UsAy —Uyhy), Fez = (Uzhy + UjAz). 
Here A, u are unit vectors in the direction of 
polarization and the direction of propagation of the 
Debye waves, r(x, y, Z) is the distance between 
the nucleus and the magnetic electron, e is the 
electronic charge, pw is the effective electric di- 
pole moment of the neutral molecule closest to the 
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FIG. 1. Diagram of the successive splitting of the ground 
level of the Cu*t ion in an electric field of cubic (I) and 
tetragonal (Il) symmetry. Dotted lines show the splitting of 
the lower Kramers doublet in an external magnetic field. 
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FIG. 2. Diagram of hyperfine splitting of the lower Kramers 
doublet of the Cutt ion (isotope 64 with spin I = 1). 


ion, g =2mav/c, c and v are the velocity and 
the frequency of the Debye wave, and a is the 
lattice constant. 

In hydrated salts the system of orbital levels 
of the Cu** ion (*D ground state) can be charac- 
terized by the following wave functions? (Fig. 1): 


Pa=(P+40)/V2, P5=%, Pc =i: —$-2)/V 2, 


Oro) 2, Of= (h—b5) Ly 2. 


(3) 
The splittings K and 6 due to the cubic and 

tetragonal components of the crystalline field are 
equal respectively’ to 12,300 and 1,400 cm™?, 
Figure 2 shows the hyperfine splittings of the 
lower Kramers doublet of the ion in a strong mag- 
netic field directed along the axis of symmetry of 
the crystalline field (G> A,B). The wave func- 
tions of these levels have the form 


A B 
eM, m= Om,m + “G im, m?M—1, m+1 — = i m4, m—1PM--1, m—15 
(4) 
fm, m= "/2I(S + M)(S—M +1) +m4+ 1) —m)ye, 


The matrix elements of the perturbation (1) may 
be easily calculated using the functions (3) and (4). 
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The matrix elements of (2) caiculated by the method 
of equivalent operators are given by Bashkirov.! 

The perturbation (1) can cause relaxation tran- 
sitions in which one or two (or more) lattice pho- 
nons can take part. At temperatures down to ~ kK 
the probability of single-phonon processes will be 
small compared to the probabilities of two-phonon 
processes. The latter can be calculated by means 
of the following formula: 


— 2H-2 

at Om, m= = 40th (5) 

x \ H (4/2, m, n,n’; EMo,m—1, n—1, n'+ 1) levered, 
0 

where n and n’ are quantum numbers of the os- 
cillators q and q’, p, is the density of lattice 
oscillators of frequency v, and @ is the Debye 
temperature. The matrix element appearing in 
(5) differs from zero in the fourth order and is 
equal to: 


He (AYe, m; — Ye, m— 1) 
= piusig Glo Aste ine Ww tf ind an en) 


»  3+322ah or , gt 
H aoe ae “Gh Feet df age 


—fofxz — ifefyz) q (1 n—1)q' (n,n +1). 


(6a) 


The quantity f’ refers to oscillator q’; p=B/G. 

It is important to note that the matrix element 
of the transition between nuclear sublevels is pro- 
portional to the matrix element of the transition 
between electronic sublevels which occurs without 
a change in the quantum number m. The averag- 
ing of (6a) in accordance with formula (5) gives 
the electronic transition probability A (3, —$). 
This allows us to express the probabilities of nu- 
clear relaxation transitions in terms of the prob- 
abilities of the electronic transitions: 


a(+3/2,.m; 1/2, m— 1) 
Se Phi, m—14A (?/2, — */2) = MA. (7) 


In addition to the relaxation transitions consid- 
ered above, there are other possible nuclear-relax- 
ation transitions, which involve the simultaneous 
reorientation of the electronic and nuclear spins. 
Calculations yield the following relation for the 
probabilities of such transitions: 


AQ/2,m; — Yo, m+ 1) = pf, m A= 2A. 


(8) 
The above results can also be presented in the fol- 
lowing form (I=1): 


Transition 1/2 m; #42 m M, ds M, 0 M, 0; M, —1 
a, ,/A al Ax ‘ 


1a, 0; —"e, 1 12, —1; —1/o, 0 
204 2r4 


POLARIZATION OF NUCLEAR MOMENTS 


3. POLARIZATION OF Cu®4 NUCLEI IN PARA- 
MAGNETIC SALTS 


We have calculated the polarization of Cu®4 nu- 
clei in the cases listed above. This is the first 
time that polarization is calculated by the method 
of saturating electronic transitions that are for- 
bidden in the first approximation. According to 
Jeffries,’ allowance for nuclear-relaxation transi- 
tions can decrease the polarization obtained from 
simple considerations (without detailed account 
of nuclear transitions) by a factor of ~2. Accord- 
ing to our calculations, a noticeable decrease in the 
polarization due to nuclear transitions is possible 
only at low intensities of the external field (G ~ 
A, B). The method of nuclear polarization by 
means of simultaneous saturation of electronic 
and nuclear resonance discussed below (in sub- 
section B) is of some interest. Feher* excited 
these transitions not simultaneously, but one after 
the other. This makes possible nuclear polariza- 
tion only in crystals with a very long electron re- 
laxation time, when the nonequilibrium populations 
of levels that result from excitation of the (elec- 
tronic) resonance can be preserved until the in- 


stant of excitation of the other (nuclear) resonance. 


In salts of paramagnetic ions of the iron group, the 
electronic relaxation times are of the order of 
~107% sec at T =4°K and the method described 
by Feher* cannot be used. The electronic and the 
nuclear resonances must therefore be excited si- 
multaneously. The results of the calculations are 
discussed below. 

(A) We first consider the case when two elec- 
tronic resonance transitions are saturated by a 
radio frequency field: a—a’, bb’. We denote 
by a, b...c’ the relative level populations and 
set up the system of equations for the populations 
in the nonequilibrium state which has been estab- 
lished: !8 


dx; , ; 
an =); (x;Wye—x:Wij) =0, x; =a,6,...,¢, 


Waa = Qaa,+Vaa, Woy =A +Vow, Wij = %i- 


Here Vag’ and Vpp’ are the probabilities of mag- 
netic dipole transitions produced by the variable 
external field.* The probabilities of the direct and 
the inverse transitions are connected by the follow- 
ing relations: '® 


azz exp(— 2; /RT) = aj:exp(—s;/RT), VaaVaa. (10) 
~~ *It is assumed that equilibrium in the spin system is es- 
tablished through the interaction of the spins with the lattice; 


this is the case in magnetically-diluted crystals. 
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The nonzero probabilities ajj have been calcu- 
lated earlier. The system (9) must be solved sub- 
ject to the conditions of saturation and normaliza- 
tion: a=a’;b=b’; atbt+...+e’ =1. 

The constants in Eq. (9) are of the following 
order of magnitude: A =0.1, 6=10°°, and A, = 
10 at T=4°K and Hy) = 3,000 Oe; A=0.4 and 
6=2x10°% at T=1°K. It is seen that at these 
temperatures we can expand the exponentials and 
retain only one term of the expansion. The result- 
ant solution of (9) is of the form: 


a=a'=b(1+A), c=6(i+A/2), 


cles bi( 1228) 2),\ 1b Sb (11) 


In expressions (11) we have omitted terms pro- 
portional to A;, 6, and their products. -For the 
field intensity used in the experiments (~ 10°74 Oe )e 
the contribution of these terms to the polarization 
will be small.* 

We have also considered the case of saturation 
of a single electronic transition: a—a’. The solu- 
tion which we have obtained is of the form: 


a=a'=6(1—A/2), b’=b(1 —2A), 
c= 6(1— 2A), c= 06. 

(B) We give the solution of equatigns (9) for the 
case of simultaneous saturation of electronic and 
nuclear transitions, a— a’; b’ —a’: 

C= Wei Ole) 
c == be 2A) c= 8; 


(12) 


(13) 


We now compare the results given by (11) to 
(13). It is convenient to describe the resultant 
polarization by the ratio (a+a’)/(b +b’). This 
ratio is given in the three cases by 1+A, 1+ 
A/2, 1—A respectively. Polarization due to 
saturating two electronic transitions or to simul- 
taneous saturation of electronic and nuclear tran- 
sitions is twice the polarization due to saturating a 
single electronic transition. It is evident that it 
is difficult to realize simultaneous saturation of 
two electronic transitions. It is easier to realize 
saturation of a nuclear and an electronic transi- 
tion, and this would give rise to the same degree 
of nuclear polarization. 

(C) We now give the calculated polarization of 
Cu nuclei by saturation of “forbidden” transi- 
tions. From the form of the wave functions given 


*lt is worth noting that the probabilities of nuclear tran- 
sitions characterize the duration of the transition processes 
from the time of switching on the rf resonance field until the 
time that a stationary population of levels becomes estab- 
lished. 
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by (4) it follows that the transitions will be a—b’ 
and b—c’. We consider the case when the tran- 
sition a—b’ is saturated. The level populations 
and the polarization which are established in this 
case are given by: 


OC = GA aN 


(14) 
¢=a(1+2A), 6=a(l + 2A). 


This corresponds to the appearance of nuclear 
polarization along directions of nuclear spin with 
projections m=0, —-l. 

(D) We now discuss briefly the question of the 
saturation of nuclear resonance transitions. Let 
us ascertain which relaxation transitions, nuclear 
or electronic, determine whether a splitting of 
nuclear resonance is possible. To do this we must 
find the population of levels in the presence of the 
resonance field and we must determine the satu- 
ration parameter:'? 


S(H1) = (a—b)/(aa—b) =(1 + V/W)3, (15) 


where a, b are the populations of the levels be- 
tween which resonance takes place (the subscript 
zero refers to the population of the level in the 
absence of the resonance field K,): V is the prob- 
ability of resonance transitions to which the field 
ce, gives rise; W is the probability of all the re- 
laxation transitions b—a. In addition to the di- 
rect relaxation transition b—a _ with the proba- 
bility a(0;1), two other transitions via interme- 
diate levels are possible: b—b’ —a and b—b’ 
—a’-—a. The efficiency of these latter processes 
is evidently determined by the least probable of the 
transitions involved, i.e., by the probabilities of 
nuclear transitions b’ —a and b’ —a’. It follows 
from this that W © apg + ap’g + apg’. Our exact 
calculation of W leads to the same result. 

Thus, saturation of nuclear resonance in the 
case of paramagnetic atoms depends only on the 
probabilities of nuclear relaxation transitions. 

We also note that the degree of saturation of nu- 
clear resonance depends strongly on the intensity 
of the constant field due to the quadratic decrease 
of the probabilities W as the field decreases. 


4. WIDTH OF MAGNETIC RESONANCE LINES OF 
NUCLEI OF PARAMAGNETIC ATOMS 


Valiev®*' and Bashkirov’ have studied theoretic- 
ally the possibility of experimental investigation 
of paramagnetic crystals by means of observing 
magnetic resonance of nuclei of paramagnetic 
atoms. It was found that the energy absorbed in 
nuclear resonance in the case of paramagnetic 
atoms is considerably larger than the energy ab- 
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sorbed by the resonance of nuclei of diamagnetic 
atoms. The possibility of directly observing the 
effect depends, in addition to the amount of energy 
absorbed, also to a large extent on the line width. 
Valiev® has given an approximate estimate of the 
width of the lines in question by means of the re- 
lation: A’m-1,m = 1/am,m-1 Where am, m-1 

is the probability of a relaxation transition be- 
tween the hyperfine sublevels of the ion. However, 
this relation will be valid only at very low temper- 
atures. Let us consider the example of the Cur 
ion. 

The width of the resonance line arising as a re- 
sult of transitions between a certain pair of hyper- 
fine sublevels, for example a and b, is equal to 
the sum of the widths of these sublevels: Avg p = 
Ya +Yb- The level width, in turn, is equal to the 
sum of the probabilities of all the relaxation tran- 
sitions originating from that level; in our case 
Ya = Aaa’ + Aah + Aab’s Yb = Abb’ + 8ba * 4be + abc’: 
As we have shown above the ratio aj; /A is of the 
order 107‘ for an external field intensity ~5,000 Oe 
and at relatively high temperatures. From this it 
follows that the line width of nuclear resonance is 
mainly determined by the probabilities of electronic 
relaxation transitions. Nuclear relaxation transi- 
tions will determine line widths only at very low 
temperatures, as can be seen from the following. 
Electronic transitions originating in the level 

= -—% are accompanied by absorption of energy 
of lattice vibrations; therefore at low tempera- 
tures (when single-phonon processes predominate ) 
the probability A(—%, 3) is proportional to the 
average number of phcnons of the lattice oscillator 
with the electronic resonance frequency vg:A ~ 
Dye = [exp (hve/kT)-1]~*. On the other hand, 
the probabilities ajj are proportional to Dy +] 
or nyp,, (depending on whether the lattice phonon 
is absorbed or emitted in the transition i— j; 
vy is the frequency of nuclear resonance). It can 
be easily seen that in the temperature region 
hyy /k «K T K hve /k, ny, «1 and the number of 
electronic transitions is sharply decreased, while 
Nyy > 1 and the number of nuclear transitions is 
still relatively large. Under these conditions the 
ratio aij /A may be greater than unity. Never- 
theless, right down to temperatures ~1°K, the 
main contribution to the line width of nuclear reso- 
nance is made by electronic transitions. 

At liquid-helium temperatures the probabilities 
A ~ 10° sec”! for most paramagnetic ions of the 
iron group, which corresponds to a line width of 
~10% cps. Such lines may be observed by quadru- 
pole-resonance techniques or by modulating the 
constant magnetic field. Spectroscopes employing 
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field modulation are capable of detecting nuclear 
resonance lines 10 Oe wide.!4 To observe nuclear 
resonance in the case of magnetic atoms, the prob- 
abilities of electronic relaxation transitions of 
these atoms, expressed in oersteds (by means 

of the relation hA = y8yAH), must therefore be 
of the order of 10 Oe. This is the case when A 

~ 10* sec™!. The probabilities A in the case of | 
salts of ions which are in the S state (Mn**, 
Gd***) turn out to be of the order of 104 sec™! 
already at liquid hydrogen temperatures.!® Under 
these conditions it is possible to observe the effect 
directly. 

It should be noted that an important condition 
for observing this effect is the proper choice of 
resonance frequency, since it is practically im- 
possible to attain resonance by varying the mag- 
netic field, owing to the weak deperidence of the 
resonance frequency on the field (it is determined 
by the constants A, B of the magnetic coupling 
between the electronic and the nuclear spins of 
the ion). 
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A general form has been derived for a wave function which is an eigenfunction of S? and Sz 


and satisfies the Pauli principle. 


An expression is given for the Schrédinger wave function of 


the system constructed from one-electron functions. 


1. INTRODUCTION 


In many problems in the quantum mechanics of 
many-electron systems one can in first approxi- 
mation neglect the spin dependence of the Hamil- 
tonian. Then the determination of the wave function 
consists in the approximate solution of the Schréd- 
inger equation containing only spatial coordinates. 
However, the symmetry properties of the Schréd- 
inger wave function depend on the total spin of the 
system. Fock! derived the symmetry conditions 
which the Schrédinger wave function has to satisfy 
in order for the total wave function of the system 
to be an eigenfunction of S? (S is the total spin 
operator ) and to satisfy the Pauli principle. Fock 
showed that these conditions are satisfied by a 
product of determinants consisting of one-electron 
functions, if the same coordinate function is taken 
for every pair of electrons with opposite spins. 
However, there exist methods of solving the Schréd- 
inger equation which do not introduce only one- 
electron functions (the method of partial separa- 
tion of variables, the adiabatic method, etc.). On 
the other hand, even in the approximation that uses 
one-electron functions we cannot use the simple 
product of determinants in those cases when two 
electrons with opposite spins are known to be in 
different states (e.g., the case of the singlets of 
the alkaline-earth elements ). 

In these cases it is often difficult to construct 
from the approximate solution of the Schrédinger 
equation a Schroddinger function which satisfies the 
Fock conditions, or a total wave function of the 
system. The method of the Young scheme? and 
the method of Abarenkov® have the disadvantage 
that they do not give sufficiently convenient ex- 
pressions for the total and the Schrédinger wave 
function of the system. 

We shall show below that the Schrédinger and 
the total wave functions are most conveniently 
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constructed from a given approximate solution of 
the Schrédinger equation with the help of operators 
transforming an arbitrary function into an eigen- 
function of J* and Jz (Jd is the spin, orbital, or 
total angular momentum of the system in units of 
h). We shall call them the characteristic opera- 
tors for J? and Jz. 


2. THE CHARACTERISTIC OPERATORS FOR 
J? AND Jz, AND THEIR PROPERTIES 


We introduce the operator Aa which oper- 

ates on the function g(x;,..., X,) according to 

2m oT wT 
Ajng = \ do\ dp\ sin 9d9-Fi,(9, 9, %) Pe.o.og (1) 

0 0 0 

Here xX;,..., X, are the coordinates of the par- 

ticles of the system (both spin and spatial), 

Po,$,y is the rotation operator of the coordinate 

system given by the Eulerian angles 9, #, vw. 

operates either on the spin or on the spatial coor- 

dinates, or on both, depending on the character of 

the angular momentum J. Also, 


Pow rs (2a een Cao (3); (2a) 
Fha = MY (cos oy (i sin =) Gh’ (cos 4); (2b) 
a q\\? qd” 
Gr? () = AE 1 — yr $e 
x el — x)ttn (] + x)btn; (2c) 
ab pack eee n'(atb+n)! ‘ 
bass yea Cae (2d) 
a=|p—q\1b=(p+q\; (2 
e) 
= a ee 


Each of ae numbers p and q may thus take 
any value from —j to j in steps of unity, Gab (x) 
is the Jacobi polynomial.’ The functions fl are, 
up to a numerical factor, the matrix elements of 
the irreducible representation of the rotation 
group.’ In fact, 


WAVE FUNCTIONS OF MANY-ELECTRON SYSTEMS 477 


fo? 8, 0) = ee DP, wpa. 


We shall in the following assume that the func- 
tion g may be expanded into a series in terms of 
eigenfunctions of J? and Jz, corresponding to 
either only integer or only half odd-integer values 
j. Group theory’’® yields the following fundamental 
property of the operators Ath 

If gi is an eigenfunction of J* and J z With 
eigenvalues j’(j’ +1) and m, respectively, then 


i yl! 2 j 
Ook ein ~ oO OE 5: (3) 


From this we derive the following properties: 


PAS Apa = jie Laps 4) 

JeAbq = pAhy, (5) 

AGA, (6) 

(Sx bity) Ang = V GF py\G Ee FI Abe, (7) 
Aby (Fx s- id) _VUEO0ET FTA, i - (8) 


Ag Alig = Bird Al (9) 
>) Abe =1, 

me! (10) 

Ang = Aip- (11) 


In the last formula, Adf is the hermitian con- 
jugate operator to A! In formulas (3) to (11) the 
values j, j’ canbe either all integers, or all odd 
half-integers. 

If the Hamiltonian of the system H is invari- 
ant under the rotations Posy, then clearly 


HAbg = Apgll. (12) 


In this case the operators Aa have the following 
extremal property. Let gy, be an approximate 
solution of the Schrédinger equation which is not 
an eigenfunction of J*, but which is an eigenfunc- 
tion of J; with eigenvalues m. We can construct 
new functions from gy by a rotation of the coor- 
dinate system. All functions obtained in this way 
give the same expectation value for the energy. 
We form | 
27) oT Es 
Te \ do \ ay sin 9.d9-f (2, 9 0) Pes, 
0 


0 0 


(13) 


and take f(y, 3, ~) such that the functional 
I =(u, Hu) with the condition (u, u) = | (14) 


has an extremal value. For this purpose we ex- 
pand f(9, ¥, #) ina series of the functions fg: 


se> anil pals (o, 2,9); 


from where we esl 


= Ae 
Ua >» Gh ae ais 
ip 


Taking al,, as the variation parameters and 
using the properties of the operators AJ m:> we 
can easily show that the functional (14) has an ex- 
tremal value for the functions 


us va or = Aly Ge) (Algo ey Bes (15) 


and the corresponding energy values are given by 
the expression 


E in (Ab Emr ttm) | (AbmSimr Ea (16) 


where, according to (22), j=|m|+n, n=0, 1, 
2,... This property of the operators AGG 
was recently used in the theory of the nucleus.’ 


3. THE SCHRODINGER WAVE FUNCTION FOR 
THE MANY-ELECTRON SYSTEM 


In this section Ad denotes the characteristic 
operator for S* and S,. (S is the vector of the 
spin angular momentum of the system of N elec- 
trons in units of h). 

We introduce two functions of the z component 
of the spin of electron i (we call this component 
20; ): 


et for «;=—1 ae for ¢;=—1 
Oe ron ter ane ut te Afor o;=1 
(17) 
We use the notation 
Ce,s + Up aDule..2 Uppy ar ONG (18) 


This is an eigenfunction of S, with eigenvalues 
s, if k=N/2-—s. 

An arbitrary function of the spin variables with 
a given value for the projection of the total spin can 
be expanded in terms of the functions e€q,... a, 
with various sets a,,...,Q@;. Hence, because of 
the properties of the operator ABg an arbitrary 
function of the spin coordinates which is an eigen- 
function of S? and S, with eigenvalues s(s +1) 
and m, respectively, can be represented as a 
linear combination of functions A$, eq j Oe 

Let now W(rj,...,%N) be an approximate solu- 
tion of the Schrédinger equation which is independ- 
ent of spin. The problem is now to use this solution 
in order to construct the total wave function for the 
system satisfying the Pauli principle and being an 
eigenfunction of S* and S, (we shall in the follow- 
ing call a function satisfying these three conditions, 
a “correct” function). It follows that the most gen- 
eral “correct” function which can be constructed 
from W is an arbitrary linear combination of 


terms 
AmsAY (r1. ee ry) Ca... (19) 


with various sets a,...Q, (A is the antisymmet- 
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rization operator). We may take the numbers 
Q,...Q, to give the places in the function © cor- 
responding to a negative spin projection. The re- 
maining places correspond to positive spin projec- 
tion. Thus the most general “correct” function 
derivable from W is an arbitrary linear combina- 
tion of expressions obtained from 


AS AY (r1, (20) 


> y)@ , 


by interchanging the numbers designating the 
places corresponding to the negative spin projec- 
tion in the function W. 

We now consider the principal case, when 
is expressed as a product of one-electron functions: 


Ly) Sas Wea (r;) Wes (0). oe 


In this case the position number of the argument 
coincides with the number of the one-electron 
function. The first k functions in (20) correspond 
to negative spin projection; the remaining functions, 
to positive spin projection. Furthermore, hy, = 
AW, (r,)...YN(YN)€1,.. is Simply the Slater 
determinant: 


CH Eitieces; Yn (tw). (21) 


Yr) cos + aed 


P Wn (ni) cos... 
Cee (cos) sin 3 dd . 
Q ; Wri (t)isins..- 


ata) ave? tw Ne? ie) OD 6 em cer <0 


an 
¥w (ti) i sins 


©4,... a, differs from (26) in that cos (#/2) 


appears in those elements of the determinant which 
stand at the intersection of the columns with num- 
bers a,...Q@, and the first k rows, and also in 
the elements remaining after these columns and 
rows are crossed out. All other elements contain 
i sin (3/2). 

Formula (26) gives an expression for the Schréd- 
inger function corrésponding to the “correct” func- 
tion (24) (by Schrodinger function we mean the 
function of spatial coordinates which may be sub- 
stituted for the total wave function in the calculation 
of the matrix elements of symmetric, spin-inde- 
pendent operators ). 

If the first k one-electron functions are linear 
combinations of the remaining N-k functions the 
right hand side of (26) reduces to the usual product 
of determinants. In the general case the right hand 
side of (26) may easily be written in the form of a 


Wy (tp) cos cl 


Y;, (1) cos eS 


fra (2) isin > 


By (ty) isin 


PEREL’ 


i G7) Ure soe Et) ts 

Wr (81) Uy be saan Oey (22) 
Ss Writ (t1) O-- « Pata Oy) Un 

Vy (1) Oy a Wy (ry) Un 


We note that 
Posy = BU: + Suz; Pyoyte = &0; - YU, 
where a, B, y, 6 are the Cayley-Klein parameters: 


/-cos 2 eotHl2 isin +e (@—#) | 2 
a ae (23) 
( ei: \i sin ae (2) NCOs = e—é (¢+¥) [2 


Using the properties of the operator Aq we 
easily obtain 


! GUNS S 
Anshr = Vy st (Sx — iSy) Asshk, 


(24) 
Agshk = ps 3... RE ots. -Kpp > (25) 
x) 
where we sum over all possible sets a,...Qk, 
and 
5 Y (taqa)isin>.. - Fy (ry) isin 5 be 
eee % 
Pr (trq1) ¢ sin yee Ea (ty) isin z 
(26) 


9 9 
Frti (tr41) COS 5 ++» ‘Paya (tw) cosy 


ei fron lem fey. fe, del Ea i6) ecb) se loute.” “se seh Ole. ‘eMQul eo, sellie le te 


9 > 9 
5) Sey (Tr41) Cos Tey Me N (ry) cos > 


linear combination of products of determinants, by 


expanding the determinant under the integral ac- 
cording to the minors constructed from the first 
k rows. 

We introduce a general formula for the result of 
operating on the Slater determinant with the oper- 
ator ABg: 


N 
= Dei anlintni $= — 9; m=z —p, 
(«) 2 


(25a) 
Do am = \ Foy (9) Abst SiN 99, (26a) 
0 
where F3, is given by (26), and Ab San is a 


determinant differing from the iotoaciaen: in (26) 
only in that cos (3/2) appears in the elements 
standing at the intersection of the columns with 
numbers @,...Q@ and the first 7 rows, and 
also in the elements remaining after these columns 
and rows are crossed out. The other elements con- 
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tain i sin (3/2). ont ..Qm iS the Schrédinger 
function for the “correct” function (25a). 

As hz can also be expressed as a linear com- 
bination of Slater determinants hy, ... Oy» Which 
differ from hj only in that here the spin factors 
u appear in the elements of the rows with num- 
bers Q,...Q@m, while the elements of the remain- 
ing rows contain the spin factors v: 


Ait Cees (27) 
(a) 


where we sum over all sets a,...Q@. Here 


9 oie (i es 9 We rantza 
\ 2 


Co = ( Foq(9) (cos = sin 3 d9; 

0 (28) 
tg is the number of common elements in the sets 
1,2,...,2/ and aj,...,Q@m; / and m are re- 
lated to p and q through (25a). A special case 
of the expansion (27) is formula (15) in Loewdin’s 
paper.® We note that his projection operators 
21+1@ are related to the operators ABg in the fol- 
lowing way: 


OO = Ds App: (29) 


p=—s 


Iam very grateful to M. I. Petrashen’, E. E. 
Fradkin, Iu. N. Demkov, and E. D. Trifonov for 
discussions of this paper. 
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On the basis of the general theory,! we have investigated the dependence of the surface imped- 
ance of metals in paramagnetic resonance on the dispersion of conduction electrons and on the 
angle of inclination of the constant magnetic field to the surface of the metal. The case of reso- 


nance saturation is examined. 


1. INTRODUCTION 


Paramacneric resonance occurs in a metal the 
electrons of which possess paramagnetic suscepti- 
bility when the metal is placed in both a constant 
magnetic field Hy and an alternating electromag- 
netic field H, with the frequency w = Q) = 2uH)/h. 
Much experimental work” has been done in recent 
years on paramagnetic resonant absorption of elec- 
tromagnetic waves impinging on metals. 

Dyson? was the first to include electron diffusion 
from the skin layer in a theoretical examination of 
this effect. His theory is based on the free-electron 
model, that is, the conduction electrons were re- 
garded as free particles obeying the dispersion law 
€(p)= p?/2m*. A formula was derived for the sur- 
face impedance when the constant magnetic field Ho 


is perpendicular to the metal surface and the strength 


of the alternating field H, is such that resonance 
saturation is far from being reached. 

In reference 1 the present authors developed a the- 
ory of paramagnetic resonance, based on a solution 
of the equation for the density operator of electrons 
regarded as a gas of noninteracting quasi-particles 
with an arbitrary dispersion law ¢(p). This the- 
ory is free of limitations on the direction of the 
constant field Hy and the strength of the alternat- 
ing field H;. However, in the surface impedance 
of the metal was not obtained in that article. In 
addition to the case considered by Dyson, it is of 
interest to consider the dependence of surface im- 
pedance on the angle of inclination of the constant 
magnetic field to the metal surface, to determine 
the influence of dispersion upon impedance, and 
to study the case of alternating fields strong 
enough to produce resonance saturation. The 
present article is devoted to these questions. 

We shall make a few preliminary remarks on 
the relation of impedance to dispersion and to the 
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angle of inclination ~ of Hy to the metal surface. 
First, it is clear that in specimens of thickness 
d<«< 6 (6 is the skin thickness) the electron dis- 
persion is quite unimportant. This is due to the 
fact that an electron is always in a field the am- 
plitude and phase of which are identical at all 
points of the specimen, so that the probability of 
spin reversal per unit time does not have to depend 
on the character of electron motion. We shall not _ 
consider the question of the influence of dispersion 
on the spin relaxation time Tgp, which is always 
included in the theory as a parameter. It is also 
evident that impedance will not depend on the angle 
of inclination of Hy to the surface. 

The situation changes when we pass to bulk 
metal, where Ogr¢ Kd (Oefg is the electron dif- 
fusion depth; it will be shown below that for metals 
we almost always have 6 < do¢p). In a strong 
field Hp, when the radius r of the electron orbit 
is much shorter than the mean free path 1, we 
can expect the impedance to depend on the angle v. 
Indeed, in a strong field (r <J) an electron can 
perform l/r revolutions between two successive 
collisions with the lattice. It is also easily seen 
that for a strong field the resonance frequency 
® = Qj is in the region of the anomalous skin ef- 
fect. For all actually obtainable fields r > 6. 
Therefore when the field Hy is almost parallel 
to the metal surface (~<«<r/l) electrons which 
are close to the surface in a layer with thickness 
of the order of r will return J/r times to the 
skin layer, that is, they will remain in the skin 
layer J/r times longer than in the case of a per- 
pendicular field. Correspondingly, the resonance 
amplitude will be enhanced by a factor of J/r 
compared with the effect when the field Hy is 
perpendicular to the metal surface. Stronger 
resonance results from the fact that the proba- 
bility of spin reversal increases with the time 
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that an electron spends in the skin layer. Ina 
weak magnetic field (r > 1) the resonance is 
not enhanced because collisions with the lattice 
will prevent an electron from continually return- 
ing to the skin layer. 

It must be noted that the picture of resonance 
which has just been given becomes somewhat com- 
plicated for the following reasons. We know that 
electron energy levels € are isoenergetic sur- 
faces €(p) =e in momentum space possessing 
a definite orientation with respect to the axes of 
the reciprocal lattice. Two kinds of surfaces can 
be distinguished—closed and opened surfaces. In 
the first case for any orientation of the constant 
magnetic field Hy with respect to the crystal axes 
the electron trajectory in the momentum space 
(the cross section of the surface ¢«(p)=e with 
the plane pz = const, where pz is the conserved 
projection of the quasi-momentum on the direction 
of Hy) will be closed, that is, the electron will 
perform a finite (periodic) motion in a plane per- 
pendicular to the field. For open surfaces both 
closed and open trajectories in momentum space 
are possible depending on the orientation of the 
magnetic field; in the latter case the electron will 
perform an infinite motion in a plane perpendicular 
to the field. We now note that because of the 
Fermi-Dirac distribution a contribution to reso- 
nance will not be given by all conduction electrons 
but only by those with energy in the range Ae ~ 
kT close to the Fermi energy limit ¢€), where 
kT > wHy (or in the range Ae ~yHo, where kT 
<& pH,). Therefore the following cases are pos- 
sible: 

(a) In the interval Ae there are no open sur- 
faces. Then in a strong field Hy parallel to the 
metal surface we can expect intensified resonance 
compared with the case of a field perpendicular to 
the surface. 

(b) In the interval Ae we have open and closed 
isoenergetic surfaces. Here also resonance will 
be intensified in a strong field Hy parallel to the 
metal surface because of the electrons with closed 
trajectories in momentum space. 

(c) In the interval Ae there are only open iso- 
energetic surfaces. If the orientation of the metal 
surface plane is then such that in a field parallel 
to the surface the electron trajectories in momen- 
tum space are open, in any field Hy the electrons 
cannot repeatedly return to the skin layer because 
of infinite motion in a plane normal to the metal 
surface; therefore the resonance cannot be inten- 
sified. This is to some extent a special case be- 


cause of the strict conditions under which it occurs. 


Thus we can almost always expect that ina 


strong magnetic field Hy) the surface impedance 
will depend essentially on the inclination of the 
field to the surface of the metal. 


2. A GENERAL EXPRESSION FOR THE IMPED- 
ANCE 


Let the test specimen be a flat plate of thick- 
ness d which is infinite in the two other dimen- 
sions. We shall use two coordinate systems, 
(yg) and (xyz), with the same origin. The ¢ 
axis is directed into the metal normal to its sur- 
face; z is in the direction of Hy. The slope of 
the magnetic field Hy) with respect to the metal 
surface is given by the angle ~ between the é 
and z axes. The incident plane electromagnetic — 
wave is normal to the metal surface. 

In reference 1 it was shown that the field H, 
inside the metal can be represented in the form 
H, ~ H} — 40M, thatis, B=H,+4mM*H?. Here 
H? is the field in the absence of paramagnetic res- 
onance (attenuated at the depth 6); M is the res- 
onance magnetization, which is attenuated (near 
resonance) at the depth degp ~ U(Tgp/ty)”?; ty 
is the mean free electron time. The relation B 
& H! holds true when the following inequality is 
satisfied:* 


xB Sig, x= 1 — iT op(o—M%), 


i.e., the frequency difference Aw =w — Q) is sub- 
ject to the limitation |Aw|Tgp « aff 6%. How- 
ever this limitation is not important since the res- 
onance width is determined mainly by the spin re- 
laxation time: |Aw|Tgp~1, and the inequality 

6 « deff is almost always satisfied for metals. 
Indeed, in the anomalous skin effect 6 «1, while 
Oeft > 2 for all actually attainable fieldst Hy, so 
that obviously 6 « deff. In the normal skin effect 
6/Sett < 1074/t) (for wT gp 210), so that 6 <« 
Oeff fails to hold only at temperatures which are 
higher or of the order of room temperature, in 
which case ty < 107'* sec. 

We shall now use the relation B ~ H{ to deter- 
mine the surface impedance of a metal under the 
given limiting conditions. The impedance when 
6 2 Oeff is found in Appendix (a). We define the 


*In reference 1 the interaction Hamiltonian H = poH 


(u = —|e|h/2mc) did not take the sign of 4 into account 
explicitly. When this is done and by » we mean | .|;'then in the 
final formulas for the magnetization we must make the substi- 
tutions (), = 2uH,/h + — Q, = — ae @>-—«a@. These 
substitutions do not affect the results for nuclear polarization 
and the selective transparency of films. This comment will be 
taken into account in the present article. 

tIn a strong field H, the part of / is played by r, the 
radius of the electron orbit in a magnetic field. 
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surface impedance tensor Zz, by means of 
E; = (c/4n) ZinHn (i, k =&, y)- 


(We perform a summation over repeated subscripts. ) 
In the absence of resonance E? = = (c/47) Z).Hp. 
Since B * H} and E=E?+ E’, where E’ ~ cZ° 
(6/deff) M, neglecting terms of the order of E’, 
we have 

Ey = ZinBr = ye Zin (Hin + 42Mp). a) 
Using the results obtained in reference 1, we can 
write 


4xMy = &rnEn (0) = ¢rnZniHy- 


Substituting this expression into (1), we obtain ac- 
curately to within linear terms in a: 


E;= (Zh + ee ZintntZhn) Fp. 
Hence we obtain the surface impedance tensor in 
paramagnetic resonance (for 6 < deff): 


Lik = Zk + ra ZintntZth , (2) 


where Z° is the impedance in the absence of reso- 
nance. In the present case 


Gee = Ky, =lasind, %;, =—asin*), az =a. 


For a specimen of thickness d > 6 (far from reso- 


nance saturation ) 


oT 
=°— coth x 


a= — A2zy 
0093 off V x 


pee (3) 
where A is a numerical coefficient of the order 
of unity which is associated with the conditions for 
electron reflection from the metal boundary (see 
Appendix b); def¢ = 4( Tsp /ty)'/2 is the distance 
traversed by an electron during diffusion in the 
time. Tgp. The magnitude of A depends essen- 
tially on the strength and inclination to the metal 
surface of the field Hy) and the electron dispersion 
law. 

For closed Fermi surfaces 


6 6 
dp e roe 
2 — oY zZ 1 YT 27,79 ess 2 
Acme 6 (V2 (e* —1) 
SOV Vie (eo 1) Vee (en ais 
where 
Dy eee Kil LAL), ele V V 
ae Gh Cio Oper =a \ Tv, \ dz; 
0 
Y=To/tos fo= Volo; 
OS (p, 2ncm* (p, 
§=T(p)/To Tp) = gee 
0 
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Tt =t/T, is the dimensionless time which denotes 
the position of the electron in an orbit in momen- 
tum space; T(p,) is the orbital period of elec- 
trons with given pz, in the magnetic field Hp; 
S(pz) is the area of the intersection of the surface 
€(p) =e with the plane pz, = const; Ty is the char- 
acteristic time of revolution of an electron in the 
magnetic field, say on the order of T(p,); vo is the 
characteristic electron velocity on the Fermi sur- 
face. Specifically, for quadratic dispersion € = 
m*v*/2, (27) 1ds/de =m*, i.e., m*(pz) is in- 
dependent of pz; therefore it is convenient to set 
Ty) = T = 2mm*c/eH) and vy=v. It is easily seen 
that in actuality Ty and vy do not enter into A 
and are introduced only for convenience in obtain- 
ing values. 

In the selected coordinate systems V¢ = 
Vz sin? — Vx cos y. Therefore, remembering 
that Vx =0 in virtue of the periodic motion of 
electrons in the xy plane, we obtain 


= Psin®p + s?sin bcos > + 7? cosy, (4). 


where 
ee é 6... 6 
pe ee 0 2 toy! 
2\0dp, \ (er? — a eh dv'ev 
xX {[(ev? — 1) V2— eV, ]? + ev°V3} ; 
Y d ° ° 

2 FEO Pz ow, eve () 
: jap, \r aca eV OV (eve 


2 


dt’ erry... 


6 6 
‘| 


For weak magnetic fields Hy (y > 1): 


Wor : dp, 
2) dp, Ft 


l~s~rw~r/y = Volo, 
so that for any angle % the magnitude of A is of 


the order of the mean free electron path. 
For strong fields Hy (y <1): 


L~roly, s~rl/Vy, 1~To: (5) 


so that for angles ~» >y the magnitude of A is 
of the order of the mean free electron path and 
for ~< yA itis of the order of the radius of the 
electron orbit in the magnetic field. 

For quadratic dispersion in any field Hy (as- ’ 
suming T)=T and vy=v) we have 


To 


— Si 0) r= 
YV3 V3(i + y) 
or santana Siena inthe 

3 y+ 


In the case of an open Fermi surface when the 
field Hy is oriented with respect to this surface 
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in such a way that the electron performs periodic 
motion in the xy plane, thatis, V,=0, a is also 
given by (3). When Vx #0, a is given by (3) with 
the following substitution for A: 


4 i) a ba 2 
Ni See ie ee ee ” 
Bare apap ee taint td) 


This expression is obtained for X when we seek 

a solution of Eq. (30) in reference 1 which is 
aperiodic and bounded with respect to rT. Similarly 
to (4), 


= Psin® + s*’sin pcos p + r? cos? d, 


where, as is easily seen, for any field Hy (with 
arbitrary y) 


l~s~r~TPro/y = volo. 


Ifin Ae~kT (or Ae ~ wHo, with kT «K wHy) 
there are both closed and open surfaces ¢€(p) =e, 
then generally the magnetization can be represented 
in the form 


M (6) = M,(C) + M2 (6), (6) 


where M, and Mz, are the contributions to the 
magnetization from the groups of electrons the 
energy levels of which are represented in momen- 
tum space by closed and open isoenergetic sur- 
faces, respectively. Keeping in mind all that has 
been said above regarding resonance, we can infer 
that for a weak field Hy) (y >1), independently 

of the angle %,, M;, and M, attenuate at the depth 
Skee ~ Voto (Tgp/ty)'”, with M,~ My. Fora 
strong field Hj) (y«K1) and »>y we again have 
M,; ~ My, and the attenuation depth of both expres- 
sions is of the order of dd¢¢. For angles ~ « y 
when the field orientation with respect to open sur- 
faces is such that Vx =0, the attenuation depth of 
M, and M, of the order of yéd¢p; if Vx #0, My 
attenuates at the depth yédgp and Mp, at the depth 
Odfe- Then M,(0) ~ M,(0)/y > M2(0). 

When Ae has only open surfaces M(¢) = 
M2,(¢) and M,(¢) has the previous properties. 
It was stated above that the resonance part of the 
impedance is given by M(0). We can therefore 
affirm that the specific form of the dispersion law 
does not essentially affect the dependence of the 
impedance on the angle ~ (with the exception of 
the “special” case). The presence of both closed 
and open surfaces in the interval Ae when the 
magnetization is given by (6) could, for example, 
affect the selective transparency of films.} 

We now note that for films with d « deff, as 
can easily be seen from (3), impedance is inde- 
pendent of ». Therefore the most interesting 


483 


case is that of bulk metal (d > dos), which we 
shall consider hereafter. 


3. SURFACE IMPEDANCE IN AN OBLIQUE FIELD 


In the general case the formulas for surface im- 
pedance are very complicated. Therefore for sim- 
plicity we shall consider only the case in which the 
incident wave in linearly polarized (with non-van- 
ishing components E ¢ and Hiy). Then the absorp- 
tion of electromagnetic energy is given by the com- 
ponent Zzy of the impedance tensor: 


P = (c/4n)?| Hy |? Re Zzy. 


From (2) and (3) we have (omitting the sub- 
scripts é, y) 


Z= 2° oe 


orXT,, Ite)! 


(7) 


It is easily seen that Z will depend on % only in 
the anomalous skin effect. Equation (5) shows 
clearly that this requires a strong magnetic field 
Hy. For y«1 we have Hy > (3m*/5m)) 10 '/t, 
oersteds, where m*/my is the ratio of the affec- 
tive mass to the free electron mass; w > 21m*/ 
5moty sec’. Thus for ty) ~ 2x 107'! sec and 
m*/m ~ 1 we must have fields Hy > 3000 Oe and 
resonance frequencies w > 27 X 10°“ seen) 

Two cases are conveniently distinguished: (a) An 
oblique field and (b) a parallel field. 

(a) As shown in reference 5, the impedance Z?° 
in a field Hy inclined to the metal surface differs 
from the impedance for Hj) =0 only ina very nar- 
row range of angles ¥ < d ~ (rj /L)(6/ry) 7. 
Therefore when 7» >, we use for Z’ the famil- 
iar expression 


Cy (821) we fa ee eS a 
Goes vs! n° (1 + iV 3), Ci= 5 (4n* VO. (8) 
From (7) and (8) we obtain 
ReZ= ct © (821) 1 x2T sp (82)'* ao+V 3p 
Vance Ci (Tee t,) V4 a 7 aath , 
d (9) 
imZ CG OLS Ve Doge 12aT sp (8%) ls V3a — 8 
V2 Cc C, A (Tsp /to) le V4472, Ao? 
where 


a= (YI+ Ta Ao? + 1)", 
B = sign Aw (V1 + 72 Aw*— 1)", 


Equation (9) shows that the width of the resonance 
curve is independent of ~ while the resonance in- 
tensity changes considerably as y is varied from 


(10) 
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0 to 7/2 (for closed electron trajectories in mo- 
mentum space). The ratio of the ordinate of the 
resonance curve at ~ = 7/2 to the ordinate for 
arbitrary w% will be 


Re Zres(7/2) 


Im Zyes(™/2) 
i (?) = Re Zreg (9) 


On Zres (¥) 
= e (2 sin? + s?singcosp + r?cos? )', 


where Y varies between r/l and 1 (see the 
figure). 


§ 25 9 b° 
Y(W) for the quadratic dispersion law: a) — y = 0.5; 
b) y = 0.2; c) y = 0.1. 

(b) Ina strong field Hy (y<«1) which is almost 
parallel (~<y,) to the metal surface the imped- 
ance Z° depends on the magnetic field. We note 
that in such a field cyclotron resonance occurs at 
frequencies w which are multiples of 27/Ty and 
that this resonance depends essentially on the law of 
electron dispersion in the metal. Paramagnetic res- 
onance occurs at frequencies w= QQ, which generally 
do not coincide with the frequencies 27/Ty since Ty 
involves the effective electron mass while Q) 
clearly involves the free electron mass. Therefore 
for Z°(H)) we can use the expression for nonreso- 
nant impedance in a parallel field with quadratic 
dispersion (dispersion is not important far from 
resonance® ys 


50 15 


Z° (Ho) = (1-+-0?#2)"e ( ae jae (AN a {i mo i ota} 


Here 


—— i |—le 
H=™, vo V 2emN|1 + =| > HoS> H|1 + ity. 


When wt) «<1 the corresponding formulas for 
Re Z and Im Z are obtained from (9) after the 
substitution 1— 127H/Hy with d= ry = voTy. 


4. RESONANCE SATURATION 


In the calculation of energy absorption in quite 
strong fields H,; we must take resonance absorp- 
tion into account. Here again we shall consider 
for simplicity the incident wave to be linearly po- 
larized. For a specimen of thickness d< 6 the 
expression for the resonance part of the absorption 
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is analogous to the corresponding expression in the 
theory of nuclear resonance: 


- oH? OuyTsp uly 
SS es be . 
ren Tae aT : 


Resonance absorption occurs when H, > 5 x t0n, 
x Tg) oersteds. 
For bulk metal (d > def¢) in the limiting case 
6 > deff the absorption is given by P = (c/47)*H?R, 
where 


4x E (0) 


; ms 4M (0) 
Z=R+iX = TE haw2{ 1 ae 


(0) 


The magnetization M(0) with resonance satura- 
tion taken into account will be! 
cOyFan E°(0) 


Pes ur = u* 
0H 0S cee V x : if 


x ou 


M (0) —— ~ 4eeRe (uu,) ’ 


a=, 


We shall now give the formulas for the reso- 
nance part of the impedance. For the normal skin 
effect 


=] 


Case 


Pe: Ss os? 


Saas os a08 
Rees ny} 2 O72 


YOQT sp 8? ( 
|| 


0°8 are 
Xres = — («/B) Rres » 


| «| 


where a and £ are given by (10); Q4j = 2wHyj/h, ~ 


H,j is the strength of the wave impinging on the 
metal. We note that both far from resonance and 
at resonance Rreg/Xres = —86/a. 

For the anomalous skin effect 


CP? XMFan OO & 4 V'38 


Ieee a V2 Conc. |x| 
CV 2T,,, @ (821)'* rE V3 
x] 1 sp ea e ares a —B 
{ oe 482 ge [x] Q2 \ oukees aoy, 30 Rres 


The ratio Rres/Xresg is independent of Hy; just 
as for the normal skin effect. 

We note that for bulk metal resonance satura- 
tion requires considerably higher incident field 
strength than in the homogeneous case. Thus for 
the normal skin effect with w~ 108 sec™!, ty) ~ 
10° sec and Tgp ~ 107’ sec we have Hjj > 5 Oe, 
whereas in the homogeneous case under the same 
conditions we have Hj > 0.4 oersteds. 


APPENDIX 


(a) The region where (2) can be applied is 
bounded by the inequality 6 K Oeff. 6 2 Oef¢ refers 
entirely to the region of the normal skin effect 
(j =0E), where without any special difficulty we 
can obtain an exact expression for the impedance 
through simultaneous solution of the equations! 


JE ; OH, 4nio 

Oe en ue Gy eaeg ee (1a) 
Ou u u 2uB, 
Fs emia Fe 
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U (02,0) = qu(— vz, 0) +(1—q) u(0), (2a) 


where 

By = H,+4nM, M = iyHuu, 

1/ip = I/to + 1/Tsp — i (@ —Qy). 
Equation (2a) applies to a field Hy prependicular 
to the metal surface with quadratic dispersion. 
For simplicity we also assume d=. Electron 
reflection from the metal boundary is character- 
ized by the reflection coefficient q, with q=1 
for specular reflection and q=0 for diffuse re- 
flections. 

Solving (2a) and averaging the solution over the 


Fermi surface, for the magnetization M with spec- 


ular reflection we obtain the integral equation 
Phe 
M(z)= 
, (3a) 


xX \ R(l2—'[) {CL + 4rixt Qo) M (0) + ixtoQoH, ()} de, 


je 


' Performing a Fourier transformation of (3a) and 
of the equation for H,, we obtain 


<2 M (kt) = R (h) {(1 + 4igty Qo) M (b) + ixtyQoll, (#)}, 
0) 


2H’ (0) + R?Ay (k) — 218 7A, (k) = 8riS5?M (Rk), (2a) 
where ~ 
Saag tan” ki; 
R(k) = \ et2R(|z|)dz= St, 
—oo 0 (5a) 
S cS Cj 
= V 2rao 
Hence } 
282H' (0) 
Hy (8) = gags y 


Bre xpQ29R (k) / (8242 — 2i) 
s TEE PRO + Frit 25] OR mh MGA) 


The second term within square brackets in the de- 
nominator can always be neglected compared with 
unity since usually t)% <1, whereas xy ~ 10°°. 
Performing the inverse Fourier transformation 

of (6a) and remembering that Hi(0) = —(4mio/c) x 
E(0), for the impedance Z = (41/c) E(0)/H;(0) 
we obtain 


Zam 21) — 120 eee 
(7a) 


feo} 
s \ 
0 


where Z° = 41w6/ic?V 2i. In deriving this expres- 
sion we have assumed the second term in curly 


R(k) dk 
[1 F fo/Tgp — fo (@ — 20) -— KR (A) [4 — SR? /2i)? J’ 
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brackets to be small compared with unity. Equa- 
tion (7a) agrees, as was to be expected, with (71) 
in Dyson’s article’ for d=, 

The integration in (7a) is easily performed if 
we note that for ty|Aw|<«<1 we can use the reso- 
lution R(k) © 1 — k*Jé?/3, since under this condi- 
tion only small values of kJ)“ are significant in the 
integrand. The integral then becomes 


9 oc Ghee 
Set \ fas Sete = Lo jie 
Bg d+ BR eek?) (1 — 8247/2)? cs 0 


For 6 « 6e¢f, subject to the condition |x| <« 
(Set¢/6)*, we obtain for the impedance: 


YQ2T eye?) 


Le 7s ee 
{! ie 08 ep6Vx J” 


which agrees exactly with (7). (The appearance of 
the factor i in this and subsequent equations of the 
Appendix is associated with circular polarization of 
the incident wave. ): 
We note that for the magnetization M we obtain 

from (4a) 
XT gp Q0CE (0) 

08 cee V x 


M(z) = = e-tkz M (k) dk ~ —i 


zVx) 
exp { ae j- 
(8a) 


(b) We shall now show that the conditions for 
electron reflection from the metal boundary affect 
only the numerical coefficient in the magnetization — 
(assuming that the electron spin does not change 
in collisions with the surface). For this purpose 
it is sufficient to obtain a solution of (2a) when 
q=0 and to compare this solution with (8a). Solv- 
ing (2a) and averaging the solution over the Fermi 
surface, we obtain for M the integral equation 


2 


co 


M (2) = K(2)M(0)+ \ R(z—O {M (0) + ixtoQoBs (0)} al, 
where 


Kom then ge. rem glonl-Bhe 
et 


1 


Following Fock,’ the solution of this equation can 
be written as 


M (2) = M (0) Jo (2) +12); (1b) 
? b+ico ico é 
h@=pmp \ wnmae | weGHLOS, 
b—ivco —ico (2b) 
' b+ico £00 i 
Ta (2) = aap \ ehds (B) dk Vere Re 
b—ico —t (3b) 


Here 
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oO J . — 2 _- 17 
F acs k dx at | fo tan"! [yx In dy, (Ro) = — In2 Ve + 73 V2— 20 € 
Intact) oe | pe In Ve 
: (renee 5b 
bu (B) = 2 (—2), Sal a eo (5b) 
c abe 1+0°k ee 
= —hz ae 9 It can be shown similarly that for small k 
L(t) = | e*R@ ad = 2 ere 


—oo 


G(k) = ixteQo\ e-*2B, (z) dz, 
0 


fod * 
ly 


N (k) = \ eK (2) dz = 3 


0 


re + In (1 + 1g) 
i 


The functions %.(k) and %,(k) have simple 
poles at the points 


k = ko = (1/5) V 3tox/Tsp = V %/ete and k = — ky 
respectively. We shall now obtain the magnetiza- 
tion M. For calculation of the integrals in (1b) it 
is convenient to expand %,(k) in a series with 
respect to € = (t)/Tgp)(1 + iTgpAw) (e «1, 
when t)|Aw|<«<1). We now have 

£ _ tan? x 
in(1 Us ee ) 


wT 


V 3c d 
ee ea 


By adding and subtracting the integral 


re atin (e +) =n2Ve, 


wg 


we obtain 
In, (&;) = —In2Ve 
Vier dx = + x3/3 { ; 
— \ ae in ae ee 
0 


It can be shown that 


e+ x?/3 
1{+e—x tan! x 


OTS 
— (3e)'k = 


— (8e)"? Fi55 
By numerical integration we find that 


\ in nS ee T+ 7 


Se 1— xtan x Seiad 


0 
(n< 10 *; the requirement for resonance leads to 
7 =0). Thus, confining ourselves to terms of the 
expansion which are of the order of e, 


Ind (&) =— In[ Ye(14-==)] 
&( 3 — 95 V3) + = signk 


~ In {Fe|! +k(2—AV% ) + Fsienk](1t+ ze) f- 


(6b) 
We shall now calculate the integrals J,(z) and 
Jo(z). We apply the residue theorem to the inner 
integral in (2b). The integrand possesses poles in 
the right half plane at the points x=k and x=ky 
because of the functions 1/(x—k) and %(x). The 
function G(x) has poles only in the left half plane. 
The “distant” pole x = 71/lf of L(x) can be neg- 
lected since 1/J{>>k. Then 
; b+too 
N= \ eM dk 


b—ico 


x {be (b) Ge) L(+ SEPA. Res i (ke) |. 

The residue theorem can also be applied to this 
integral. G(k) has a pole at k=-—1/6 and 4,(k) 
has a pole at k=—kp. If 6K 1/|ko| = deg¢/|V« | 
the pole at G(k) like that of L(k) can be neg- 
lected. Noting that L(k)) = L(—ky) ~1, we 
obtain 


J, (2) = eM {bo (— hy) G (—ho) 


+ ok G (ho) Res vo (eo) } Res 1 (ho). 


Hence, using (5b) and (6b) and retaining only zero 
order terms in (5), we obtain 


J, (2) = 2G (0) e-*#, G (0) = —ixt,QcE (0) fol. (7b) 
Similarly 

21 47a-\ ne 

Js (ee (1— 35 V 32) e he, 


From (1b), (7b) and (8b) we have 


(8b) 


160 §XT gp Q0cE (0) ZVx 
M (2) = — 3 a \- eae 


which agrees with (8a) except for the coefficient. 


Thus the coefficient A in (3) equals unity for spec- 


ular reflection of electrons from a metal boundary, 
while A = 160/211 for diffuse reflection. 
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The reduced probability for an M1 transition between two 2* states and the ratio of this 
probability to that for an E2 transition between the same states is calculated. The small 
value of this ratio is in agreement with the experimental data. 


INTRODUCTION 


ln a previous paper,! assuming that the shape of 
the nucleus is not axially symmetric, the authors 
showed that various energy levels of nonaxial nu- 
clei are satisfactorily explained if one assumes 
that they are assigned to be rotational states. The 
possibility of giving explicit expressions for wave 
functions of nuclear rotational states in terms of 
the parameters 8 and y enables one to compute 
relative intensities of ditterent transitions from a 
given excited state to other rotational states. 

The intensity rules for transitions between ro- 
tational states of axial nuclei were investigated in 
a paper of Alaga, Alder, Bohr, and Mottelson.? 

In our paper,! we determined the probabilities of 
electric quadrupole transitions between rotational 
states of nonaxial even-even nuclei. 

In the present paper we shall compute the prob- 
abilities of magnetic dipole transitions between 
rotational states having spins 2° 2*. Such levels 
are observed in Se, Te!22, Og!88 Og186, ptt 
and other nuclides. As we have shown,! the knowl- 
edge of the ratio of the energy of the second 2* 
level to that of the first enables us to determine 
the parameter y and the ratio of the reduced 
probabilities for the electric quadrupole transi- 
tions B(E2; 22— 21)/B(E2; 22—0). However, 
according to the general selection rules, an M1 
transition is possible between two states of spin 2 
and the same parity, in addition to the E2 transi- 
tion. As the experiments® show, the intensity ratio 
T(M1)/T(E2) is a few hundredths for the nuclei 
listed above. Such values are a definite indication 
that the lowest energy levels of spin 2 cannot be 
attributed to single-particle excitations, since in 
that case the ratio of the intensities of the com- 
peting magnetic dipole and-electric quadrupole 
transitions can be given by the formula (cf. ref- 


erence 4, Par. 31): 
T (MJ) / T(E, J +1) ~ {25 (27 + 1)/ A’: (ko) Mev }?; 


from which one finds that this ratio is 10* for A 

~ 30 and fiw ~ 100 kev, while itis ~10 for heavy 
nuclei and fiw ~ 1 Mev. Later we shall show that 
our picture of the rotational nature of the gat oy. 
excited levels of even-even nuclei enables one to 
explain the experimentally observed value of 
T(M1)/T(E2). - 


1. THE MAGNETIC DIPOLE MOMENT OPERATOR 
IN THE UNIFORM NUCLEAR MODEL 


The collective excitations of the nucleus are de- 
scribed in the uniform model of A. Bohr and Mottel- 
son by wave functions depending on five coordinates 
a@,, which determine (relative to a fixed coordinate 
system) the deviation of the nuclear shape from 
spherical: 


R(99) = Ro(1+ y Beall (1.1) 


p=—2 


They can also be described by the two parameters 

B and y, which determine the shape of the nucleus 
in the coordinate system fixed in the principal axes 
of the ellipsoid of inertia of the nucleus, and the 
three Euler angles which fix the orientation of these 
axes relative to a fixed system of coordinates. 

If the equilibrium values of B and y are dif- 
ferent from zero, the lowest collective excited 
states of the nucleus correspond to energy levels 
of an asymmetric top (cf. reference 1). The wave 
functions of these states are eigenfunctions of the 
square of the total angular momentum. In classi- 
cal theory the components of this angular momentum 
are expressed in terms of the coordinates Oy and 
velocities Oy by the formula 
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Jy =i V6(—1)B S\(21,¥+p, —v] 2p) ator, ee 
B 


(1.2) 
y=0, 1,—1, 


where B is the mass parameter of the theory; 
(21, v+p,—v|2u) are vector addition coeffi- 
cients. In quantum theory the components of the 
angular momentum of the asymmetric top are op- 
erators acting on generalized spherical functions 
Dik which depend on the Euler angles, 


J,Dy 
eas (1.3) 
=(—1y VIG +1) VLM +9, — v/JM) Dhigy x. 
We now proceed to compute the magnetic dipole 
operator corresponding to collective motions in 


even-even nuclei. According to Bohr and Mottel- 
son, this operator is given by the formula 


M (1n) = voge (Re) vy (Yn) de, (1.4) 


where py = eh/2Mc is the nuclear magneton; gR 
is the gyromagnetic ratio corresponding to collec- 
tive motion of the nucleons in the nucleus; 


R(t) = BR > & [rx 9 (PY 2)! 
A 


is the angular momentum density. 
We write the operator V as a sum of two 
terms: 


where L=-i[r XV]; we can then write 
rx V(7?¥o)] = ir? LY 2. 
Also noting that 
V (Yin) =(— I V 3/4eeg, 


where the e,, are unit vectors which are given in 
terms of the unit vectors ex, @y, @, ofa Car- 
tesian coordinate system by the relations @) = @,, 
@1,-1 = F(@x + iey )/V2 , and 


(ey °.L) Yo = (—1)* V 6 (214 +p, —B | 2)Yoatu» 
we can write (1.4) in the form 


M (1p) = voR RS 
R(9e) (1.5) 
x >: (21, +p, —B| Ddjes | dQ Sd ied Gy ene 
- 0 
where R(v’q@) is defined in (1.1) 
Carrying out the integration and using (1.2), we 
can write (1.5) as a series 


M (Iz) = My (lu) + Mie) +---, (1.6) 


where 
Mo (1p) = YoLR 2S Vee 


5V6 * 
Ms (1) = bog y Fr D(2L, uv, v| Ly) ayy. (1-8) 


(1.7) 


The matrix elements of the operator (1.7) be- 
tween different rotational states are equal to zero. 
To obtain nonvanishing matrix elements, which de- 
termine the intensity of the magnetic dipole radia- 
tion between rotational states, one must include 
the operator (1.8) of the next approximation, which 
contains the collective coordinates ay and the pro- 
jections J, of the total angular momentum. 


2. PROBABILITY OF MAGNETIC DIPOLE TRAN- 
SITIONS BETWEEN ROTATIONAL STATES 


We calculate the reduced probability for mag- 
netic dipole transition between two rotational states 
having spin 2 and the same parity. According to 
reference 1, the wave functions of these states can 
be written as 


Porm = (5/8n?)'* (0, Ding + 61 (Ding + Din, —2)/ V2); 
Prom = (5 / 8x)" [a:Ding + 62 (Ding +-Din, 2) /V 21, 
where 
a,N, = —[sinysin 3y + 3cosycos 3y + V9 — 8 sin? 3y], 


(2.1) 


b,N, = 3sinycos 3y — cos ysin 3y, 


Ni = 2V9— 8sin? 3y 
x[V 9 — 8 sin? 37 + sinysin 3y + 3 cos ycos 3y], 


aNV,= V 9— 8sin? 3y — sinysin 3y — 3cosy cos 3y, 
b,N,. = 3siny cos 3y — cosy sin 3y, 


NZ =2V9— Bsin? 3y 


x [V9 — 8sin® 3y — sin y sin 3y — 3.cos cos 3y]. 


The reduced probability for magnetic dipole 
radiation in the transition from the 22 state to the 
21 state is given by 


B(M1; 22->21) == > | (21m’| M (1p) | 22m)’. 


mun 
Substituting the values (1.8) and (2.1) in (2.2), we 
find 


(2.2) 


B(M1; 22-21) = 7 uiok B 


Or? 


sin? 37 
9—8sin?3y ° (2.3) 
The reduced probability for magnetic dipole 
transition between the 22 and 21 states is equal to 
zero for an axial nucleus (y=0), and increases 
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with increasing 
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Percent of 


Ew—En P 
Nucleus T (Mi1)|T (£2) | E2 transi- 
er) tion (exptl) 
Se76 643 9.8-10-2 98-++-1 
Tel22 693 1.9-10-2 92-+4 
Os186 627 6.5-10-3 99-+-1 
Os188 480 1.04-10-2 99.6 


for y= 30°. 

As we have previously shown,! the value of y 
can be determined from the ratio of the energies 
E../E,, of the two 27 levels. Then the measure- 
ment of the reduced probability for magnetic di- 
pole transition enables us, by means of (2.4), to 
compute the gyromagnetic ratio gp for collec- 
tive motion of the nucleons in the nucleus. 


Using the formula for the reduced probability of 


y, reaching its maximum value 


electric quadrupole transition between these same 
levels! 


B(E2; 22—>21) = (10e?Q2/7x) sin? 3y / (9 — 8 sin? 3y), 


we get the ratio of the reduced probabilities for 


magnetic dipole and electric quadrupole transitions: 


B(M1,; 22-21) 144 


Uo&RP 


80; Ho&R 


Bi(E2: 22> 21). Tx 


( 


eQo 


, 


(aes eZ Re 


Nene) 


where Ry is the nuclear radius. It is interesting 


to note that this ratio is independent of y and f. 

The ratio of the y-ray intensities emitted in 
the two types of radiation is determined from the 
ratio (2.4) of the reduced probabilities by the for- 
mula 


__ B(M1; 22—> 24 
T (M1) /T (E2) = (0.03%?) rah » (2.5) 


where k = (Eg. — Ey; )/fc. 

The table contains values of T(M1)/T(E2) 
for 22 — 21 transitions in a few nuclei, as ob- 
tained from (2.5) using the values pp = 5.05 x 10 %4 
erg/Gauss, gp = 0.4; Ry =1.2A¥3 x 1078 om. 
The last column gives the intensities of the 22 — 21 
transition from the data of Lindquist and Marklund.® 
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Radiation corrections to the differential cross section for bremsstrahlung are computed using 
the mass operator method. A general formula is obtained and some limiting cases are con- 


sidered. 


Pas the calculation of radiation corrections to 
cross sections one ordinarily makes use of Feyn- 
man techniques which are described in greatest 
detail by Brown and Feynman! as applied to the 
Compton effect. By comparison with the Compton 
effect an additional parameter appears in brems- 
strahlung which is associated with the momentum 
transferred to the nucleus, and as a result of this 
the calculation of integrals by the Feynman method 
and also the evaluation of the traces of matrices 
becomes considerably more complicated. In the 
present article radiation corrections to brems- 
strahlung are calculated by means of the mass 
operator method.?*? The main advantage of this 
method is the fact that in it one can make use of 
the expression for the mass operator obtained by 
Newton? in which the integration over the momenta 
of the virtual particles is carried out in a general 
way. This, in turn, facilitates the calculation of 
the traces of matrices. Moreover, it was also 
possible to develop a quite convenient technique 
for the evaluation of integrals which remain in 
the mass operator after the integrations over the 
momenta have been carried out. 


1. GENERAL FORMULAS AND THE CROSS SEC- 
TION FOR THE FUNDAMENTAL PROCESS 


As is well known,??? single electron processes 


may be described taking radiation corrections into 
account, by means of the modified Dirac equation* 

(p+m+V)¢=0 (1) 
where V =eyA+AM; AM is the regularized mass 
operator; A includes the radiation field A™, the 
external field A© and the regularized vacuum 
polarization field A’: 


hae A eA to 
YO = Yun = YQ, + Y22 +33 + Yaa, 
ne + Nev = — 26.43 (, Y) == i: De me 4). 


*We employ units in which h=c=1, e?/47 = 1/137. 
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On the basis of Eq. (1) it is possible to obtain 
the following formula for the bremsstrahlung cross 
section averaged over the electron spins 


X Sp (pal H| ps) (Yer — m) (Pil yaH*Y4| p2)(m — yp), 


where 


Hix (lec VG) V2) Gone (3) 


Here G=(yp +m)’ is the Green’s function of 
the Dirac equation; (p,|H|p;) is the matrix ele- 
ment of H between the eigenfunctions of the mo- 
mentum operator normalized in such a way that 
(p21 P1) = 5(pP2—P1); Pi = (Pi, i€y) and py = 
(Po, i€g) are the initial and final electron momen- 
ta; k=(k, iw) is the photon momentum. It is as- 
sumed in formula (2) that one of the 6 -functions 
with respect to energy arising here should be re- 
placed by (27)! (cf., for example, Akhiezer and 
Berestetskii,* § 28). 

The radiation field in (2) should be written in 
the form 


(4) 
The external field (the field of the nucleus at 
rest) satisfies the equation 
DA; (x) = — Ze,8(x), %% = (0, 0, 0, 4), 


from which we obtain 


Ai, (fy) = (25)? | Ai (x) dx = (hy) Ou, (8) 


where 
a (k,) = (Ze / 2x) 8 (Ryo) / Ri. 


The bremsstrahlung is described by the terms 
in H quadratic in the field A. By separating out 
in AM the terms AM, and AM), which are linear 
and quadratic in the field respectively, we can write 
on the basis of (3) 
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H = —e%AGyA + AM, +e (YAGAM, + AM,GyA). 


Newton® has shown [formula (2.19)] that the term 
e(vyAGAM, + AM;GyA) cancels with a part of AM, 
which is defined by formula (2.16). The remaining 
part of AM, which we shall denote by Hy is 
broken up into two terms [cf. Newton? (2.14) and 
(2.17)]: 


Hy = AVE+ AM. 


In H one should make the substitution A =A" 
+ A©& + A’. However, the process which is of inter- 
est to us is described only by the cross terms: 
A= H,+Hy+ Hay, 

Hy = —e? (yA'GyA’ + yA°GyA’), 

Ha = —e(yA'GyA' + yA'GyA’), 
while in Hj one should also retain only the cross 
terms in AT and A®. Hy describes the fundamen- 


tal bremmstrahlung process: 
2 k 
dso es Tv dped 


4 @e2 | Pr | 
% Sp (P2| Ho| Pr) (yp — mM) (Py [valtd Ya | Pa) (m — ype). 


(6) 


(7) 
The radiation corrections ~e* are determined by 
the interference of Hj) and Ha, with Hp: 


Tt dpodk , 
dcp =F oes pi] 2 RESP (P2| Hm + Haw | P1) 


(8) 
X (yP1 — Mm) (P1| valTZoYa | Pa) (m — yp2) =dom + doy. 


Taking (4) and (5) into account we can easily obtain 
(P2| 1 | px) = — (e/ 2x)? a(q) 


9 
x [ye (vps + m)tyo + yo (yp, + m) Ye], (8) 


where 


q=Potk—pr, P3= Poth, Px=Pi—k- (10) 


From this it follows that 


(pi | aH vs | Po) = Ya (P2| Ho | PA Ys = (e/ 2z)?a(q) Q, (11) 
where 


Q =e (yPs +m) tye + ye (yPat+ my tyo. ~— (12) 


The evaluation of the traces of matrices in (7) 
is easily carried out after summing over the pho- 
ton polarizations which, as is well known, consists 
of replacing ys oN (and at the same time 
ye...yYe —-Yy.--¥,). AS a result of this we obtain 
the Bethe-Heitler formula which may be conven- 
iently written for future use in the following form 
[cf. Akhiezer and Berestetskii* (31.12)]* 


Z? ( e \3 dpodks (¢; — e2 — w) 


doy = Te? \4n / wes! py | qt 


Uo, (13) 


*We shall take m= 1 in all specific calculations and results. 
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where 


Uy = T? — pS? — R?] Qxr, (14) 


R=R,—Ro, S=(Ri/t+ Ro/x)/ 20, (15) 


T = (2R,/t-+2R2/%)/o, Ry =2(kXpil, Ro = 20kX pol, | 


xe petl, c= pr Pl, b=, (16) 
with 


R? = 4 (25 —w) — 2, RZ = — 40 (sQ% + ©) — %?; 


RR; ==) 2G) (sy — &% — 0 — 20.) + xt, 


(17) 


2. GENERAL EXPRESSION FOR THE RADIATION 
CORRECTIONS 


Let us examine first the contribution to the cross 
section made by Ha. It is determined by the sec- 
ond term in formula (8) and is denoted by doy. We 
note that Ha, differs from Hy) merely by replac- 
ing A©® by A’. The Fourier components 6a(q) 
and a(q) of the quantities A,(x) and A§(x) are 
related in the static case by the following expres- 
sion (Akhiezer and Berestetskii,* § 43): 

ba (q) = — (e/2n)?a (q) W (x), (18) 
where 


W (x) = (1 — x coth x)(1 a. coth? x) — +, 


(19) 
4(sinh 2x ie? 0G =, +k—p,. 


From this, after taking into account (6), (7), and 


(8), it follows that 
dog, = doy [— (e/ 2n)?2W (x)]. (20) 


Let us now write the sum do = doy) + dog in the 
form 
ds = do, [1 — (e/ 2x)? (2W (x) + U/U))], (21) 
where 


v= ( 


an\4 4 ' 22 
>) Za (q) Re Sp (p2| Har | Pi) (yP1 — m) Q (yp. — m) ) 


According to Newton’ [formula (2.10) and further], 


oo 1 
Hm =AM:; + AM; = (Aa ids \ du exp {—is (u+2/ u)} 
ot (23) 
Dag. neds a | 
as oS Oni, iy : [M2 (p, Ry, Rp) =te M3 (P, ae k)] ebhex 


where M3 and M3 are given by Newton’s formu- 
las® (2.14) and (2.17). The factor exp (—isA?/u) 
added by us (A is the fictitious photon mass) 
guarantees the convergence of the integrals over 
u at the lower limit. This factor arises if in the 
mass operator the photon Green’s function is taken 
to be of the form (k? +A?)7!, instead of k72, in 
order to eliminate the infrared divergence. 

We shail illustrate the method of evaluating U — 
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on the example of one of the terms from M$ which 
we shall denote by B(p, ky, ky): 


Uy 


nl 
B (Pp, Ry, kz) a \\doy \ do, (A, ks) (fe(2, V2) indy (Ry) G (p) 


a he 
x E(p?) Fv (Re) Ya a 
—fa(l—d., 1 — 0) iy,F ay (Ax) RavG (p) E (p?) Yud'u (Re), 
where 
fa (01, 02) = — 2isu(1 —0,)[2—u+ u2(1 — 20,) VI, 
V=v,— 0, 


® (ky, ks) = exp {— isu [vy (1 — vy) ky + 02 (1 — vs) RB 


+ U2 (1 —0;) 2hiko)},, 
E (p®) = exp {— is (1 — u) V (p? + m?)}; 
Ju=Ju tos bes oe oe ed 
in which, in accordance with (4) and (5), 
Fly (hy) = (22) \ Fry (x) ody 
=1 (2z 7)?6 (ky ae R) (euky — eéyk,,), 
ky Ji, (Rx) = (27)78 (Ay +h) eu, Ji (x) = 9, 
Fiy (ky) = — ia (Ry) (Oukay — Uvkeyy), Ja (ki) = @ (b,) Riv, 


(25) 


A contribution to bremsstrahlung will be made only 
by the terms 


EAR). 4° (he) and J” (ei), « .F’ (Rs): 


Corresponding to this B(p, kj, k,) will be broken 
up into two terms: 
B= BY’ +B". (26) 
We consider 
Wipe (p2 pr) 


= \ diydhzdp’ (p — py — bk.) 8 (p — pa +i) B(p, ha, be): 


\ dhsdkye™*B (p, Ry, By) ethex 


In accordance with (26) and (24) we can easily obtain 


peste ons (27) 


where 


1 Uy 


ives (on)°a (q) q? \4 v1 | dv,® (q, —k) 


0 0 


< E (pi) fa (Ur V2) yo (ype + 1) & [ye (Ra) — ye (eq)], 


Uy 


1 


0 0 


x fa(1 — v2, 1 — v1) [ye (Rg) — yk (eq)! (vps + 1) "ye 


We denote the contributions of Hp, HR and 
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HR to U respectively by Up, UB and UR. 
After the evaluation of traces Up will be expressed 
only in terms of the fee area Ki. 7; Py €1,. ane 
€,. Therefore 


Up =e (%, T, Py, Sy, Sy) + US (x, T, P, £4, S2). 
We shall now show that 


UB (*, % Py &1> &) = UB (2, x, P, Sg, &). (28) 


Indeed, if in UZ" we replace k—-—k, q—-q, 
Pip. (and at the same time p3==p,), and if 

in the integrals we introduce new variables v, — 
1—vVo9, Vg —~1-—v, [with @(q, —k) ~ 4(-k, q)I, 
we shall obtain under the trace sign in uy the 
same factors as in UR , but written out in inverted 
order. After the evaluation of the trace the two ex- 
pressions will become the same. The replacement 
of the momenta indicated above is equivalent to the 
replacement xk ==T, €; = €, in the final result, 
and this completes the proof of assertion (28). This 
property is common to all the terms in Am3 and 
AM} and may be easily checked for each term. 
Thus 


Ue NG ares 0, 8, &) + U(x, *, 9, Sa, 2), 


and therefore it is sufficient to evaluate only 
UTE H 13 Tepe ts €). 
The quantity UR 


(29) 


may be written in the form 


UZ = Jphp/ 16, (30) - 
where 
Re 1 1 vw 
Jz = Re| i ids s \ dee (do, \ du,® (— k, q) 
0 0 H 0 (31) 
E (p3) fa(1— v2, 1), 
he = Sp q° [yn (Rq) (32) 
— ga(yR) (yPs + 1) yu (yp: — 1) Qa (ype — 1), 
Qa = 10. (¥P3 + 1). + va (ya + LY te. 
The evaluation of the trace of hp leads to the 
result 
hg = (20 /%) (2pb / xt + tH) 
— 4p {po (21 /% + &2/%) + (29 /%) (i+) (38) 


+ (a1 /« + e2/2) fer(1 + 4a./) — ean}, 


where 


ie b= o2 + xut(o— 2%). 


With the aid of (15) and (17) this may be written 
in the form 


x as 20 [Oc oe Tiley). LORS), a eae) 
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We introduce the notation Jp = 2J [isu (u — 2) (1 — %)] 
a a 
a ult 9 +22 F(ut) +22 (ut) — 2d (WV). 
J{f (01> %)) =| us \ du CM ites ater gia { do, \ dv2 ‘tt ig shown in the Appendix [cf. (A.6) and (A.5)] 
0 0 0 0 
that 
S-Di gj. —ikk).E (Bs) f (Ors ; 35 F 
(q ) E (Ps) F (Ux Ug) ( ) F lis? (Ve ay isu (1 — ty), 
a 
where QJ (u) = (1 —x 5.) J (u). 


Thus it now remains to calculate J(isu), 


© (g, —k) = exp {—is [v, (1 —v;)p — 02 (1 — 
q ) = exp {— is [0, (1 — v1) p — 02 (1 — 1) &] 4} J(isuv;), J(u) and J(u’V). The method of 


E (p3) = exp {— is (1 — u) Vx}. carrying out these calculations is given in the 
Appendix. 

After introducing in (31) new variables vy — It turns out that all the integrals appearing in 
1—v, v2 —~1—v;, (with @(-k,q)—4(q,-k), AM} with the exception of J (iseiSA7/U) can be 
while E (p3) remains unchanged) we obtain: expressed in a similar manner in terms of these 

four integrals and their derivatives with respect 
Ja = II (ia (1, %)] to the parameters x, a and p. The integrals 
= J {—2isu (1 — 0,) (2 —u + w’V (I — 20))]}. appearing in AM}, and likewise J (ise7isd’/u), 
Making use of obvious properties of the integrals may be evaluated directly; the results are given 
J(f£) we can easily rewrite Jp in the form in the Appendix. 


We have described the method of calculating the contribution to U'© of the term B. The contribution 
made by the remaining terms may be evaluated in an analogous manner. As a result of all these calcula- 
tions the following result has been obtained for UT® 


2U"* (x, t, p, 81, 2) = T? (2y/sinh 2y) + U, {2 (1 — 2y coth 2y) Inx+ 4ycoth 2Qy [A (2y) — A(y)] + 2—ycoth y 


— (4+ 9)y/sinh 2y + 2M + antisymm. terms — (Uy + S,0/dx) J [u? (1 — V)] + (S,0/dx + S,0/dx 


(36 
+ S,0/00) J (u) + (S50/dx + S,0/d« + S,0/dp) J (u®) + (S,0/du 4- S,0/d0) J (u2V) + (So — Sy4*0/Ox 
+ 7/2 Sy9?0?/Ox?) J (isu) + (Sy3 — Sy4x0/0x + 1/9 S15x70?/Ox?) J (isuv,), 
where 
2bJ (u) = [x(a — p) —2a] L —x(o — a) (9p —x + 4) M +%[(9 — a) (p —x + 4) + Qa] N; (37) 
2bJ (isu) = aL + (x —*) (o— a) M + [(x —7) (% — 9) + at] NV, (38) 
26d (isuv,) = tL — [t(o — a) + Qa] M + [t(p — x) + Qa] N, (39) 
(6) 0 x2 x 
ad (u*V) = (p— 9) (e+ ae) —1) |— F [@—9) 4 BEL) 8 ee 1) — F(- 
a 502 i | | x coth x + aves (xcoth x— ycoth y); (40) 


L =2(y*— 2°) + F (x—1)—F (—1), 


1 
Zp du T(t —o)iep | : = 
eS a= =a, In| +O) ee = 2(sinh 2y)* {(y + x)A(y + x) + (y—x)h(y—x) — yh(y) —yIn | x | }, 
q d 4 1 ° C 
U : + ( —2 } 
ae ico | Ee ; yh(y) = \u cothudu, F(x) =) 4 ay, Pelee 
0 0 


4sinh?x =o, 4sinh*y=p—«; «c=x+¢, b = & + xt (no — a) 
and 


Sy = xo + R? + «RT + xtaS? —QowSR,, Sy = (%-— 2) Uy — («/2xt) R® — 2RT — Qua (T? + xS”) + 402,SRo, 
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Sg = — (a/xt) R? — 6uxpS? + (a — 4) RT + QTR, + 20 (@ — 4e)) RS, 
Sa = 83 + (1 + a/xc) R? + 4RT + xt0S? — 9 (R?3/e + R3/x) — QP, 


Ss = — 2U 5 + xz [T? + (0 
Sg = HU, — (1 + afut) R? + xz (49 — a) S?— 
S7 = Sg + aR?/xzt + 4RT — 2P, Ss; = 


Syo = (8% — 20 — 2) Uy + aR?2/2xx opis 
Sia = 2p + a — R* + 3RT + - 


Sis = = 2r6 6U 9, Siva = 


x 


The cross section for the fundamental process 
doy vanishes for zero angles when k x p; =k x p, 
= 0. At the same time the radiation corrections 
found by us also vanish, as should have been ex- 
pected, since they are determined by interference 


with the matrix element of the fundamental process. 


If the accuracy with which the energy is meas- 
ured does not exceed a certain value AE <m 
then in actual fact the quantity which will be meas- 
ured will be the total cross section of the ordinary 
bremsstrahlung of a single photon of momentum k 
and of processes in which additional soft photons 
are emitted whose total energy does not exceed 
AE. To the order in e? which we are at present 
considering we should also add to do the cross 
section dop of double bremsstrahlung when the 
additional radiation consists of the emission of a 
single photon of low energy w,; < AE. According 
to the general rule® 


dop = dsp (e/2n)2D, (42) 


I Ripa ag omy 
2152 \ Poi pri) 
Vc 


The expression for D may be written in the 


(43) 


following form (Akhiezer and Berestetskii,’ § 32.4): 


D = 2(1 — 2ycoth2y) In. (44) 


Aeatetees dig, d petlnCe yaa 
fain LG ame cori Ney ®)> 
where 
3%) = | Pil, V2%2 = | Pel» 
1 i = me  p 
Ne a wate in PE Fe Pe (45) 
WW) S19 &) a aie Pair anes” 
af 


Qs,= 2, +e + oz, pp=etesinh?y— coth’y. 


Nt 
y 


QooRS + (x — +) RT, 


Sy = (o — x) TU) — 


Uy — Si, + 2P, 


£[ (4b) R* 27 (Ry + Re) — 209]. 


+ *) S?] — (Ife + «/2xt) R8 —2RT —p[TR, + 22S (Re—R)], 
(4 +%) RT + 


0[2 (21 + 2) RS + Rift + R3/*], 


Sy = — 2teUy + 20 [2WRS — T (Ri + Ro)I, 
R®/x — (o/xt) RR; — 38TR — 40S? — P, 


(R+ £-RRy + 4xtoS? = 


Sis = — 9 (= RRy + 458?) + P, 


(41) 


It may be easily seen that the term in Ind 
cancels out in the total cross section do + dop. 
3. LIMITING CASES 


On the basis of the general formulas (36) and 
(42) we can easily obtain certain limiting expres- 
sions for the radiation corrections to bremsstrahl- 
ung. Five Andependent parameters: €y, W, 0,= 
kp» 05 = kp», and 6 ary appear in the cross 
section. All the other parameters may be expressed 
in terms of them: 


% == — 2w (22 — p2 COS 4), 


a=Ye—l, 


p=—2+4+x4+7+42(e122—pip2cosf), p.r=|/2—I. 


fy =, — 0, 


<= 2w (¢,; — p, cos 4), 


We consider four particularly interesting limit- 
ing cases in which the general formula can be con- 
siderably simplified. We write the total cross sec- 
tion do =do+dop in the form 


do = de, [1 — (e/2r)*0), (46) 


where 


8 = UU, + 2W (x) — (47) 


(1) The case of low frequencies (we;<«<1). In 
the limiting case of almost elastic scattering, i-e., 
for radiation of low frequencies, we should expect 
a simple relation between the radiation corrections 
to bremsstrahlung and the radiation corrections to 
elastic scattering.* Indeed, in the limit w —0 
(Dp > Pi =P, €2 > €,;=€) the bremsstrahlung 
cross section may be represented in the form of 
the product 


doy = do? -w® (48) 
of the elastic scattering cross section 
Ze? 4 —v? sin? (0/2) 
; ds‘, or ( Sipu ih sint (0/2) dO; (49) 
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by the probability of radiation occurring during 
scattering 
ee teh dadOTEs ae Oey cs Vi eee 
w?, i; 2 (2m) p? oV V2 (4p sin — a0 2 Vo Vi ) ’ 
where 
v=p/e, Vi;=1—vcos0,, V2=1—vos §. 


On taking radiation corrections into account 
ds? > ds, = ds? (1 — (e/2z)*5,}, 
wW >We. = w? [1 — (e/2z)*6.], 
so that our formula (46) should in the limit w— 0 
reduce to 


dz = dsy- wy [1 — (e/2z)? (by + &)), (51) 


where oy is determined by Schwinger’s formula® 
(cf. also Akhiezer and Berestetskii,* § 45). 

If we assume we, K1 [and at the same time 
lx], TK1, p =4p* sin? (@/2)], we obtain the 
following value* for 6 


6 = 2(1 — 2x coth 2x) In2AE +x tanh x 


2 
+ 4xcoth 2x [A (2x) —h(x)} + 2W (x) Amr Ze — 6 = 6 


ee aie 4 pee ais jl — seth 2x G (0,5) (52) 
+ O (m2, Ine, we,) = 6, + O (ae, Ino, we). 
Here 
1 
? du 1 +-vu 
v,#)= In- : 
eo \ (1 — v2u2) (u2 — cos? (6,2)) camer y 
cos 0/2 
Thus, 64 =0(we, Inw), i.e., it behaves like 
wilnw as w—d0Q. Inthe non-relativistic limit 
(cf. below) 
On => af (Pi = P2) k In @®). (53) 
(2) Relativistic case (€,, €, >1). At high en- 


ergies, small angles (0, 6;, 6, ~ 1/e) play the 
principal role in the cross section do). For these 
values of the angles the formula for the corrections 
is considerably simplified only if we assume w <« 
€;, in which case we may impose on the angles the 
less restrictive condition 67 « 1/we;, 03 « 1/we,. 
Under these conditions |x|, T«1, p = €€)0? « 
€,/w, and 


§ = 2(1 —2x coth 2x) (In 22 + 1) +x tanh x 
(54) 


W (x)-+ o(= Mey 


We! 
In order to estimate the order of magnitude of the 
corrections we take ¢€;=100, x=1. In this case 
(e/2x)*6 = 0.02 (1 — 0.25In 2 AE). (55) 


*cf, also Fomin.’ 


FOMIN. 


(3) Ultrarelativistic case. It is of interest to 
investigate the behavior of the corrections for 
angles which are not too small. In this case, to 
achieve simplification, we take energies so large 
that 


In(p —«), Inp, In| |, InvS>l, 
but at the same time 
e—% AS w 2 C) a 
err serge 1 


At the same time 


§=9(f —2y) In QAR 4+ 49239 — 2p in = a ees 


— Ines, + O(1), 2x =Inp, 2y = In(p—«). 


From this it follows that, roughly speaking, the de- 
pendence on the energy is of the form 


6= Aln®?e,+ Blne,+C. 


Such behavior is characteristic in general for all 
the radiation corrections of order e*? which we 
are at the moment discussing. At sufficiently high 
energies the correction may attain values of 10 to 
20%. 


(4) Nonrelativistic case (py K 1). At low en- 
ergies we obtain 
ee -{(p1. — pe)? (4 —! In 24E) 
. (97) 


+ 2(p,— ps) k In of + O(p). 


The fact that the corrections tend to zero as p;,—0 
is a characteristic feature. We note that in the non- 
relativistic limit corrections to the elastic scatter- 
ing,° to the Compton effect,! and to the Méller scat- 
tering,® also vanish. The corrections to the two- 
photon pair annihilation’ approach a finite limit as 
the relative velocity of the electron and the positron 
tends to zero. However, this limit is not a truly 
nonrelativistic one, but rather a threshold one, 
since in the inverse process of pair creation this 
will correspond to the threshold of the reaction. 

On the basis of these results we may apparently 
make a general assertion that the radiation correc- 
tions always vanish in the true nonrelativistic limit, 
while in the case of threshold reactions they ap- 
proach a finite limit at the threshold. 

The author takes this opportunity to express his 
gratitude to Prof. A. I. Akhiezer for suggesting the 
subject of the present investigation and for valu- 
able aid, and also to V. G. Bar’iakhtar and S. V. 
Peletminskii for considerable aid in calculations 
at the earlier stages of the work, and to V. F. 
Aleksin and D. V. Volkov for valuable advice. 
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APPENDIX 
We shall now present the method of evaluating the integrals. We shall first give the values of certain 
auxiliary integrals: 


1 UV, 
[1 + 0(1 —v)-4sinh? y}-1 dv = 2y / sinh 2y; \ ao, | doy (1 + (1 —v,) 0)-4sinh2y]1 = y? /2 sinh2y; 


0 0 


Soe 


. | 
In v-[1-+ (1 —v)0-4sinh? y} dv = — 2yh(y) (sinh 2y)7; (A.1) 
0 


J y 

Y In| 1+ (1 — 0) 0-4sinh 2y | 

\ > Hep 0) o4einh pa, dv = aD he tanh udu = ——_ [h [h (2y) —h (y)]. 
{) 0 


We how consider J(isu). First of all, we note that the integral over the proper time s is defined in 
such a way that 


foo] foo) 
\ idse—!s¢ = atand | idse—*S%j5 = a. 
6 0 


In accordance with this, we have 
1 ag UY 
JASE) — (du do, | dvz-u{[1 + (1 — 04) (0yo — 9«)] u + (1 — uw) Vxy?. 
0 0 0 
After introducing the new variable (1 — u) u=t the integration over vg and T may be easily carried 


out and leads to 
1 
. Fis t u,dv, 4! 1 + (1 = v,) v10 | 
= eee ee 1-+ (1— vy) 01 (pe — a) ny XU, |: 
0 


With the aid of the auxiliary integrals given above this integral may be easily brought to the final form 
(38). The evaluation of J(isuv,) is carried out in a completely analogous manner. 

After integration over s and after the introduction of the new variable (1 —u)/u=t the integral 
J(u) takes on the form 


I) = =\ ear Dp s\aes| dvz {1 + (1 —2,) (vyo — vg0) + xVt]. (A.2) 
0 0 


Integration by parts with respect to t gives 
J(u) = 2 (x? — y?)/a — «J (isuV). (A.3) 


By introducing the new variables v;—v,, V,;—~v, — V and by changing the order of integration over 
V and vy, the integral J(isuv) may be brought to the form 


tw y\ do et 201) (o = a] + (1 — 201) (0 = 4) (A.4) 
0 


J (isuV) = ee 1 ‘4 -- (1 —9,) [ur (e — «) + Val + xVA? 
0 


The part of the integral which corresponds to the last term in the numerator is evidently equal to 
Soaer J[isu(1—2v,)] and may be found directly with the aid of (38) and (39). The remaining part of the 


integral assumes the following form after integration over vy and t has been carried out: 


ae {=f F(x—1)—F(—1))—A}. 


a 


Finally we Biers the result (37) for J(u). 
By means of differentiating (A.2) with respect to k and then by means of integrating by parts with 


respect to t it can be shown that 
22d (u) = J(u) — 2 (u*), 


from which it follows that 
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J (u2) = 4s (1 — %0/0) J (u). (A.5) 
In a similar way it can be shown that 
J (isu?) = —»% J (isu), J (isu20,) = —x4-J (isue,), 5 


iy # ie ey 
SGSU2) = = jd (isu?) = 5" a J (isu), lf (isy?0,) = — aye J (isuv,). 


We now consider the integral J(u?V). It can be shown in a manner similar to that used for deriving 
(A.3) that 


c V ee 
do, \ dv, nt See ee J (isu*V?). 


0 


1 

: 1 ¢ 

J (wV) = +\ 
0 


The first integral can be easily evaluated. By carrying out a transformation similar to (A.4) we readily 
obtain for J(isu*V?) 
—o ; 2 —2 
J (iswV2) = £=* J fisu® (1 — 20,)V) 4 -{ 2 (Fe —1)—F(— 1) + 24 in| x} — 2h 


x 


x ON In | x | 
+ £[e—») Sew + SEE. 
Further, it can be easily checked that 
J lise? (1 — 20,)V) = — 2 (sz ze *) J(u) —J (isu’V). 


a 


2 


2 5 4 0 
J (isw2V) = J (isuV) -- J [isu (1 —u)V] = 5 — #) — mall = x5) d (u). 
As a result we obtain for J(u’V) the value (40). 


The evaluation of integrals appearing in AM} and also of J(ise 
means of the procedures outlined above. We now give the results: 


-isd’/U) may be easily carried out by 


2 


[ye —W + DAY +x) —(y—NAly—9) —yIn 9]; 


J (se 
I (o (1 — 20) [u? + isu (1 —u)]} = —, {1 — yoothy +5 1h 2y) A) + (Isa) + Indy}; (4.7) 
I (u(u— 1)] = —y/sinh2y; TQ =Su) eel? [4 (2y) —h(y)] —1 — In}. 
Here we have introduced the notation 
I [f (s, u, 0)] = \ ids du \ dof (s, u, v) X exp {— isu[1 + (1 —v) 0 (p —a)] — ish? /u} . (A.8) 
é 0 


0 
and in the course of the calculation we have neglected all those terms which vanish as } — 0. 
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The energy dependence of multiple-production reaction cross sections near threshold is ob- 
tained, with account taken of effects of the Pauli principle and of the Coulomb interaction of 


the emitted particles with the residual nucleus. 


In the general case the recoil of the nucleus 


and the Coulomb interactions between the emitted particles were neglected. For the case in 
which not more than one charged particle is among those emitted the nuclear recoil is taken 
into account and the formulas obtained are exact. 


~ 
[; HE functional dependence of the cross section on 
the energy near threshold for the reactions in ques- 
tion can be found in general form, independent of 
the concrete interaction mechanism. This has been 
shown by Wigner for reactions with two particles in 
the final state. It is a very simple matter to obtain 
the threshold dependence for reactions in which the 
final stage is that of the simultaneous emission of 
N neutral particles with zero orbital angular mo- 
menta from an infinitely heavy complex (nucleus), 
i.e., under the conditions of short-range interaction 
and symmetry of the wave function in the coordi- 
nates of the particles.” Hart and others® have stud- 
ied the special case N=2 (emission of a charged 
particle and a neutral one) with arbitrary orbital 
angular momenta and with inclusion of effects of 
the nuclear recoil. 

We shall consider the case of emission of N 
arbitrary particles with masses tq «K Mnuc (Mnuc 
is the mass of the residual] nucleus), with inclusion 
of effects of the Pauli principle and of the Coulomb 
interactions of the emitted particles with the nu- 
cleus (of charge Ze > e). 

It must be pointed out that for N = 2 the prob- 
lem is considerably simplified by the use of the 
momentum representation, since this removes the 
necessity of finding the explicit form of the Green’s 
functions in the coordinate representation.?* Even 
the calculation of the asymptotic behavior of the 
Green’s functions, which is needed for the construc- 
tion of the reaction amplitude in the coordinate rep- 
resentation, involves considerable difficulty.? If 
there are groups of identical particles among those 
emitted, then in the determination of the threshold 
energy dependence the classification in terms of 
the permutation symmetry is often entirely suffi- 
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cient for the choice of the allowed channels (in- 
cluding those in terms of the total angular momen- 
tum), and one avoids the necessity of examining 
arbitrary orbital angular momenta of the emitted 
particles. 


1. NEUTRAL PARTICLES 


In the center-of-mass system and in the vari- 
Bblosey an aathay Wena Pa (M/He)”? 
the reaction amplitude (with nuclear recoil neg- 
lected) has the form* 

F (ky es key) 

‘ (1) 
= jexp|— i » k,-rasU(r, g) ¥(r, q) Pe (9) drdq, 

% ==] 
where U(r, q)_ is the total interaction energy of 
the emitted particles and the nucleus (it is essen- 
tial that all the interactions are short-range ones), 
W(x, q) is the exact wave function, including all 
the reaction channels, and Yyyc(q) is the final 
state of the nucleus; the integration is taken over 
the entire set of particle coordinates r and nu- 
clear variables q. As can be seen from the nota- 
tion, the coordinates and momenta Yq, Kg of the 
particles (relative to the nucleus) are measured 
in certain conventional units that depend on the ar- 
bitrary auxiliary mass M. 

The amplitude (1) must be symmetrized in the 
ky ina definite way. Since we are interested in 
the functional dependence, the proportionality co- 
efficients in the equations will be dropped. The 
reaction cross section is expressed in the form 
of an integral over the possible final states of the 


*We take throughout h=c = 1. 
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$:1/2 (20'-N) 
wy 


particles ‘ 
on = \IF [PT] Ridk.do.d (k® — K%), 


a=] 
(2) 
N 
K? =2ME, kb? = » Re, 
a“ =] 
where E is the energy of the exit channel, i.e., 
the total kinetic energy in the c.m. system. 

To obtain the dependence oy (K) for K—0 
it is enough to take the lowest power of k in the 
expansion of the expression (1). If the expansion 
begins with the m-th power, then 


ie ee Bee ap (3) 


It is obvious that U(r, q)¥(r, 4) Pfyc(4) is of 
zeroth order in k, and we have only to calculate 
the lowest term in the expansion of 


exp {-i)) kg‘rq} in powers of 9) ky ‘rg which 


remains after the symmetrization in the Ky. 

The symmetry of the wave function is given by 
the Young arrays (cf., e.g., reference 4); there 
exist several possible arrays for any prescribed 
set of N particles. For each Young array there 


is a definite lowest power bp KA Lo ™ which 


does not vanish identically through the symmetri- 
zation. Out of all the possible Young arrays for 
the given N particles there will be contributions 
to the reaction at threshold only from those which 
have the minimum value of m. We shall calculate 
this minimum exponent. 

An identical vanishing of a symmetrized power 
term can occur only through alternations (anti- 
symmetrizations ) through the columns of an array, 
so that we shall not concern ourselves with sym- 
metrization along the rows of an array. If an ar- 
ray is possible with a single row, not containing 
alternations, then m=0. Thus for bosons or for 
identical fermions numbering N < 2s+1 (s being 
the spin of the fermions) we get the previous re- 
sult of reference 2. 
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We shall now consider the case of N identical ‘ 
fermions with spin s = 43, and shall show by mathe- 
matical induction that m = N — 2 for N= 2. For 
N = 2, 3 the possible arrays are I, II, II, IV (see 
figure). It is easy to verify that my = 0, myy = My]] 
= 1, mjy = 2. It remains to show that when we go 
from N to N+ 1 the minimum exponent increases 
from m to m+ 1. We first note that, as in the pas- 
sage from II to III, in going from the one-column 
array V to the array VI the lowest exponent does 
not change, so that the minimum exponent comes 
from arrays with the maximum number of columns 
(two in the case considered), and in the proof it 
suffices to examine transitions of the type VIL — 
VIII, in which the new cell that is added does not 
form a new column. To begin with we shall show | 
that the m-th power vanishes for the case of N+ 1 
particles. 

We denote the complete alternation through all 
N+1 momenta kg (array VIII) by the symbol A. 
An index (or several indices) under an alterna- 
tion symbol A will indicate the set of correspond- 
ing momenta through which the alternation is car- 
ried out. We note that the original alternated func- 
tion can depend on an altogether different set of 
momenta. For example, it can depend on only part 
of the momenta through which the alternation is to 
be taken, or can even be a constant. After the al- 
ternation it will in the general case depend on all 
the momenta of the alternation. In the proof we 
have to break up the complete alternation into two 
stages: we first carry out the alternation through 
a certain part of the set of momenta, and then the 
remaining part of the alternation with the remain- 
ing momenta. For example, the complete alterna- 
tion can be broken up into the alternation through 
the momenta kg of the N particles (8 =1, 2, 

...N) and the subsequent alternation through kg, 
ky+; without alternation of the kg. We denote 
the second stage by the symbol A Now sep- 


1, 


arating the term kyi;rn,, from the sum 


N+1 


27 kg*Yrq and expanding the m-th power of this 
a=1 


sum by the binomial theorem, we get 


N-+1 m 
A( 3 kere) psoty 


(kn ssf 4,)"A 1 a Se 
oath N-+1, (8) 8 


N m—1 
Mer an anith ed rate) 6 kota 


Bay @=1 


N 
+ Al sy ke-to] 


B=1 


i 


MULTIPLE-PRODUCTION REACTION CROSS SECTIONS 


All the terms of this expansion except the last van- 
ish already on the alternation through the Kg, since 
this alternation is equivalent to array VII, for 
N 
which all powers of the sum )) kg-rg vanish up 
B=1 
to the (m-—1)st power inclusive (case of N par- 
ticles ). 
We transform the last term in the following way: 


we break up the m-th power into a sum of N terms 


of a single type, 
N m—1 
(ken) (S kes) 
ieat 


rN m—L N m—1 
+ (ky* Pa) ( > kets) Se (Kael) b> kets] 
B=1 


B=1 


N 
In each term we single out from 2) kg-rg the 
p=1 


term that appears as the coefficient of the (m—1)st 


power, and corresponding to this we break up the 
alternation of each term into two stages: 


N m 
A (> keer 
* \B=1 


== A 


1,(y, V+1) 


N m—l 
(ken) A (heey + 2 kt] dy 


N-1 m—1 
A (kystw) A (kur oP > ket) ; 
N, (y, N+1) (anna \\ eae 

Let us take, for example, the first term of the sum 
(4) and show that it vanishes already in the alter- 
nation through y, N+1 because of the vanishing 
of the factor 


Yauv 


N in—1 
A (Kans + » kits) ; (5) 
es 
We note that the expression (5) can be regarded as 
a homogeneous polynomial of degree (m-—1) in 
the coordinates r,, fy,...%N with coefficients de- 
pending on all N+1 momenta Ky. We now con- 
sider another polynomial 


eer Camate a Nac TN 1) 
N m—1 
= A kyr kv-ry + k ol 5 
Y; al a (3 on ihe va) | 


which includes (5) as part of itself. If we expand this 


\ 


N 
latter quantity in powers of > ky* ry + Kn+1° na) ; 
y=2 


it can be seen that it vanishes identically, since we 
arrive at the array VII with the numbering of the 
cells changed. This means that the factor (5) also 
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vanishes, since it is a particular value of the other 


polynomial for ry, = 0. 


Similarly one can show that each of the succes- 
sive terms of the sum (4) vanishes, by going over 
to one of the arrays for N particles. 

Finally, we convince ourselves that the (m+1) st 
power does not vanish: 


N+1 ‘ m-11 ‘ 
Al SM ker eety (hae (aren m+1 4 
4 2 ay Ae Nips TS ie 


(m1) m x“ re 
et + IE Ais neetnnd ACS kets) 
my (6) 


N m 
+ (m+ dle ee (Kya Fa) 4 > Kets] 


@=1 


+A S k «1 \ 

. (> eB } 
B=1 

All the terms of this expansion except the last two 

vanish on the alternation with respect to B. In 

analogy with Eq. (4) we break up the next to last 

term of the expansion (6) into terms of the type 


N m—1 
Hee eA SSD tar ses a) 


y=2 


After expanding the (m-—1)st power in this term 
by the binomial theorem and alternating with re- 
spect to y we have remaining 


TV ee Cy. 


N m—1 
A , (Kita t+) (kq+ry) A (> kts] . 
2 


It is easy to see that the further alternation through 
1, N+1, (vy), and combination of all analogous 
terms together with the last term in Eq. (6) does 
not lead to cancellation. 

It is obvious from the proof that all arrays of 
two columns give the minimun degree m=N — 2, 
since it is immaterial to which column one adds a 
new cell. This means that ail total spins S < N/2 
—1 give the same dependence o(K), and the 
cross-section for the largest total spin S = N/2 
vanishes more rapidly at the threshold by a factor 
Ke 

In order to go over to the case of an arbitrary 
set of N particles, we note that the result just 
established can be formulated in the following way: 


N 
The exponent of the lowest power of [3 kat 
O=1 


that does not vanish on alternation through a 
prescribed Young array is equal to the total 
number of cells in all rows of the array ex- 
cept the first, and in going from N to N+1l 
it increases by unity if the new cell does not 
form a new column. (7) 
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Noting that no use was made in the proof of the 
possible number of columns, and that consequently 
the result (7) is valid for arrays with an arbitrary 
number of columns, in the case of arbitrary spin 
s we get: m=N-—(2s+1) for N= 2s+1. 

For an arbitrary set of N particles the alterna- 
tion must be carried out through a single common 
array, made up of the arrays for the different 
groups of identical particles written side by side. 
This gives for the minimum exponent: 
0 for Ni<2s;+1, 
N; — (2s; + 1) for Ni >2s:;+ 1, 
(8) 
where the sum is taken over all groups of identical 
fermions; N, is the number of fermions of the 
i-th group, and sj is their spin. 

It must be emphasized that Eq. (8) gives the 
minimum exponent in the expansion of the reaction 
amplitude that is possible according to the Pauli 
principle for the given set of emergent particles. 
In principle it is possible that there could be addi- 
tional degrees of forbiddenness according to sym- 
metry type, which could exclude the channels with 
the minimum m. In this case the degree m in 
Eq. (3) is given by Eq. (7) for the allowed arrays.* 

Equation (3) represents the first term of an ex- 
pansion in powers of kRy (Rp, is the radius of the 
nucleus, or more precisely the radius of the reac- 
tion zone). With increase of N the errors accu- 
mulate not faster than NY 2 so that the region of 
applicability of Eq. (3) is limited by the inequality 
NY? KR, < 1. 


m= Dimi, nh; = 


L 


2. CHARGED PARTICLES 


Neglecting the Coulomb interactions between 
the emitted particles, we get for the reaction am- 
plitude 


Pd v2. key) 


N 
=( [TY (ke re) U (2) (r 9) 95 (ade das 


a=] 


b(Kas Fo) = exp(— 5") 0(1 2 =) (9) 
exp (kara) F (i 2 » 1, —i(Refa + Ka re)) 


ay= V Mp, Z2, e, 
Zqye is the charge of the @-th particle. The am- 
plitude (9) differs from Eq. (1) only in that for the 
charged particles the plane waves are replaced by 
Coulomb solutions with the asymptotic forms made 
up of plane and converging waves. Using the ex- 
*The degree m also has the following further meaning: 


in a given channel the orbital angular momenta of the emergent 
particles obey /,< m (at threshold). 


pansion of the confluent hypergeometric function, 
we get for small momenta 


y (ka, a) = b (ka, 0) (1 =. iketa = fe INS :] [fo (re ne Naa) 
Se Rafi (Ce ar Nelo) + Oho el = (ka, 0) fous 
where Ng =Kg/Kg, and fj, fo,. are certain 
functions of the quantity(rg + Ng:Tq), the expan- 
sions for which contain arbitrarily high powers. 
When the amplitude (9) is alternated through 


the group of neutral particles, according to Sec. 1, 
the contribution they give in the integrand is 


z ( >) ke-np ) The alternation through the 


(10) 


charged particles does not change the functional 
dependence, since for an arbitrary Young array 


AT] (Ka, 0) fo (ra + Marta) 
Ss (11) 
= J] P (Kas 0) AT] fo (ra + marta) 5 0. 


This means that arbitrary orbital angular momenta 
of the charged particles emitted give always the 
same threshold dependence. 

If among the N particles there are n charged 
particles (n, positive and n_ negative) and ng 
neutral particles, then near the threshold 


9 n 7 N 
ow =\[][P(Ke 0) F (Ke, ma) [] A2 deedQ,-3 (k? — K%), 


where for the negative particles 


' ae 2m | a, | ~ 2n|a, | 
Ip (ke, 0) | = k, [1 — exp (— 2m] a, |/k,)] oe ky 


for the positive ones 


2na, 2na, 2ra 
[9 (Kes O)P = 5 TexpQiea, it~ FP (——F_) 


and 
f (Ke, ma) =|) A(S}kpete)" ATT fox UV9% dr dg” 
6B ane 


is a certain function that is homogeneous of degree 
2m inthe momenta kg of the neutral particles. 
In computing the integral over the hypersphere 


N 
2 = K* in Eq. (11) we need obtain only the 


main contribution (method of steepest descent ye 
For the exponential factors (from the positive 
particles) we have to find the position of the ex- 
tremal point on the hypersphere under the condition 


ae 


k2, = K®. Finally, setting K = (2ME)¥?2, we get 


(y= \ 


MULTIPLE-PRODUCTION REACTION CROSS SECTIONS 


L QnZ 2 la 
on = E ex — —___ Pls s 
: p{ 137 V 2E (3 Ainge ) \, 


is 


L= 3 {BN —2+42m—n (12) 


+592 (Om + On +n +N —1)}, 


e(n,) = fe for n=O, 
WafOne eat. 
n; is the number of positive particles with mass 
Hi and charge zj, and p is the number of differ- 
ent masses of the positive particles. The exponent 
m from the group of neutral particles is deter- 
mined as shown in Sec. 1. 

The largest corrections to the threshold depend- 
ence (12) are those from the errors in the expan- 
sions (10), the subsequent terms of which give cor- 
rections ~ KR) and ~(KRj) (Ze?(My)'/R,). 
The main contribution to the integral is subject to 
corrections ~K(27Ze? (My )?/2)-1, Smallness of 
all these parameters also limits the region of ap- 
plicability of Eq. (12). If the particles have an 
actual or virtual energy level ¢€ close to zero, 
there is the further condition* E < |e«|. 

Let us consider the special case N=2, n=1, 
treated in reference 3. The formula (12) gives 


o = Fi'lztm for n_=1, 2.=9, 


o = Evlet3mi2 exp {— InZze? V p/2E} (13) 


tore | == ide ea le 


The minimum exponent is m=0. If there is an 
additional forbiddenness from the orbital angular 
momentum of the neutral particle, then the lowest 
degree from the expansion of exp(—ik+r) in 
powers of kr is l, where IJ is the smallest 
allowed angular momentum. This means that in 
order to use the formulas (13) in the case of ar- 
bitrary orbital angular momentum J of the neutral 
particle we must taket m = J. 


*The effect of the interaction of the reaction products on 
the accuracy of the threshold dependence has been dealt with 
partly in reference 3. 

tSimilarly, we can take into account the raising of the 
lowest degree m owing to any additional forbiddenness in the 
group of neutral particles by finding the first term of the ex- 
pansion of exp{—i2kg-rg} in powers of kr. 
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The results of reference 3 differ from Eq. (13) 
only by the inclusion of the motion of the nucleus. 
A comparison of the results shows that inclusion 
of the nuclear recoil does not change the threshold 
dependence in the case n, =0, and changes the 
exponent in the case ny, = 1 in the following way: 
B—UMyyce/(H + Mpyc )- It is not hard to show that 
for n=0,1 with.an arbitrary number of neutral 
particles the formula (12) is exact if we replace 
the mass of the charged particle by its reduced 
mass, #— UMyyo/(# + Myyc)- To do this one 
must reduce the kinetic energy in the exact Ham- 
iltonian with recoil terms to the canonical form 
by the method of Jacobi, leaving the coordinate 
of the charged particle unchanged.* 

In the case n= 2 the formula (12) is already 
an approximate one, and it makes sense to use it 


aia 


<«< Z. It can be expected that under these conditions 
inclusion of the motion of the nucleus and the Cou- 
lomb interaction between the emergent particles 
will not change the threshold dependence for 

n, =0, and will shift the exponent by amounts 


be Mineman £2 |2a|/2 for, ny =ah 
a a 


In conclusion I express my gratitude to Profes- 
sor I. Ia. Pomeranchuk for suggesting the problem 
and for a discussion. 


only under the conditions Ee Ha < Mpue; 
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*For the special case n =n, = 1, for example, this transfor- 
mation was used in reference 3. 
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A scheme is constructed in which the non-Hermitian weak-interaction Hamiltonian Hy is a 
component part of the Hermitian total Hamiltonian operating in a “doubled” Hilbert space. 


1. INTRODUCTION 


Ln the writer’s previous paper! the question was 
left open as to how the non-Hermitian Hamiltonian 
Hy can be included in a consistent quantum - 
mechanical scheme. One of the possible solutions 
of this question is proposed in the present paper. 
The essentials of the scheme are as follows. 

The weak-interaction Hamiltonian Hw appears 
in the total Hamiltonian not simply added to the 
strong-interaction Hamiltonian Hg, but as one of 
the “blocks” of a Hermitian total Hamiltonian; 


- ieee 
H=\ pty} 


which acts in a Hilbert space with a doubled num- 
ber of dimensions. In order to give a physical 
meaning to the doubling of the Hilbert space, we 
postulate as the form of the inversion operator the 


matrix 
i. 0 a 
PON OPe 


(1.1) 


With such a definition of the inversion the “second” 
Hilbert space is the mirror image of the “first” 
space. 

The class of permissible Hamiltonians of the 
form (1.1) is restricted by the requirement that 
the operators H and P commute. In other words, 
in the theory developed here the inversion P isa 
constant of the motion. 

Finally, we introduce a certain “condition of 
observation” that enables us to interpret physically 
the results of the theory. The condition of obser- 
vation is not invariant with respect to the inversion 
P; this corresponds to the experimentally known 
violation of the conservation of parity in the weak 
interactions. 

It is curious to note that within the framework 
of the proposed theory the non-Hermitian charac- 
ter of the Hamiltonian Hy is necessary. If we 
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replace Hy by a Hermitian operator, all the ef- 
fects associated with the non-conservation of parity 
vanish. At the same time, the Hermitian character 
of the Hamiltonian Hg and the conservation of 
parity in the strong interactions are necessary 
consequences of the scheme. 


2. THE EXPLICIT EXPRESSION OF THE 
HAMILTONIAN Hy 


The Hamiltonian Hy is expressed extremely 
simply in terms of certain four-component field 
spinors describing pairs of charged particles. 
With the pair of leptons (e, wu) we associate the 
field 

. ie (H) +4 0) 
* Nea (7) — Ge (uty) (2.1) 
and with the pair of baryons (p, =*) we associate 
the field 


Pare 
Pa (Z*) — e (Pp) 
(the notation is the same as in reference 1). We 
shall not include the other charged particles in the 
scheme of the direct Fermi interaction. 

It is convenient to combine the fields yy, and yp 
into a single x-field. For this purpose we intro- 
duce explicitly the dependence of the field on the 
variable 8 canonically conjugate to the nucleonic 
charge N, and define the single field by the equa- 
tion 


(2.2) 


X(x, t, 8) = %a(x, t) ef +X, (x, 2). (2.3) 


We introduce into the scheme the direct Fermi 
interaction of the following neutral particles: the 
neutrino, the A° particle, and their antiparticles. 
The neutral particles come into the theory in an 
essentially different way from the charged particles 
(the rule of polarization of lines! fixes the type of 
the gy -fields only for charged particles). Because 
of this the neutral particles have to be described 
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by ordinary ~-fields. We define the single y- 
field of the neutral particles by the equation 


P(X, 4, B) = {ha (x, t) + dae (x, t)} em“ + dy (x, 2). 

(2.4) 
We define the operation R as the interchange of 
the particles in the pairs (e, 4) and (p, =*). 
The result of applying R will be written with an 
upper index. For the neutral particles we have by 
pengilon that R is the identical transformation: 
yrs yp. 

We can now write the weak-interaction Hamil- 
tonian density K(x, t), satisfying all the rules 
formulated in reference 1, in the form 

Few (&, t) = (g/4n) | a8 (Z4)* (HY) + HO HF. 
S. (2.5) 
In the expression (2.5) the integration with respect 
to B selects the terms corresponding to conser- 
vation of the nucleonic charge. 


3. THE SYMMETRY OF THE THEORY WITH 
RESPECT TO INVERSIONS 


Under proper Lorentz transformations the 
fields x and »% transform as bispinors. The 
behavior of the y -fields under inversions is not 
obvious a priori and requires special considera- 
tion. We shall examine inversions of the follow- 
ing three types: spatial inversion P, charge con- 
jugation C, and the transformation S, consisting 
of reflection of all four space-time axes and re- 
placement of particles by antiparticles. All other 
inversions are expressible in terms of products 
of these “elementary” inversions. 

We shall introduce the inversion operators act- 
ing in the state space in a way like that used in 
reference 2 for Lorentz transformations. We as- 
sociate with the inversions P and C the unitary 
transformations Up and Ug. To the inversion S, 
which involves time reversal, we assign an anti- 
unitary transformation UgJ, where Ug is a uni- 
tary operator and J is the operation of complex 
conjugation. The forms of the operators U are 
given in the Appendix. The x -field (2.3) trans- 
forms in the following ways under the elementary 
inversions: 


UpXUS = ax (—x, t, B) (P) 
x (x, t, B) > }UcXUE = Cy" (x, t, — 8B). (C). (3.1) 
lU sdXJUS = Cysy® (— x, — t, — 8) (S) 


In the right members of Eq. (3.1) C denotes the 


spinor conjugation matrix, which has the properties: 
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Cy Coe ate Cte Ch Ch Conch at 


The appearance of the matrix C in the third of 
the equations (3.1) is due to the antilinear charac- 
ter of the transformation S. The 7 -field (2.4) 
also transforms by the formulas (3.1), the only 
difference being that for it R is the identical 
transformation 

It is now easy to find the transformation law of 
the weak-interaction Hamiltonian. We give the re- 
sult for the whole Hamiltonian Hy in the Schré- 
dinger representation: 


U,HwUF = UcHyUt = UsHyJUS = HS. (8.2) 


Under each of the elementary inversions Hw goes 
over into the Hermitian adjoint operator H{,. Under 
any combined inversion equal to the product of two 
elementary inversions Hy remains unchanged. 
This result has been obtained in a different way in 
the preceding paper.! 


4, THE TOTAL HAMILTONIAN H 


Our further considerations are based on the hy- 
pothesis that the complete physical definition of the 
inversions must include, in addition to the trans- 
formations of the space of the state vectors W dis- 
cussed in the preceding section, also a transforma- 
tion of a certain internal variable characterizing 
the properties of the space. We obtain a realiza- 
tion of this idea in the following scheme. 

We shall regard the total state vector W asa 
two-component quantity 


area Meee 
arg 
where W, and W, are two Hilbert vectors for the 


state of the system. We define the scalar product 
of two vectors of the type (4.1) by 


(4.1) 


(¥, ©) =(¥,, 0) +(%2, ®,). (4.2) 


It is convenient to introduce matrices Aj acting 
on the vectors W, in analogy with the Pauli spin 
matrices: 


Tg ae Sa peta A PC a fet 9 
1E0 iat, 0—1 
Let I be any one of the elementary inversions. 
We define the complete inversion I by the equa- 
tion 


Patsy (4.3) 


Finally, let us define the total Hamiltonian H, 
containing both the strong and the weak interac- 
tions: 


A =He+ + (He + He) A, +5 (He —He) Ax (4.4) 
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The Hamiltonian H is Hermitian in the metric 
given by the scalar product (4.2). In virtue of the 
relation (3.2), the Hamiltonian H satisfies the 
relation 


gery een (4.5) 


In the derivation of Eq. (4.5) it has been assumed 
that there is conservation of all the inversion pari- 
ties for the strong interactions, i.e., that we have 
the relations 


(H., I] =0. (4.6) 


The converse proposition is also true: the rela- 
tions (4.6) and (3.2) are consequences of the rela- 
tion (4.5) and the definitions (4.3) and (4.4). 


5. THE PHYSICAL INTERPRETATION OF THE 
THEORY 


Let us construct in our scheme the theory of 
the S matrix that gives the probabilities of tran- 
sitions between unperturbed states. We subject 
the unperturbed states to the symmetry condition 
y = Ayy, or in terms of the components 


Y= ee (5.1) 


Vectors of the form (5.1) can be regarded as 
eigenstates of either the strong-interaction Hamil- 
tonian Hg or the free-particle Hamiltonian Hp. 
Let S be the S matrix related in the usual way 
to the Hamiltonian H. We define the probability 
of transition from the symmetric state Vo to the 
symmetric state Wf by the equation 


(5.2) 


WOOF) =|(%, St). 


It is easy to see that the definition (5.2) of the 
probability goes over into the usual definition if 
we neglect the weak interactions. 

On the basis of Eq. (5.2) the total transition 
probability is given by 


AA 


DIA | we Py, Ties 


(5.3) 


In the derivation of Eq. (5.3) we have used only 
the completeness of the system of final states Wr. 
In order for the definition (5.2) of the transition 
probability to be free from contradiction, the con- 
dition of conservation of the total probability must 
hold, that is, 


(¥, oe (, 1 Ang), an 


It can be shown that Eq. (5.4) is valid if the initial 
state Ty has a definite intrinsic parity, i.e., sat- 
isfies the condition 


IDS Oy MEG. (A = +; is 


By intrinsic parity we mean parity in the center- 
of-mass system. We define the intrinsic parity 
operator Py) by the equation 
Py = ULU pU7, 

where L is the Lorentz transformation from the 
laboratory coordinate system to the center-of-mass 
system, and Uy, is the operator of the unitary rep- 
resentation of the Lorentz group discussed in ref- 
erence 2. 

if we apply1 the definition (5.2) to the calculation 
in first-order perturbation theory of the transition 
probability occasioned by the weak interaction, we 
get the relation 


2 
w (of) =|[¥;, | Ho (x) d'x¥ | 
from which it can be seen that in this case the 


transition probability is calculated by the usual 
rules, on the basis of the Hamiltonian SG,(x). 


’ 


APPENDIX 


It is easy to find the explicit forms of the oper- 
ators U by the method discussed in reference 2: 


Up = exp{— iF De" (W) [a(p) — 2 (—P)] 
+5" (p)[5(p) +6 (— py; 
Ue = exp ie i> D(a" (P) — 6° (p)I [a(p) — 5 (P)I} 
Us = exp 15>)" (p) 2a(p) — 6" (p) £5 (ph. 


All the operators (A.1) are unitary. The anti- 
unitary transformation is S=UgJ, where J de- 
notes complex conjugation. By definition the oper- 
ator J does not change the vacuum state: Jé) = 
@). Furthermore, J commutes with the operators 
for creation and annihilation of particles (since 
these operators are represented by real matrices): 
JaJ =a, Jats =ar, 

Thus under the transformation S the creation 
operators do not go over into annihilation opera- 
tors, and conversely. Our definition of S agrees 
with the definition of time reversal in nonrelativis- 
tic quantum mechanics (cf., e.g., reference 3). 
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The regions of instability of a stationary magnetohydrodynamic shock wave with respect to 


one-dimensional perturbations have been determined. 
The types of shock waves that can follow each other are determined. 


shock waves exist. 


ii The purpose of the present paper is the investi- 
gation of the problem of the stability of plane mag- 
netohydrodynamic shock waves with respect to 
small perturbations which depend only on the dis- 
tance of the surface of discontinuity and on the time. 

We shall show that magnetohydrodynamic shock 
waves can be unstable and must disintegrate into 
several shock waves if the total number of magneto- 
hydrodynamic, magnetoacoustic, and entropy waves 
emanating from the front of the discontinuity is not 
equal to six. 

2. The method that we shall employ consists of 
the following: we shall write down a set of equations 
of magnetohydrodynamics describing the perturba- 
tions in question in the form 


ys {Xan (u) GE + Tin (u) Sh = 0; ear iaat Bid) 


k=1 


Where ux, represents any hydrodynamic quantity 
(the velocity v, the magnetic field H, the den- 
sity p, the entropy s), Xjxk(u) and Tj,x(u) are 
certain functions of uj, Up,..., Uy; X is the dis- 
tance to the surface of discontinuity and t is the 
time (the direction of the x axis is chosen so that 
the projection of the velocities on it will be posi- 
tive). These equations possess discontinuous solu- 
tions that satisfy the n given conditions on the 
surface of discontinuity. We denote the constant 
values of ux on the two sides of the discontinuity 
by uy, (x<0) and Ux, (x>0) (index 1 corre- 
sponds to the region in front of the shock wave, 
while index 2 corresponds to the region behind the 
shock). At the incident of time t=0, let the quan- 
tities ux, undergo small perturbations du, (x), 
which depend only on x; it is required to deter- 
mine the functions du, (x, t) =u, (x, t) — UK at 
all subsequent times. If the discontinuous solution 
is stable, then these quantities will remain small, 
and we can therefore linearize Eq. (1): 
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It is shown that two types of stable 

ue 0s t 08 

x {x 1) He samt heen Te an Hu (a _ iyi 

R=1 

as O8u,, x, t) O8u,, (x, t) (2) 

(2) C°4op (2) 7°UoR es 
> {xt Ox + Tih ot _ 0 


where the indices (1) and (2) indicate the values of 
the function for uz, = uy, and up =Uy,~. The re- 
sultant system of linearized equations can, however, 
fail to have a unique solution in a number of cases. 
On the other hand, since the Cauchy problem in 
hydrodynamics always has a unique solution, then 
the absence of a unique solution for the system (2) 
indicates the impossibility of replacing the exact 
equations (1) by the linearized equations (2). In 
turn, this means that the perturbations du; (x, t), 
which are small at t=0, are not small at any 
subsequent instant of time. Such a discontinuous 
change with the time of the quantities du), (x, t) 
can take place only in the breaking up of the origi- 
nal shock wave into several waves, which are en- 
closed between the surfaces of discontinuity that 
are once again formed. 

Therefore, the necessary condition for the 
stability of the shock wave relative to decomposi- 
tion is the existence of a unique solution of the 
linearized Cauchy problem corresponding to the 
system (2). We shall make use of this criterion 
in what follows. The problem of the character of 
the breaking up of the shock wave is not considered 
in the present work. 

8. Let us go on to the solution of Eq. (2). For 
this purpose we carry out a Laplace transforma- 
tion in time: 


tn (x, 2) = \ bu (01) Ca Ch zie 0 
0 
which yields 
> (Xan as + 2Tin an} = >| T :pSUp (x). (3) 


hed k=1 
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For a solution of these equations, we first consider 
the homogeneous set 


n dt 
>} Xn i + 2T ip Ca} = 0, 
h=1 


whose solution has the form 
Ce = Any e’»*, (4) 


where A, are the roots of the characteristic equa- 
tion 


| Xin t+ Tinz/dy| = 0. (5) 


On the other hand, the phase velocities Vu of the 
plane waves 


Sup (x, t) at. Ce ee (6) 


satisfying Eq. (2) are obviously determined from 
the equation 


| Xin —VuTin| = 0. 
Therefore, 


hy = —2/Vy. 


(5’) 
This relation shows that for z>0 each plane 
wave of (6) moving in the positive direction corre- 
sponds to a negative Aus while the wave moving 
in the negative direction corresponds to positive 
Ay: 

We now turn to the solution of the inhomogene- 
ous system (3). As is well known, this can be rep- 
resented in the form 


n 
Up De Anp. Eis (x), 
p=1 
where 


By, (*) = S(AMNav (XA wy Tyo OH Bite (8) dé + g, (0): 
(7) 


Nee X7! are matrices inverse to the matrices 
A=(Aky) and X=(Xik). In order that the quan- 
tities (x, Zz) be bounded for x—», the func- 
tions Sou (x) corresponding to positive rou must 
vanish for x—o; 


Bo, (+ 00) = 0; Ay > 0. 


These conditions uniquely determine the constants 
of integration S2.(0) for Agu > 0; so far as the 
constants Sou (0) that correspond to Aou <0 are 
concerned, the conditions at +* do not impose 
any limitations on them. The number of these con- 
ditions is evidently equal to the number of types of 
plane waves (6) propagating in the positive x di- 
rection. 

Thus, after consideration of the conditions at 
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+0o in the solution (7), there remain as many ar- 
bitrary constants as there are forms of plane waves 
propagating to the right from the shock front. 

Proceeding in exactly the same manner, it is 
easy to show that the number of arbitrary constants 
from among the gy, (0) is equal to the number of 
types of plane waves propagating to the left from 
the shock front. 

Thus the total number m of arbitrary constants 
is equal to the number of solutions of Eq. (5) with 
Nou <0 and Miu >0, i.e., the number of waves 
propagating from the surface of discontinuity in 
the two directions. | 

On the other hand, on the surface of the discon- | 
tinuity there are satisfied n conditions which re- 
late the quantities uy, and up,. The velocity of 
the wave front enters into these conditions. If it 
is eliminated, we obtain (n-—1) conditions con- 
necting uy, and ug, at x=0. We can now verify 
the fact that if the number of arbitrary constants 
is not equal to the number of these conditions, then 
the Cauchy problem either has no solution (m > 
n-—1) or it has an infinite number of solutions 
(m<n-—1). In this and in the other case, we must 
make some conclusion on the instability of the shock | 
wave which is associated with its disintegration. 

It is essential to note that neither boundary con- 
ditions nor considerations of thermodynamic sta- 
bility (Zemplen theorem) exclude these conditions, 
generally speaking (see Sec. 5). 

For stability of the shock wave it is necessary 
that the number of waves emanating from the dis- 
continuity be equal to the number of boundary con- 
ditions on the discontinuity. If this condition is 
satisfied, it is still necessary to verify whether it 
is possible to satisfy the boundary conditions with 
the help of the remaining arbitrary constants.* 

4. We now turn to the investigation of the stabil- 
ity of magnetohydrodynamic shock waves. As is 
well known,? there exist seven types of one-dimen- 
sional plane waves in magnetohydrodynamics: 

(1) Magnetohydrodynamic waves whose phase ve- 
locities are vx — Vx, Vx + Vx) where Vx = 

Hy /V 4p . (2) Magnetoacoustic waves whose 
phase velocities are vx —u_, Vx + UL, Vx — U4, 
Vx + u,, where 


4 


W=asV+OLY V+er—4V3], V=H/V 4m 


(c is the velocity of sound). (3) An entropy wave 
whose phase velocity coincides with the velocity of 


*This criterion is well-known for ordinary hydrodynamics 
(see reference 1, p. 405). However, we note that the considera- 
tions introduced in reference 1 cannot be applied in the case 
m<n—1l. 
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the liquid vy. We note that 
u_<V.< U,. (8) 


For stability of the shock wave, it is necessary 
(as was shown above) that the number of emergent 
waves should be one less than the number of boun- 
dary conditions, that is, it must be equal to six. 

Waves having phase velocity vix + Vix, Vix + 
Ui+, Vix tUy-, and vix, are convergent, while the 
waves Vox + Vox, Vex + Ug+, Vex + Up-, and vox 
are divergent. Therefore, in the case of stability 
of the remaining six waves with velocities vi, — 
Vix» Vix ~ Wit, Vix — Wi-, Vox — Vox, Vox — Ut, 
and Vox — U,-, two must be divergent. Taking the 
inequalities (8) into account, it follows that the 
shock wave can be stable only under the following 
three conditions:* 


A) dip<oUy2 <Viz, Vox < use; 
B) Vix < Vix a Uj4, Ug— me Vox =<" Vax} (9) 


C) wy4<%%4,, Vox << Var << Us 


(see Fig. 1, in which the possible regions of stabil- 
ity are shaded). 

We consider the particular case in which the 
magnetic field is parallel to the wave front: in this 
case Uy— = Up— = Vix = Vox = 03 Uj+ = Vc? + V3 5 
Ug, =Vc%+ V2, and therefore, in accord with 
Eq. (9), the shock wave can be stable on satisfac- 
tion of the inequalities 


Vir >VOQ+V3; voxr< Vo +V32 (10) 
(see Fig. 2). 

5. If the magnetic field is perpendicular to the 
shock front, then satisfaction of the conditions (9) 
is insufficient for stability of the wave with respect 
to the perturbations under consideration, since in 
this case the boundary conditions break up into 
three isolated groups. These conditions have the 
following form: 


[2p0,50, + v2 5p+ op] = 0, 
(11) 


[p5u, + v,8p — pU] = 0, 


[v,60 ,+ 6w— 0,U] =0; 


*Note added in proof (August 6, 1958). Actually it must be 


| H, 

[oo,80, —_ 3H, | = 0, (v,6H, — H,60,] = 0; (12) 
H 

[pv.t0, —-! 8H, |= 0, (0,8He—H,80,)=0 (18) 


(The set of coordinates is so chosen that Viy = Vay 
= Viz =Vez =0, U is the velocity of the shock 
wave, w is the heat function.) 

Of the four magnetoacoustic waves at Hiy = Hey 
= Hiz = Haz = 0, two are longitudinal and two are 
transverse. The longitudinal waves are ordinary 
sound waves whose velocities are equal to Vy tc. 
The transverse waves are ordinary magnetohy- 
drodynamic waves considered earlier only in the 
direction of polarization. 


In the consideration of the sound waves, it is 
necessary to take into account only the boundary 
conditions (11) since conditions (12) and (13) are 
satisfied identically for them. In the same fashion, 
in the consideration of the magnetohydrodynamic 
waves polarized along the y axis, we must take 
into account only the boundary conditions (12), 
while for waves polarized along the z axis we 
need only conditions (13). 

Instead of investigating the stability relative to 
all three types of waves simultaneously, we must 
consider the stabilities for each type of wave in- 
dividually. Let us begin with the magnetohydrody- 
namic waves. The number of boundary conditions 
for them is equal to 2 [see (12) or (13)]. Since 
these conditions do not contain the velocity of the 
wave front, then the presence of two diverging 
waves is necessary for stability. The wave with 
phase velocity vox + Vox diverges, while the wave 


considered that (as was pointed out to us by S. I. Syrovatskii) in 

the first approximation, the aggregate of boundary conditions in Uy 
the case of shock waves (but not for rotational discontinuities) 
breaks up into two groups which contain quantities character- 
izing the magnetohydrodynamic waves (vz, H,) and magneto- 
acoustic waves (p, p, Vx» Vy, Hy; H lies in the xy plane). There- 
fore, computation of the number of diverging waves ought to be 
carried out not only for the entire aggregate of variables but 

also for each group separately. From this, we easily conclude aP+Ve oy 
that 2B is not a region of stability and is contracted to a point 
(small circle in Fig. 1, compare Secs. 5 and 6). 


VEZ +V 5, Z 


with phase velocity vyx + Vix converges. Of the 
remaining waves, with velocity vix — Vix and 
Vox + Vox, one must be diverging. This is pos- 
sible in two cases: (1) Vix > Vix, Vex > Vox; 
(2) Vix < Vix, Vox < Vox (see the horizontally 
shaded regions in Figs. 3 to 6). 

Consideration of the sound waves leads to the 
following stability conditions: 


Vix 2 Cy, 


(see the vertically shaded regions in Figs. 3 to 6.) 
The region of stability of shock wave relative 

to arbitrary single one-dimensional perturbations 
is the intersection of the regions of stability of the 
two separate waves. It is shown in Figs. 3, 4, and 
6 by the doubly-shaded regions. In the case shown 
in Fig. 5, there is no region of stability. However, 
this cannot take place if 


a2 4 
ie =) Ai 0 

We note that under the conditions in Figs. 3 to 6 
the region for stability can be formally obtained 
from (9). 

We emphasize that the inclusion of a magnetic 
field perpendicular to the wave front always leads 
to a decrease in the region of stability. This is ex- 
plained by the fact that in such a field there are two 
independent transverse waves, which produce addi- 
tional instability. 

We note that in the case under consideration 


Vix > C1, Vox > C2 


(see Fig. 6) the Cauchy problem corresponding to 
the system (2) has no solutions if 


Vox < Cy 


(14) 


Oy, > Vix» Vax Ce (15) 


(see the region of vertical shading in Fig. 6.) 

One might think that the inequalities (14) and 
(15) are incompatible with Zemplen’s theorem, by 
virtue of which 


Vox << Uix} 02> Pr, (16) 


and with the boundary conditions. However, it is 
seen in the example of a monatomic ideal gas that 
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—_— 


Gy Uy- Vir Ue 4 Ng 


FIG. 6 


this is not so. Actually the boundary conditions in 
this case can be written in the form 


Pi = (40ox — Oyx) 01V1x/5, Po = (401% — Vex) 0101x / 5, 
02 = 01x / Vex, 


from which it follows that 


Vex > 1/4 U1 25 Ps < 4p). (17) 
The inequalities (14) to (17) determine the triangle 
MNP (see Fig. 6). From this it is seen that for 
their simultaneous fulfilment it is necessary to 
have Vix < 4c, and Vox > cy. These inequalities 
are satisfied if the magnetic field Hx lies within 
the limits 


C5 V 4x0. <li <GAe, V 4r02, (18) 


which is always possible by virtue of (17). 

6. Let us examine in particular Alfven rota- 
tional shock waves? which are the kind of shock 
waves most frequently considered. In these waves 
the velocities are characterized by the relations 


Oy = Vyy = Vox = Vise. 


In Fig. 1, there corresponds to the Alfven wave 
a point surrounded by a circle. This point lies on 
the boundary of the region of stability. Therefore 


the problem of stability of the Alfven discontinuities 


requires additional consideration. 

First we note that in our case two phase veloci- 
ties vanish, namely, vix — Vix and vox — Vox. 
With this, in accord with Eq. (5’), one of the roots 
A of the characteristic equation becomes infinite. 
This means that the determinant | Xj,| is equal 
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to zero, i.e., the set (3) reduces to an (n—1) -fold 
differential equation and one algebraic relation 
among the quantities uy, Ug,...,Uy. Therefore 

the general solution of (3) contains (n—1) con- 
stants of integration. Thus the presence of a 
“wave” with phase velocity equal to zero leads 

to the loss of a single arbitrary constant. Con- 
sequently, in the calculation of arbitrary constants, 
one must add such waves to the convergent ones. 


Applying this conclusion to Alfven discontinuities, 


it is easy to see that they are stable relative to the 
perturbations being considered. 

7. The necessary conditions that we have ob- 
tained for stability permit us to carry out a clas- 
sification of shock waves. In the general case, 
when the magnetic field is inclined to the plane of 
the discontinuity, only three types of stable shock 
waves can exist, corresponding to the regions A, 
C of Fig. 1 and to a rotational discontinuity. If 
the jumps of all the quantities tend to zero on the 
surface of discontinuity, then the velocities of the 
shock waves approach the phase velocities of the 
linearized waves; in this case, the velocities of 


waves of type A tend to the phase velocity vy + u_ 


of the slow magnetoacoustic wave, the velocities of 
type C tend to the velocities v, + u, of the fast 
magnetoacoustic wave. In this connection, it is 
appropriate to subdivide shock waves into slow 
and fast magnetoacoustic waves. 

If the magnetic field is parallel to the plane of 
discontinuity, only the fast magnetoacoustic waves 
can be stable (see Fig. 2). 


We note several consequences from the condi- 
tions for shock wave stability. If two shock waves 
of the same type follow one another, then the rear 
one overtakes the forward one. For example, let 
us consider two slow magnetoacoustic waves. The 
velocity of the forward wave, relative to the liquid 
contained between the waves is equal to Vox, while 
the velocity of the rear wave is —vix. As follows 
from Fig. 1, for waves of this type, vix > u,;- and 
Vox < Up-. Since the velocities u,. and wu, re- 
late to the same region of space, then uy_ = U,_ 
and, consequently, Vix > Vox. 

So far as waves of different types are concerned, 
a rotational discontinuity will overtake a slow mag- 
netoacoustic wave, while a fast magnetoacoustic 
wave will overtake all types of discontinuities. In 
the same way, we can show that a shock wave over- 
takes a weak discontinuity if it belongs to the same 
type as the shock wave itself, or to a slower type. 
A weak discontinuity overtakes a shock wave of 
the same type and shock waves of slower types. 

The authors acknowledge their gratitude to L. D. 
Landau, A. S. Kompaneets, and G. I. Barenblatt for 
valuable discussions and advice. 
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Equations are obtained for the semi-classical quantization of the motion of an electron in a 
metal in an inhomogeneous magnetic field, the gradient of which is perpendicular to the direc- | 
tion of the field. The de Haas-van Alphen effect in a pulsed magnetic field is analyzed from 

the point of view of possibly using it to study the Fermi surface of the electron gas in a metal. 


ly reference 1 the author investigaged the de Haas- 
van Alphen effect in a sufficiently slowly changing 
magnetic field when one can start from the formulae 
for the quantization of the motion of an electron and 
the expression for the magnetic moment of an elec- 
tron gas in a uniform magnetic field.? In the pres- 
ent note we obtain the equations for the quantization 
in an inhomogeneous magnetic field, the gradient of 
which is perpendicular to the direction of the field, 
and the role of the inhomogeneity of the field ina 
pulse method of investigating de Haas-van Alphen 
effect is elucidated. 

1. We shall consider the motion of a particle 
with an arbitrary dispersion law E = E(px, Py, Pz) 
and charge e in an inhomogeneous magnetic field 
H, directed along the z axis. Ifthe y axis coin- 
cides with the direction* of grad H, the classical 
motion of the particle proceeds according to 


ie pee eh) Se = const; pee const}, p= const; W(t) 


where the components of the kinetic momentum P 
are most conveniently expressed in the form 
y 
Pr= = \ Hy) dy, Py = Py Pz =P, (2) 
Yo(Px) 
where the function yo(px) is determined by the 
relation 


pp=—<\ Aya. (3) 


We shall assume for the sake of simplicity that 
H(y)>0. It is then clear from (1) and (2) that the 
classical motion of a particle corresponding to a 
closed surface 6 (Dx, Py, Pz) =€, is bounded 
along the y axis, and the coordinate yy = yo (px) 


*Such an inhomogeneous magnetic field is necessarily sole- 
noidal (curl H #0) and can, therefore, not be purely magneto- 
static. 
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plays the role of the center of the oscillations 
along this axis. 

In the quantum case the components (2) of P 
correspond to operators with the following commu- 
tator relations 


[P,P] =H (y), (Pe b.) = [P,, P)=0, (4) 


where y =y (px, Px) is determined from (2). 
From (4) the semi-classical quantization con- 
dition 
$ [Py /H(y)]dPx = (n+ y)eh/c, O<y¥< 4) (5) 


follows. The integration in (5) is performed along 
the closed curve (1). 

Equation (5) determines implicitly the depend- 
ence of the energy levels ¢€ on the quantum num- 
bers n, pz, Px, or on the quantum numbers n, 
Pz, Yo, Which is the same. 

If the distance 6, over which the magnetic field 
H(y) changes appreciably, is considerably larger 
than the radius r of the classical particle orbit 
in the magnetic field H(y)), we can for fixed pz 
and yo(Px) on the left hand side of the quantiza- 
tion equation (5) retain only the main terms in an 
expansion in powers of r/o: 

r 2 2 
(et (MY = oe 


(6) 
mS (8, pz) = (¢/eHo) Jy, FS (e, p,) = (¢/ eH)? Jey, 


de A 
S(¢ ee Seer 
(2, p,) Hy dig 2 He laa He 


Ho = H (Yo); 


where S(€, pz) is the area of the cross section 
of the energy surface €6(p)=e€ with the plane 
Pz = const, Jiy(€, pz) the static moment, and 
Jey (€, Pz) the moment of inertia of the area 
S(€, pz) with respect to the Py axis. 

To conserve the quantization equations (5) and 
(6) in an electric field, produced by a non-static 


512 


THE DE HAAS-VAN ALPHEN EFFECT IN PULSED MAGNETIC FIELDS 


magnetic field (see reference 1) it is necessary 
that the energy, gained by a particle in the elec- 
trical field during a period of revolution in the 
classical orbit, be small compared to the distance 
between the quantized energy levels. We make a 
corresponding estimate in the case where Eq. (6) 
is justified, when the simple expression for the 
distance between the energy levels is well known 
to be 


As = hw’ =k (eH / m*c)=p"H; 


where m* is the effective mass and p* the ef- 
fective magnetic moment of the particle. 

From an analysis of the Maxwell equations it 
follows that if T is a characteristic time of change 
of the magnetic field, the electrical field strength 
E ~ H6/cT. The above mentioned requirement 
leads thus to the inequality. 


wT S>3/}, (7) 


where A is the de Broglie wavelength of a particle 
with energy e. 

If the inhomogeneity of the magnetic field is 
vanishingly small, Eq. (6) goes over into the well- 
known quantization equations in a homogeneous 
field.2*? Corrections to the particle energy levels 
in a uniform magnetic field,?*? arising from taking 
the field inhomogeneity into account in Eq. (6), are 
meaningful, of course, only if they are consider- 
ably larger than the inaccuracy of the semi-classi- 
cal approximation itself, i.e., when 


ry /8S>(h/r) and 12/8 > (d/ 1). 


2. We shall consider the de Haas-van Alphen 
effect in a pulsed magnetic field. Let the external 
field which is directed parallel to the surface of 
the metal specimen increase from zero to a maxi- 
mum value H,, ina time interval (0, ty,) and 
the general duration of the pulse T~ ty. The 
magnetic field inside the metal is then a function 
of the y coordinate measuring the depth into the 
sample from its surface, and a characteristic 
measure along the y axis 6 ~ (2T/om )¥, 
where oy, =0(Hy,) is the electrical conductivity 
of the metal in a magnetic field Hy. 

The energy levels of an electron in such a sam- 
ple are determined by Eqs. (5) or (6)* where yo 


*Strictly speaking, if the external magnetic field vector and the 
normal to the surface of the sample do not coincide with the prin- 
cipal axes of the electrical conductivity tensor, the direction of 
the magnetic field inside the metal changes with depth. However, 
in the practically most interesting cases, considered below, this 
rotation of the H vector can be neglected when condition (7) is 
fulfilled. As to inequality (7) in metals, there is a sufficiently 
wide range of T for which it is satisfied. Indeed, if we take for 
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changes within the limits 0 to L, where L is 
the length of the sample along the y axis. 

As is well known,’ the oscillations of the mag- 
netic moment of the electron gas with a change of 
the magnetic field is determined by a change of 
the extreme value ny,(H) — the integral quantum 
number n, corresponding to the limiting Fermi 
energy in a factor of the form 2m,,(H). Since in 
a homogeneous field n is very simply connected 
with S(e, p,), an investigation of the periods of 
the oscillations in a uniform field enables one in 
principle to reconstruct the Fermi surface for the 
electrons in a metal.‘ In order that a study of the 
periods of the oscillations in a pulsed field can 
also give interesting information about the Fermi 
surface, it is necessary that ny, be directly con- 
nected with the cross sections of that surface. 
From the foregoing it is clear that this only 
takes place if r <6, when Eq. (6) is valid. In 
that case the relative change in period P = 
A(1/H)) for the oscillations of the magnetic 
moment of a thin metal layer at a depth y = yo 
as compared to the period in a corresponding 
uniform field Py) is, as to order of magnitude, 
equal to 


6P {Po =|P—Pol/Po~tim/8= fam/8, Po = €h/CSm, 
(8) 


where Sy, Vim, and rym are determined for 
the extremal cross section of the Fermi surface, 
corresponding to the given oscillations. If the 
center of gravity of the extremal cross section 
lies on the Py axis (this will, for instance, be 
the case for a central cross section of the Fermi 
surface, possessing a center of symmetry), rim 
=0 and the order of magnitude of the quantity 
6P/P,) is determined by the second term on the 
right hand side of (8). Otherwise 6P/P) ~ rim /6. 
We note that in magnetic fields Hy, ~ 10° Oe for 
the basic electron groups ry ~ 1074 to 107° cm. 
From (8) it follows that if rp, «6 the above- 
mentioned periods are practically not changed, 
while the change in the phase of the oscillations 
compared with those in a uniform field can be 
appreciable, since it is of the order of magnitude 
(6P/P))(€9/u*H) where ¢€ is the limiting Fermi 
energy. ; 
Since the determination of the function H = H(y) 
is a non-trivial mathematical problem for compli- 
cated pulses of the external field and when o de- 
pends essentially on H in strong fields, quantita- 


\ an extreme estimate, A~ 10°® cm, and take into account that 
for the basic electron groups in metals at H~105 Oe the Larmor 
frequency @*~ 10, we can write (7) in the form T/8~(SmT/c?)” 
> 10°* sec/m. 
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tive conclusions about the Fermi surface based on 
results of an investigation of the oscillations by 
means of pulses is possible only in those cases 
when the measured periods are directly connected 
with the change in the external field. In reference 
1 it was shown that those cases are (1) 6 > L, 
(2) 6<«< L. If we take into account that an experi- 
mental measurement of the periods of the oscilla- 
tions enables us to obtain directly the cross sec- 
tional area of the Fermi surface only if rm « 6 
[see (8)] and ry < Ce it becomes logical to use 
in the same connection the following limiting cases 
(1) wFTA > 6 > L>rm, (2) L>6 > rp; w*tTAr 
> 6. The experimental conditions of Shoenberg® 
correspond to the first case. 

In the first of the cases noted by us it is pos- 
sible to observe the oscillations with the change 
in the external field practically during the whole 
duration of the pulse, but in the second case only 
for t<t), where t=t) corresponds to the mo- 
ment when on the surface of the sample dH/dy = 0. 
One can show that always ty > tp.! 


The author expresses his thanks to I. M. Lif- _ 
shitz and M. Ia. Azbel’ for discussions. 
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A scattering theory is considered in which the virtual “clouds” around the particles are always 
taken into account exactly. The theory is based on the representation of the basis functionals 
as products of single-particle functionals. In the absence of vacuum polarization the equations 
for the matrix elements are automatically renormalized, and the matrix elements can be ex- 
pressed in terms of the single-nucleon matrix elements. 


lx scattering problems in quantum theory it is 
usually assumed that for t=+© the particles do 
not interact with the vacuum. The adiabatic intro- 
duction of the interaction then includes both the 
interaction between the particles (by way of the 
field) and also the interaction with the vacuum. 
Since the particles always interact with the vac- 
uum, it is interesting to consider the question of 

a scattering theory in which the interaction of the 
particles with the vacuum is at all times taken 
into account exactly (the scattering of “dressed” 
particles). This is also one of the possible ap- 
proaches to a problem that has recently been much 
discussed, that of the construction of the S matrix 
on the basis of ideas about the physical particles, 
without the introduction of the concept of “bare” 
particles.! 

As the first aspect of the problem of the scat- 
tering of “dressed” particles we can take the prob- 
lem of constructing basis functionals ® which 
asymptotically describe noninteracting dressed 
particles. In the present paper we consider from 
this point of view some problems of the scattering 
of dressed particles in the case in which the func- 
tionals @ are represented in the form of products 
of single-particle functionals, which are solutions 
of the Schrédinger equation with interaction. Such 
functions have been discussed by Ekstein? and have 
been used by the present writer for the derivation 
of a two-nucleon potential depending on the phase 
shifts of the m7-N scattering. 

As soon as the system of basis functions @ has 
been constructed, the apparatus of the formal scat- 


tering theory’ at once leads to a system of nonlinear 


integral equations for the scattering amplitudes. 

A characteristic feature of this method is the pres- 
ence in these equations of the matrix elements of 
the field operators between products of single- 
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nucleon states. The method described below (in 
Sec. 2) for calculating such quantities is a gener- 
alization of the method we have proposed? earlier 
for the case of two bound nucleons. 

The scattering scheme so developed takes 
proper-energy effects into account automatically; 
on the other hand it seems to be impossible to ex- 
tend the scheme to the vacuum polarization with- 
out the explicit introduction of renormalization. 
This is a consequence of the assumption of the 
spatial localizability of the virtual field (only a 
“cloud” around the particles), which is the essen- 
tial basis of the choice of the ®. Therefore for 
practical calculations the method can be used for 
the treatment of the interaction of nucleons, me- 
sons, and hyperons in the region of relatively low 
energies. 


1. THE BASIS FUNCTIONS 


Let us consider the case in which there is no 
vacuum polarization, and go over to the configura- 
tion space for the nucleons. The total Hamiltonian 
for n nucleons and antinucleons interacting with 
the meson field can be written in the form 


H = H,-+ D\[Hw (i) + Ua, (1) 


where H, is the Hamiltonian of the free meson 

field, Hy(i) refers to the i-th “bare” nucleon, 
and U; is the operator for the interaction of the 
i-th nucleon with the meson field, which we shall 
assume is linear in the meson creation operators 
at and annihilation operators a: 


Us = Vigge!* + Vig age). (2) 
q 


Here q denotes all the quantum numbers of a me- 
son. Let us consider the construction of the wave 
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functions @(1, 2,...n; a) of a system of n non-— 
interacting dressed nucleons. Since the nucleons 
have meson clouds, &@ depends on the meson field 
variables a, or 


D(ip2. 2.7! aime O12 1 na) 


where A, is the vacuum state vector. (Here the 
physical meson vacuum Ay is the same as the 
mathematical state.) Strictly speaking, because 
of the identity of the mesons belonging to the me- 
son clouds of different nucleons, one cannot define 
a state of noninteracting nucleons for arbitrary 
distances between them. Only for large distances 
Rjj between the nucleons does the effect of the 
identical nature of the mesons become negligible, 
so that the state of the noninteracting dressed 
nucleons can be defined only in the asymptotic 
sense for Rjj — ». 

It is easy to see that we cannot separate off from 
the Hamiltonian (1) any part corresponding to non- 
interacting dressed nucleons. Therefore @(1, 2, 

.; a) must be a solution of the Schrédinger 
equation with the total Hamiltonian H for large 
relative distances, 


Ne) O22, nag Gt) Ay-> 0, Rij co; 
i (3) 
where E(i) is the energy of the i-th free nu- 
cleon. Moreover, asymptotically @ must also 
be an eigenfunction of the total momentum. The 
wave function @ is constructed from products of 
single-nucleon state vectors Fq(1,a) (q@ denotes 
all the quantum numbers of a nucleon), which are 


eigenvectors of the energy and momentum operators: 


(4) 
H:F, (i, a) = (Hy (i) + He + Ui) F,, (i, @) = Ex (i) F, (i, @), 


(Pw + u) Fa (i, a) = pi Fa (i, a), (5) 
where u is the momentum of the meson field 
and Pn is the momentum operator of a nucleon. 
Furthermore, Fy (i, a) is an eigenfunction of the 
total spin operator. The wave function of the sys- 
tem of noninteracting dressed nucleons is then 


peeves: “at\Ad =>) Core (ie aye eva. cata 

aR. (6) 

where the coefficients (Ope. _,, are such that asym- 

ptotically @, has the required symmetry proper- 
ties. 

Such a method for constructing ® has much in 
common with the construction of functions in the 
theory of molecules. The role of the electrons, in 
whose coordinates one has to antisymmetrize, is 
now played by the mesons, in whose coordinates © 
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is symmetric. The antisymmetrization with re- 
spect to the electrons belonging to the various 
nuclei destroys the orthogonality of the basis func- 
tions. Here, in just the same way, because of the 
identity of the mesons in all the one-nucleon states 
Fy, the functions @, and p are not orthogonal, 


and so on. 
Let us verify that the conditions (3) are satisfied. 


We introduce the notation 
(7) 


where U(*+) contains the absorption operators and 
U(-) the emission operators. Since the operator 


U; — Ue + Opa 


h=H, +2, ul) is linear in the absorption opera- 


tors, the quantity [h, F(i, a*~)] does not depend 
on the operators a and commutes with any other 
F(j, a’). Using the equations (4), we have 


(1 — DEW} F(a) Fa)... bo 7 
= SF (lat) F(2,a°).. (UP?, Fi, a) Ao. 
~ 


ie] 


According to Eq. (5), 
(3) @ 


F (j, a") Ao = exp {i (pj —utj} F°(j, a") Ao, 
where F° does not depend on the coordinates. 
Therefore it follows from Eq. (4) that 

UY Fa Gra ying 
= — >) Diexp (ipser; + iqe(rs — 1} (10) 


q 


Vig) FOO Vs5 Fads) 
En i — E, ; 


where F()(j) is the eigenstate of the Hamiltonian 
Hj with the momentum Py = Pg — q, and the energy 
En = (MA+ pa)”, My >My; and wy = (142), 
The denominator in Eq. (10) cannot vanish. For 
|rj- r;| — o the quantity (10) decreases exponen- 
tially. In a similar way one can verify that the 
function @ is asymptotically an eigenfunction of 
the total momentum or angular momentum. 

The basis functions ®, for states in which 
there are real mesons besides the nucleons are 
obtained from the expression (6) by multiplying 
by a suitable number of meson creation operators: 


®,=ataz...0,; A=(q, q2-- +50). (11) 


To describe a meson spatially remote from the 
other particles one must take a wave packet, i.e., 


multiply @, not by dys but by 


fir) = Drege Sat: 
§ 


Then asymptotically @, wili be a solution of the | 
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Schrodinger equation. In fact, multiplying 

fH = DE(i) —- Wa}ag_ on the left by = e~lar cop 
we get on the right, in addition to terms of the type 
shown in Eq. (8), also terms that contain factors 


De nO ae. Vac, 

£ 4g 
that vanish for |r — rj; |— © in virtue of the prop- 
erties of the coefficients c, of the wave packet. 
Because of the asymptotic character of the condi- 
tions imposed on ©, there still remains some 
arbitrariness in the expression for ®. The ex- 
pression (6) can be multiplied by a function of the 
relative distances Rjj that goes to unity for 
Rjj — ©. This arbitrariness is of no importance 
when we deal with scattering by the methods of 
quantum field theory, and becomes important when 
we go over to the phenomenological treatment 
(see Sec. 3). 


2. THE EQUATIONS FOR THE TRANSITION 
AMPLITUDES 


In the case of scattering of “dressed” particles 
we cannot define’ the scattering matrix S in 
terms of an operator acting on the asymptotic 
states of the “dressed” particles. In this case 
the S matrix is defined by the relation 


Spa = (VG, VG) = baa — 2ni8 (Ex — Ea) RSX, (12) 


where W(+) are the eigenfunctions of the Hamil- 
tonian H with the respective boundary conditions: 


(Ce)e oe 
Mae ak (13) 


According to the formal scattering theory’ the 
scattering amplitudes 


Ria =Rea = Clie: (H — Eg) Pa) 


satisfy a system of nonlinear integral equations. 
These equations have the form: 


(14) 


| S1 RawRn 
Rea = (Pz, (1 — E5)0a) — - Sear 


(15) 


SE Diy. (i E,) O, 
ay (Xq: (H — Ep) Dz) Ch ( a), ) 


Z Ea—Ep 


where the yg refer to the bound states, and the 
first sum is taken over all states n of the con- 
tinuous spectrum of H. In the case of a single 
nucleon Eq. (15) is nothing other than the Low 
equation. For a larger number of nucleons the 
formalism with the equations (15) departs from 
the usual formalism of the S matrix; this can 
be seen in particular from the fact that matrix 
elements with the wave functions @ in the form 
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of products of single-nucleon functions are not 
encountered in the usual theory of the S matrix. 

Let us examine the inhomogeneous terms in 
the equations (15). According to Eq. (11) 


ba = (Oz, (H — Ea) Pa) 


a= '(Dy, Ga ee haya, apenas oe) 
M4 % 

In Eq. (16) let us displace all the creation operators 

to the left to @p and all the annihilation operators 


to the right to @,, and write RBA in the form 


Rea = (Py, L(a, at) ®,), (17) 


where the operator L contains only normal prod- 
ucts of the creation and annihilation operators. 
Here the wave functions ®p and ,, which de- 
scribe noninteracting dressed nucleons (Eq. (6)) 
depend on the meson variables only in a small 
volume around a nucleon (the “meson cloud”). 
Therefore in calculating the expression (17) we 
may use the method of introducing individual co- 
ordinates for the mesons in the cloud of each 
nucleon.? We introduce aig and alg, the crea- 
tion and annihilation operators for a meson in the 
cloud of the j-th nucleon, 


[Qjq, ai.) = Ope Sons [dign Grn Us (18) 
The state vector of a single nucleon is then written 
as F(i, a; ) Ao, and the state vector for n free nu- 
cleons (with neglect of the identical nature of the 
mesons in the clouds of different nucleons) has the 
form 

Cees 

aR... 

The vectors 6° are orthogonal. Asymptotically 
6, coincides with bs. Our problem is to reduce 
the matrix element (17) between the states , and: 
@, (i.e., with account taken of the identical nature 
of the mesons in the clouds of different nucleons ) 
to matrix elements between states oy and 6) 
(i.e., with only mesons belonging to the same nu- 
cleon treated as identical particles). This problem 
is solved in general form by Eq. (A.1) of the Ap- 
pendix. We have 


20. Fa(1, ar) Fe(2,a3)...Ao- (19) 


(®,, L (a, at) Bq) = (®$, :[1 + NH] L(A, At): 9), (20) 


where :PT: denotes the normal product of the 
operators P and T, and At and A are sums 
of creation and annihilation operators: 


Ay= D> Gig Ay = Dai. 
i 


The weight operator N has the form 


(21) 


I+N= exp dy Signe 


“it] @ 


(22) 
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In Eq. (20) each of the meson operators occurring 
vir hag Oh Oa a N) : acts only on the state vector of a 
single nucleon. Therefore the matrix element (20) 
is expressed in terms of products of one-nucleon 
matrix elements of normal products of meson op- 
erators a, a’ and vertex operators V: 


(Eee ee ee eal: (23) 


We obtain the simplest matrix elements by omit- 
ting N. Each successive term in the expansion of 
1+N adds one meson operator in the one-nucleon 
matrix elements (23), so that the inhomogeneous 
term (17) is represented as an infinite sum of 
products of one-nucleon matrix elements of the 
type (23). The operator :(1+ N) L: relates only 
to the interaction of the particles; all self-energy 
effects contained in L are eliminated automatic- 
ally, since we are using functionals with the eigen- 
fields F. The operator N itself describes the 
exchange of virtual mesons between the various 
nucleons (i#j in Eq. (22)). 

The rule (20) for calculating matrix elements 
of field operators between products of one-nucleon 
functionals completes the specification of the sys- 
tem of equations (15) for the transition amplitudes 
Rpa, inthe sense that it expresses the inhomo- 
geneous terms in the system in terms of quantities 
well known in the quantum field theory, the single- 
nucleon matrix elements. If the solution of the 
system (15) exists, we accordingly require, in 
order to find it, a knowledge of the one-nucleon 
problem, i.e., of the quantities (23). The charge 
renormalization also relates to the one-nucleon 
problem, since a knowledge of (Fy, Vg Fg) is 
required for the determination of the renormal- 
ized charge. All the one-nucleon matrix elements 
are already renormalized. In the static theory the 
quantities (23) can be related to the scattering am- 
plitudes on the energy surface, and the charge re- 
normalization is trivial.‘ 

A possible method for the solution of the sys- 
tem (15) with the inhomogeneous terms in the 
form (20) is an expansion in terms of the number 
of mesons (if we disregard perturbation theory ). 
We may assume that the larger the number of 
mesons by which a state n differs from the ini- 
tial and final states A and B, the smaller is 
the part played by this state, and on this basis 
we can throw out some of the terms of the sum 
in Eq. (15). We must then break off the expansion 
of 1+ N ina similar way. When this is done, 
however, if we express the quantities (23) in terms 
of matrix elements (Fq, VsFg), (FQ, VsFg) 

( Fd is a state with one nucleon and one meson) 
and the other simplest one-nucleon quantities that 
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can be taken as a basis, then in general each of the 
quantities (23) is a series involving summation 
over the eigenstates of the single-nucleon Hamil- 
tonian. From this series also one must take only 
a suitable number of terms. The range of useful- 
ness of such a method can be judged only from 

the results. We note that the series (22) that de- 
fines the operator 1+ N arose as a result of the 
expansion of the one-nucleon state vector F (i, At) 
in a series in At-— af. The successive terms of 
the expansion will fall off rapidly in cases in which 
the meson clouds of the various nucleons “overlap” 
only slightly, so that the mesons in a cloud inter- 
act much more strongly with “their own” nucleon 
than with “a different” nucleon. Therefore it is 

to be expected that the higher the energy of the 
colliding nucleons (i.e., the greater the “overlap- 
ping” of the clouds) the more terms in the series 
(22) will have to be taken into account. 

If the number and types of the particles.do not 
change in the collision some simplification is pos- 
sible. In this case one can use a treatment in 
which the methods of quantum field theory are 
used for the calculation of an effective potential, 
and the scattering amplitude is then determined 
by solving the Schrodinger equation with this po- 
tential. Such an approach is possible only for the 
region of moderate energies, in which the concept 
of a potential can be used and the polarization of 
the vacuum can be neglected. 


3. DETERMINATION OF THE EFFECTIVE 
POTENTIAL 


Let us denote by K+ W the total Hamiltonian 
in the phenomenological treatment, where W is 
the potential. For the eigenfunctions yl) of the 
operator K+ W that belong to the continuous 
spectrum, the formal scattering theory gives 


(+) 0 1 
pt eV iaeRe sorter 


4 
K+W—E, +c 


woe = po — Wa, 
where vr is an eigenfunction of the free-particle 
Hamiltonian K. For the scattering amplitude Rba 
= (vy), Wy) we can then write either the linear 
integral equation 


a RoW og 
Ag tire PEE ak : (24) 
or the nonlinear equation 
Roa = Wry Di Nee eat ae Spy eee a tag! 
B Mpa) tie F, E,—E, ’ 


(25) 


where the summation goes over both the continu- 
ous spectrum c and the discrete spectrum d. 
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Here Wha = (vps Wve) is the Born approximation 
to the scattering amplitude. Usually the potential 
is determined by solution of the linear equation 
(24). In the treatment we are considering it is 
more convenient to use the nonlinear equation (25). 
In addition one can generally avoid solving the 
equation connecting Rpg with Wha. 


Let us separate out from the whole sum over n 


in Eq. (15) the sum over the states c (of the con- 
tinuous spectrum ) with the same particles as there 
are in the states a and b (it is assumed that the 


collision does not change the types of the particles): 


Re nb Rna 
Roa == (,, (H — Ea) P,) = Paseo ots 
n#e,d (26) 
> Rashes ») ir (A Ey) Oy)" a (H — Eg) Pg) 
- ae —E,— ie [5 ys 


The last two terms in Eq. (26) are analogous in 
form to the last two terms in Eq. (25). Let us now 
determine the potential W from the requirement 
that the transition amplitudes between the two- 
nucleon states be equal to the corresponding am- 
plitudes in the phenomenological treatment: 


(ee ee) ,) aoe Wo), 


(27) 
(4q, (H — Ea) Pa) = (da, Wha). 


Then comparison of Eqs. (26) and (25) shows that 


Ree Rr 
Wea =(®», (H—Ea)®.)— ee at, (28) 
n+#c,d“n 


where the sum is over all states except the states 
with the original particles. This determination of 
the potential is valid also in the case in which 
nucleon-antinucleon pairs are taken into account. 


APPENDIX 
We shall derive the formula (20). 


As is well known,°®' the introduction of an effec- 
tive potential by different methods can lead to dif- 
ferent results. This ambiguity is due to the arbi- 
trariness noted above in the choice of the basis 
functions @ and arises from the fact that in quan- 
tum field theory the concept of noninteracting 
dressed nucleons is defined only asymptotically. 
In the phenomenological treatment, on the other 
hand, the wave function of the noninteracting nu- 
cleons is defined for all values of Rjj. Therefore 
the unique determination of the potential requires 
a knowledge of the state vector of the noninteract- 
ing dressed nucleons for arbitrary Rij. 

The formulas (27) and (28) for the potential W 
do not leave any ambiguity, but in these formulas 
it is assumed implicitly that one has chosen for ® 
the wave function that “correctly” describes the 
noninteracting dressed nucleons for finite Rjj 
also. This assumption is included in the equations 
(27) outside the energy surface, since the replace- 
ment of the basis functions @ by other functions 
®’ (with the same asymptotic behavior) leaves 
Eq. (27) unchanged only on the energy surface. 

In the case of two nucleons the adiabatic poten- 
tial derived by Klein and McCormick® corresponds 
to the representation (6) for @ without additional 
factors, and the potential obtained by Miyazawa® 
and the writer® corresponds to the choice of the 
function @ with normalized amplitude 


(Da|Pz) == 


where (|) means that in the scalar product the 
integration over the space coordinates is not car- 
ried out. 


We shift the operators at to the left to Ag and the absorption 


operators a to the right to Ay; then according to Eq. (6) a typical one of the quantities making up the 


left member of Eq. (20) will be 
Vie, (lane (2 nae). « 


where F{ and Fj can differ from F by the absence of one or more virtual mesons. 


M Sri fl, =) Fi (2 5 =). 


Since [Ay aj] =0 


From this, writing Aj = 


Nout 


ee Pers tay E (eas) <u 


2s 0/daj; for ixj, we have 


GE (240 Vea iNy)s 


We have 


Cl) Be (Qe ane U 
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. 
0a, 


M = Fy(1, =) Fe (2, =).  Tlexp[ Sricaia | Fs (1, @) Fa (a)-| 
ae : 


n 


Vi (NOYV OZ TE OW 


a, = 


(A.1) 


ab (Fil, ad ae Ce set eva [lexp[ Soar] Fi (sar) Fal2; a!)..Mo hig= Dy Gig = Ag — Aig. 
q 


t 


i+] 


Changing back from the quantities Fj and Fj to the one-nucleon functions F, we get from this the 


formula (20). 
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An optical nuclear model is investigated in which the nucleus is described by a complex 
potential with a fall-off given by a third-degree polynomial. Model parameters have been 
found which yield the best agreement between the theoretical cross sections Ot, Or, and 
Og and the corresponding experimental values for 14-Mev neutrons. For nuclei heavier 
than chromium the agreement is quite satisfactory. The angular distributions of elastic- 
ally scattered neutrons computed with these parameters are also in satisfactory agree- 
ment with experiment. A preliminary study of the low-energy region indicates that the 
parameters depend weakly on the energy over a comparatively wide range. 


G present, the most convenient model for the 
description of the interaction between nucleons and 


nuclei over a wide energy range is the optical model, 


in which the nucleus is described by a complex po- 
tential. The square-well potential, investigated by 
Feshbach, Porter, and Weisskopf! for the case of 
neutron scattering, leads at least to qualitative 
agreement between theory and experiment. How- 
ever, it cannot reconcile simultaneously the total 
neutron cross sections, the reaction cross sections, 
and the elastic scattering cross sections (the re- 
action cross sections come out too low).2** In this 
connection Nemirovskii, and thereafter several 
other authors, were led to use a model with diffuse 
boundary, which had some definite success. To 
this time, however, the choice of the form of the 
potential and the values of its parameters, as well 
as the limits of applicability of the optical model, 
cannot be regarded as definitely established. 
Nemirovskii* considers mainly the optical model 


1. SOLUTION OF THE SCATTERING PROBLEM 


with diffuse boundary in the region of small neu- 
tron energies. The most recent of the papers 
published on this model ( Beyster, Walt, and 
Salmi?) treats various energies up to 14 Mev. 
However, these authors base their choice of pa- 
rameters on insufficiently complete experimental 
data (only for four nuclei). 

In this paper we use a very simple diffuse 
boundary potential different from all previous 
ones. It satisfies the condition of smoothness. 
The boundary region of the potential is described 
by a third-degree polynomial. Our aim is to find 
the parameters, independent of the mass number, 
for which the proposed model gives the best fit to 
the experimental data on the total cross sections 
o¢, the reaction cross sections oy, and the ratios 
between the scattering cross sections og and the 
reaction cross sections for neutrons of energy 
Paola Mev.®® 


W(r) Ig 

We investigate the nuclear potential of form: “ol, 

U (r) =V (r) + iW (r) = — U9 (1 + i) fF (7), (1) 
Up} f, 

where fa 

1 ’ p< R—d (I) 
f(r)=!) 14+ (r—R=2d)(r—R+4)7/ 40, R—d<r<R+d (II) Rd 
0, r>R+d (IIT) U, 
FIG. 1. Sh of the nuclear potential. 
(see Fig. 1). ous 


The equation for the radial part u(r) of the wave function is solved analytically in regions I and III 
and numerically in region II. In the computation it is expedient to introduce the dimensionless independ- 
ent variable x) = kor (kp = V2MU) /f2 ). We also lower the order of the equation by going over to the 
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logarithmic derivative. We separate the real and imaginary parts of the equation. After these trans- 
formations we obtain the following system of first order equations with real coefficients: 


=o va tlt 1x? —f (x), 2 = —20103— F (x), (2) 


where 
0, = Re(u’/u), 0. =Im(u'/u), a? = En/ Uo. 


Knowing, at the point x,=k)(R+d), the solution of the system (2) satisfying the boundary conditions at 
the point x, =k)(R—d) obtained by the formulas of reference 1, we can calculate the amplitudes of the 
scattered waves 7 ].* Using the recurrence relations for the Hankel functions of half odd-integer order, 


we obtain the following working formulas for the amplitudes 17: 


D2 — A2 + B2—C? 


Rem = (a DE + OCF ’ 


hie = 


2(AB + CD) 


A+Dy+(B—C) ’ 
(ARE DE: ( ) (3) 


A = aa; — 0; (Xe) y1, B = aB1 — 0; (Xs) 81, C = V2 (X2) Yr, D = U2 (Xe) 8). 


Here the quantities a7, 8], yj, 5z are computed by the recurrence formulas 


Y-1 = COS X, Yo= SINY, Yi = 


6_,=siny, §:=—cosy, % 


2i—14 . 
cera tet 1 an easel) 


Ht by — 8a (i= 1,2)... 0), (4) 


a, =yia—lyi/y, Bi=8i4— 18,/y, 


where y = aX». 

The solution of the system (2) for many values 
of the parameters is quite laborious. These cal- 
culations can successfully be carried out only with 
the help of a high-speed computing machine. We 
used the “Strela” computer of Moscow State Uni- 
versity. The whole computational procedure to 
obtain 77 as well as the cross sections was com- 
pletely automatic. The numerical solution of sys- 
tem (2) was obtained by the Runge-Kutta method 
with automatic selection of the step. The constants 
determining the accuracy were chosen such that 
the amplitudes nj were guaranteed to be correct 
within four places after the decimal. In the cross 
section formulas 7 was summed from 0 to lp, 
where 1d) was automatically chosen by the machine 
from the condition 


max {(1 — Re %),), [Im 7, |} < 10%. 


It appeared that J, varies from 4 or 5 to 12 or 13, 
depending on the nuclear radius and on the neutron 
energy. As should be expected, J) increases with 
the nuclear radius and with the neutron energy. As 
a check, all results were computed twice. 


2. METHOD OF SELECTION OF THE PARAMETERS 


Our model contains four independent parameters 
Uy, €, d, and R. The simultaneous variation of 
all these parameters is a very complicated task. 


*The quantities 7 1 are connected with cross sections by 
the well-known relations: 


co 


c= Ine), (22+4)(1—Ren,), o, = nk? > (22+ 4) (4 —| n, )?). 
1=0 1=0 


Therefore, in the first step, we fixed the param- 
eter of the depth of the potential at Up) = 42 Mev. 
The chief justification for this is the Uj-R am- 
biguity,'*® which, apparently, is independent of the 
form of the fall-off of the potential (the change in ~ 
the quantity Up). within reasonable limits can be 
compensated for by a corresponding change in R, 
such as to leave the cross sections essentially the 
same). 


The nuclear radius is given by the formula 
R = (r,A'4 + 6) x 107 cm. The theoretical cross 
sections were computed for eight values of R 
(10'3R = 3.75, 4.05, 4.99, 5.39, 6.14, 6.63, 7.42, 
8.01 cm) and various d and ¢. Thus it was pos- 
sible to establish the dependence of o ease and 
oF heer on the parameter d with various values 
¢ for each R. The cross section depends strongly 
on d: o rere and o theoret increase with in- 
creasing d, where the rate of increase becomes 
faster as we go to heavier nuclei. In an analogous 
way the dependence of the cross sections on ¢ for 
fixed values of the diffuseness parameter d was 
found. The reaction cross section increases, of 
course, with ¢. Itis zerofor £=0 and reaches 
an upper limit for sufficiently large ¢. A charac- 
teristic feature is the weak dependence of o theo 
on ¢ for fixed d: the total cross sections increase 
slowly with increasing ¢ for some values R, and de- 
crease slightly for others. 

The method used for the selection of the param- 
eters was the following. For a given pair of values 
ro and 6 (1 = ry = 1.5) each of the eight values 
of R was set in correspondence, by formula (5), 
to a definite value A, and hence, to a definite pair 
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FIG. 2. Determination of the parameters b=k,d and ¢ for 
the given values U, = 42 Mev; 1 = 1.25. 5 = 0.42 (the labels 
1, 2,..., 7 refer, respectively, to A = 220, 173, 121, 62, 19, 
47, 24). 


of experimental cross sections o; + Aoy and oy + 
Aoy (Ao is the experimental error). In cases 
where there were no measurements, the cross 
sections were found by interpolation. This is pos- 
sible on account of the sufficiently smooth change 
of the cross sections when going from one nucleus 
to the other, and the great number of nuclei inves- 
tigated experimentally, particularly with respect 
to the total cross sections (54 nuclei in the region 
2.08 < A¥3 = 6.2). With the help of the curves rep- 
resenting the dependence of the cross sections on 
the parameters, figures (we call them “quadran- 
gles”) are then constructed in the ¢d plane which 
define the region of values of the parameters d 
and ¢ for which o theoret and galcorct agree 
with the experimental data within the limits of 
error. In order to fit the experimental data for 
the greatest possible number of nuclei by one and 
the same parameters, ry and 6 have to be varied 
in this procedure until maximal closeness of the 
“quadrangles” is, reached (see Fig. 2). In this 
case the common ‘center of gravity” of the “quad- 
rangles” determines the required values of the 
parameters. During this operation a certain am- 
biguity was noted: several different sets of param- 
eters ry, 6, d, and ¢ (d and ¢ are restricted 
to a certain definite region) gave satisfactory 
agreement between the computed cross sections 
and the experimental data. A different method 
was used to choose the best among these sets of 
parameters. For given values of d and ¢ in 

the above-mentioned region the dependence of R 
on A’/3 was established. d and ¢ were now 
fixed already in each single case, while ry and 

6 were to be determined. The given values R, 

d, and £ determine the values of o theoret and 

g theoret | Using, for example, the experimental 
curves for the total cross section, we determined 
the region of values of A¥Y3 which correspond to 
a theoretical cross section such that atheoret = 
gear within the experimental errors. The cor- 
responding curve is represented in Fig. 3. Taking 


8 
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FIG. 3. Determination of the ° 
parameters 1, and 6 for fixed 5 
values U, = 42 Mev, b= 2.5, 4 
€=0.12. 3 
2 
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into account the weak dependence of ga theoret on 
¢, we firct chose the best d, based on the re- 
quirement that there be agreement between theo- 
retical and experimental cross sections within the 
limits of error for the greatest possible number 
of values of R considered, i.e., that the short 
lines in the diagram R =R(A¥*) lie ona straight 
line. The parameters of this straight line, deter- 
mine, of course, the parameters rp and 6. The 
final choice of the parameter ¢ was made by com- 
paring the theoretical results using the obtained 
values of the parametrs d, rp, and 6 and vari- 
ous different values of ¢, with the experimental 
values of op and 0 = 04/oy — 1 =0,/op. 


3. RESULTS AND DISCUSSION 


The following parameter values were adopted 
as the best values as a result of this analysis: 


Up= 42 Mev, b = hyd = 2.5; © = 0.12; ro= 1.27; 8 = 0.3 
(A) 


However, after the cross sections for a great 
number of nuclei were calculated with these pa- 
rameters, it appeared that better agreement with 
experiment could be achieved with 


ro= 1.25, 6= 0.4 (B) 


The comparison of the theoretical cross sec- 
tions 04, Oy, and 09 with the experimental re- 
sults is shown in Figs. 4 and 5. The agreement is 
fully satisfactory for all intermediate and heavy 
nuclei, starting from chromium. The curve for 
Oo ( A¥3) lies above the experimental values in the 
region of light nuclei. It could be lowered by in- 
creasing ¢, but this destroys the agreement for 
heavy nuclei. This discrepancy between theory 
and experiment for nuclei lighter than chromium 
may be connected with the dependence of the pa- 
rameters on A in the region of light nuclei, or 
with the principal inapplicability of the proposed 
model in this region. This point requires special 
study. 
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With the set of parameters (A) we calculated 
the differential cross sections for neutrons scat- 
tered elastically from the nuclei Al, S, Fe, Cu, 
In, Sn, Ta, Pb, and Bi (E, =14.1 Mev), and 
Mg, Ca, Cd, and Bi (Ey, =14.6 Mev) (see 
Fig. 6), for which the corresponding experimental 
data exist,!%!! Although the parameters were 
chosen by studying only the values of o4, oy, and 
Oy, the agreement between the angular distribu- 
tions of the elastically scattered neutrons with the 
experimental data is not bad on the whole. The 
first maximum and the position of the maxima and 
minima are fitted rather well. For not too large 
angles the height of the maxima agrees well with 
experiment. The greatest discrepancey between 
theory and experiment shows up in the size of the 
minima, which are much deeper than the experi- 
mental data. This is independent of the character 
of the fall-off of the potential, since this occurs 
also for potentials of different type (see, for ex- 
ample, reference 5). 


FIG. 4. Comparison of the theoretical and 
the experimental dependence of the cross sec- 
tion o;, (upper curves) and o, (lower curve) 
on the mass number. Solid curve: theoretical 
cross sections computed with the parameter 
values (A); dotted curve: theoretical cross 
sections computed with the parameter values 
(B). Short lines: experimental data of refer- 
ence 6; circles: reference 7; squares: refer- 
ence 8; crosses: reference 9. 
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FIG. 5. Comparison of the theoretical and 
experimental? ratios between the scattering 
and reaction cross sections as a function 

A of mass number (parameter A). 


It is possible that there exist parameter values 
which yield an even better agreement between the 
differential cross sections and the experimental 
data without worsening the agreement for o4, or, 
and 0) appreciably. The answer to this question 
requires a further careful analysis of the depend- 
ence of the theoretical differential cross sections 
on the model parameters. However, radical im- 
provements can hardly be expected. In particular, 
the appearance of very deep minima in the theo- 
retical angular distributions can apparently not be 
avoided. The same picture emerges for the most 
distinct values of d and ¢. Changing ry and 6 
also makes little difference. The dependence of 
the differential cross sections on A1/3 was com- 
puted from 0° to 130° in steps of 10°, with b= 
2.3 and ¢=0.125. The corresponding curves 
have, starting from 30°, deep and wide minima, 
while changes in rp and 6 reduce the depth of 
the minimum for one nucleus, and increase it for 
another. 
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4. OTHER ENERGIES 


The reasons for choosing the experimental 
cross sections for neutrons with energy E, = 14 
Mev as the basic data for the determination of 
the model parameters are, firstly, the great 
amount of published experimental material, and, 
secondly, the circumstance that, at this energy, 
one can neglect the compound elastic scattering 
cross section! and compare the experimental cross 
sections for elastic scattering and reactions with 
the theoretical values immediately. Taking d, o> 
and 6 to be energy-independent parameters, we 
made several calculations for smaller energies. 
The comparison of the calculated cross sections 
with the experimental data®»® gives the possibility 
of determining the dependence of the parameters 
Uy and ¢ onthe energy. Preliminary results 
indicate that the parameters Uy and ¢ stay prac- 
tically the same when the neutron energy is low- 
ered to ~7 Mev. The parameter £ becomes 


smaller, while the parameter Uy, increases slowly. 


For 3.5 Mev, ¢ decreases by ~30%, and Up) in- 
creases by ~5%, as compared to their values at 
the energy 14 Mev. As in reference 5, the model 
parameters U,) and ¢ depend weakly on energy 
over a rather wide energy range. 

The present investigation of the optical model 
shows that a great amount of experimental data on 
the scattering of neutrons from nuclei can be de- 
scribed by the model of a complex potential with a 
fall-off given by a very simple function. 

In conclusion we take occasion to express our 
deep gratitude to Prof. I. S. Shapiro for suggest- 
ing the topic and interest in this work, and to Prof. 
A. N. Tikhonov, under whose guidance the numeri- 
cal part of this work was carried out. The authors. 
also thank G. A. Samoilova for her great help and 
initiative in the programming and in the treatment 
of the results of the computations. 
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FIG. 6. Comparison of the theoretical angular distribution 
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A singularity arises in the cross section of the m™ +p— K? + ’ reaction near the threshold 
of the 7 +p—K+° reaction. An experimental study of this singularity affords a check 
on the validity of various models used to explain interactions between strange particles. The 
relative parity of the A and 2 hyperons can also be determined. 


Tue energy and angular dependences of elastic 
scattering of particles near the threshold of some 
inelastic process were investigated in many works 
(cf., e.g., references 1 and 2). It has been shown 
that a measurement of this dependence can yield 
information on the elastic-scattering phase shifts 
and on the spin and parity of particles created in 
the inelastic process. As will be shown below, 
analogous information can be obtained also by 
investigating the energy and angle dependences 

of one inelastic process near the threshold of an- 
other inelastic process. Such an analysis may 
prove particularly useful in the study of strange 
particles. 

By way of an example, we examine the creation 
of strange particles through collisions between 
protons and ma mesons with energies close to 
Ey = 890 Mev. This energy is the threshold for 
the reaction* 


m+ p—> K+ 30. (1) 


Along with reaction (1), there occur also: 
(a) elastic scattering of m mesons, (b) processes 
involving creation of 2, 3, 4, and 5z mesons, 
and (c) creation of A hyperons in a reaction 


m+p>K+A°, (2) 


whose threshoid is 760 Mev. We shall investigate 
the cross section of reaction (2) near the threshold 
of reaction (1). 

We shall assume henceforth that the K-meson 
spin is 0, and that the spins of the A and > hy- 
perons is 3. We examine both possible values of 
the relative parity of the A and 2 hyperons. 


*The existence of a reaction 7 +p+K+<X° the threshold 
of which should be several Mev below that of reaction (1), will 
barely affect the formulas derived below, since Coulomb attrac- 
tion exists between the particles created in this reaction (see 
references 1 and 3 on this subject). 
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It is quite clear that in the study of threshold 
effects it is enough to consider only those partial 
channels of reactions (1), (2a) and (2b) with identi- 
cal total momenta, parities, and isotopic spins. 
Since reaction (1) is at the threshold, x=? + K° are 
created in the S state, and the total momentum j 
is 4. The orbital momentum of A’ + K® will at 
the same time be either 0 or to 1 in the channel 
of interest to us, depending on the relative parity 
of the A and 2 hyperons. Since reaction (2) 
proceeds only via a state with isotopic spin T = 4. 
only this state will interest us in cases (a) and (b) 
of reaction (1). 

We write the total S matrix of the channel with 
j=% and T= and a given parity in the follow- 
ing form 


Su Oye el. STN m,k'l2 

Si “a Sze Son Mok'l2 (3) 
SNi Swe . SnNn mykile 
MR'l2 mok'l2. | myR x 


where the matrix element at the intersection of the 
i-th column and j-th line is the transition from 
the j-th channel into the i-th one. We shall num- 
ber the channels as follows: i=1 corresponds to 
the +p pair; i=2 corresponds to the A + K® 
pair, and i=3,4,...,N corresponds to differ- 
ent states with several .t mesons. Finally, the 
last channel (N +1) corresponds to the =? + K® 
pair. The quantities mjk/ 2 in the last column 
represent the amplitudes of creation of X) + Ke 

in various channels. As a consequence of the sym- 
metry of the S matrix, they equal the inverse 
processes listed in the lowest row. 

We know that near the creation threshold of two 
neutral particles (in our case x? + K°) their cre- 
ation amplitudes are proportional to kV? (k is 
the wave vector of the created particles, k = 
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Vv 2u(e—e)) . We can therefore assume the mj 
in (3) to be independent of the energy. The matrix 
element x describes elastic scattering of the K? 
meson by the 2° hyperon; x—- 1 as k—0.. The 
remaining matrix element can be rewritten 


Sik = Sik + Omnk+..., (4) 


where sj, is the value of Sj, at the threshold 
and ajk are certain coefficients which will now 
be determined. The matrix S is unitary (SS* 
=1) and symmetrical (S= S). Above the thresh- 
old this leads to the following relations between 
the matrix elements: 


. : (5) 


* * id 
> (Si jr + Sjt a1) = — mm, SS Sit My = 
t=] l=1 


. 
= Nx. 


Below the threshold the channel 2° + K® is 
closed, and the matrix S is reduced in rank from 
(N+1) to N. In addition, the wave vector in (4) 
now becomes imaginary. Taking this into account 
we can readily obtain 

N 


> (— Si jt a Sjt az) = 0. (6) 


l=1 
Using (5), (6), and the condition 2 SiSik7 = Sik, 


which follows from the unitarity oF the S matrix 
at the threshold, we obtain 


Gir = */2mmp, (7) 
where we took it into account that x —1 when 
ea), 

Having determined the energy dependence of 
the S matrix, we can now ascertain how reaction 
(2) behaves near Ey, which is the threshold of 
reaction (1). 

The cross section for the creation of YK 
is (in the c.m. system ) 


oa (6, £) =|-g (9, £)P +/h(8, £) |’, 
and the polarization of the  hyperons is given 
by 


Py (0, E) = 2Imh (6, E) g* (6, E)/ 54 (9, ), 


where the amplitudes g and h are determined, 
as usual, by 


g(0,£)= Te DI (¢-4 1) Mir" + IMs") Pr (6), 
l 


Here k, is the wave vector of the colliding p + 


nm, mJ the matrix element that describes the 
creation of A’ + K® ina state with a total momen- 
tum j and an orbital momentum 1, P 1 and pf) 
the ordinary and adjoint Legendre polynomials, 
@ the angle of emission of the A’ hyperon, and 
E the total energy of the system. 

Near the threshold of the 2° + K® creation, 
as follows from formulas (5) and (7), all the ele- 
ments MJ are independent of the energy, with the 
exception of the one characterized by the same 
quantum numbers as the state of ), +K°. This 
last element is of the form 


Mi? (E) = Mi? (Eo) + 1/2tmumek. (9) 


We can thus calculate the energy dependence of 
the cross section and of the polarization of reaction 
(2) near Ey, assuming that the entire dependence 
is contained in the matrix element (9). 

If the = hyperon has the same parity as the A 
hyperon, then 7=0 in formula (9) and we obtain 
from (8) 


g (0, £) = g (6) + ak/2ik,, h(8, E) =h(6), % = mymy/2. 


Hereinafter ~(0)=(0, E=E)), where ¢ is 
any quantity. 

The cross section of reaction (2) and the polari- 
zation of the A hyperons are: 


je, {—Img(6)a"  E>E, 
(8, E) =o (8)-+- ky | Reg (fo B= Eyees 
(10) . 
lk| Re f (8) a E>Eo 
FOE) ee hee ree Be 


where f (6) = (4(6) —i P (8) g (8)) /9(8). 
If the parity of the 2 hyperon opposes that of 
the A hyperon, we have /=1 in formula (9) and 


g(9,E) = g (0) + ek, h(0,B) =A(l) + FE, 
Jey Jo Imi @)o® E> £o 

o (9, £) = 0 (t) + Relidyan Eo ky Ul) 
et Fama tubne eee. 
ee La rial heey ou (i) nisin ep 


We have used here the following notation: 


f, (6) = (m (6) — @P (6) L(8)) /o (6), 
m (9) = A(6)cos6 — g (8)sin8, (6) = g(6)cos 6 + A (8) sin 8. 


It is seen from (10) and (11) that near Ey the 
cross section and the emer are linear func- 
tions of |k| ~ |E-—E,|'/, and are singular near 
the threshold as functions of energy. The singu- 
larity may be a peak, a dip, or a step (for more 
details see references 1 to 3). On the basis of 
rather reasonable estimates we can expect the 
energy width of such a singularity to be on the 
order of |k| 2% wz. This singularity is propor- 
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tional to a =mym,/2, where mp, is by definition 
the amplitude of the following reaction 


K+A>K+2 


divided by vk. Consequently the greater the prob- 
ability of reaction (12), the larger the singularity in 
the reaction (2) near Ep. 

What can be predicted, on the basis of existing 
model representations of the interactions of strange 
particles, as regards the cross section of reaction 
(12) and, consequently, as regards the size of the 
singularity in reaction (2)?? 

In the model proposed by Gell-Mann,* m mesons 
interact strongly with baryons and moderately with 
KK mesons. The amplitude of reaction (12), mk?/2, 
will be less in this model than the amplitude of re- 
action (1), m,k!/2, since reaction (1) contains only 
one moderate interaction, while reaction (12) con- 
tains two, absorption and K-meson emission. Re- 
action (2), like reaction (1) contains one moderate 
interaction and the amplitudes of these reactions 
are apparently of the same order of magnitude. 
Using the language of perturbation theory, we can 
say that the quantity o(@) in formulas (10) and 
(11) is proportional to g’, while the terms de- 
scribing the singularity are proportional to ¢4, 
where g is the constant of the moderate inter- 
action. One can therefore expect on the basis of 
Gell-Mann’s theory that the singularity of reaction 
(2) will be small in the vicinity of Ep. 

An entirely different result is obtained by using 
the model considered by one of the authors.® Ac- 
cording to this second model the creation of strange 
particles by collision between ordinary particles is 
due to the moderate interaction, while transitions 
of type (12) are due to the strong interaction. Con- 
sequently, within the framework of the second 
model, m, >mj,, the terms describing the singu- 
larity, like the cross section itself, are propor- 
tional to g’, and the singularity in the cross sec- 
tion of reaction (2) would therefore be expected to 
be comparable with the value of the cross section 
of this reaction itself. 

Thus, if the singularities predicted by formulas 
(10) or (11) are observed in the cross section for 
the creation of A hyperons and in their polariza- 
tion, this would serve as an argument in favor of 
the second model. 

It follows from formulas (10) and (11) that, by 
investigating reaction (2) near the threshold of 
reaction (1), it is possible to determine the rela- 
tive parity of the A and 2 hyperons.* We shall 


(12) 


*Professors Flowers and Chinovskii have communicated to 
the authors that the possibility of determining the relative 
parity of A and = hyperons by investigating reaction (2) near 
the threshold of reaction (1) has been indicated by Adair. 
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demonstrate this by assuming, for the sake of ; 
being definite, that only S and P waves partici- 
pate in reaction (2). This means that the ampli- 
tudes g and h do not contain higher powers of 
cos 6 and sin 6 than the first. On the other hand, 
it is seen from (10) and (11) that the angular dis- 
tribution of the singularity in the cross section is 
determined by the value of g(@) ifthe A and 2 
hyperons have the same parity, and by the quantity 
g(@)cos @+h(@)sin @ if the parities are oppo- 
site. The first quantity does not contain cos? 6 
but the second does contain it. Therefore, by 
measuring experimentally the angular distribu- 
tion of the singularity in reaction (2) and then ex- | 
panding it in powers of cos @, it is possible to | 
determine the relative parity of the A and 2 | 
hyperons. Similar reasoning can be applied if 
D waves also participate in the reaction along 
with the S and P waves. The actual number 
of partial waves in reaction (2) can be deter- 
mined from the angular distribution of this reac- 
tion. 

It also follows from formulas (10) and (11) that 
with sufficiently accurate measurements it is pos- 
sible to find .( with accuracy to within a common 
phase factor) the amplitudes g(@) and h(@). 
The possibility of total determination of the am- 
plitudes g(@) and h(@) becomes evident from 
a count of the number of equations obtained for 
these amplitudes from experiment, comparing it 
with the number of unknown parameters in g(@) 
and h(@) (see reference 2). It must be noted 
that at present there is no other method whatever 
for the determination of the amplitudes g(@) and 
h(@), since it is essential to know, for an ordi- 
nary phase-shift analysis of reaction (2), not only 
the cross section and polarization in this reaction, 
but also in all other reactions occurring during 


“mt +p collisions at this energy. 


The above argument can be extended to include 
other cases of strange-particle creation. In par- 
ticular, it would be interesting to investigate the 
reactions K+ p—>A(Z)+ near the threshold of 
creation of a cascade hyperon K+ p-+Z4K. 
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Quasi-unidimensional relativistic stationary flow of a gas is considered in a medium with 
infinite conductivity and with a magnetic field perpendicular to the velocity. Particular 
attention is devoted to cylindrically symmetric flow. We calculate the total momentum 
which an expanding gas can acquire per unit time (equal to the “reactive” force), both 
with a field and without it. This calculation is performed, in particular, for escape of 


an ultrarelativistic gas. 


Conswer the quasi-unidimensional stationary 
flow of a gas in a magnetic field, assuming the con- 
ductivity to be infinite. 

By quasi-unidimensional flow we mean a flow 
with a smoothly varying cross section containing 
given flow lines. In particular, we shall treat the 
cylindrically symmetric case. 

The basic equations, assuming adiabatic flow, 
are! 

w" /6 = w = const; 
Asa /§V = AM = const, 
§ = (1 —a?/c?)'t} ow" = pV + pVe? + pA’V / 4c, 


(1) 
(2) 


where a is the velocity, wj is the rest heat con- 
tent, p is the pressure, V is the specific volume, 
p is the density of the medium (including the mi- 
croscopic energy), H is the magnetic field strength 
(we consider H to be perpendicular to a) which, 
for infinite conductivity, is related to the specifi 
volume by the expression 


Ve Oa CONSt: 


(3) 


and AM is the amount of mass crossing the area 
As per unit time. (The area As is a function of 
ry 

For cylindrical symmetry, we have 


(4) 


If there is no field, we can assume point symmetry, 
“and then 


See Qnr; M =2nra/6V; HV = or. 


p= 4ur?; M — 4rr?a | OV. 


In general, 
AM / As =f (r). (5) 


The energy equation for adiabatic flow gives o = 
const (where o is the entropy), or isoentropic 
flow. 


Let us now write Eqs. (1) and (2) in the form 
(pV + pVc? + bo /V) [8 = poVo + eV cc? + 89 /Vo = Wo; 
AM = aAs /6V, 


where bg = ub?/4r. 
If the equation of state of a gas 


DY IRI. 


(6) 


(7) 


(where T is the temperature) and the constant- 
entropy equation 


(8) 
are satisfied, then 

w = pV + oVc? = ac? + kpV /(k—1), (9) 
where 


a= Va —PVa/(k—1)c?; w =w+b/V. 


For an ordinary gas qa =1, while for an ultrarela- 
tivistic gas a =0, and 


pV = RT = (k— 1) pVc’. (10) 
The first equation of (6) then becomes 
act + 8 AVE So = wol, (11) 


thus relating V and a. Further, from the second 
equation of (6) we have 


(a/V) As = GAM. (12) 


Relations (11) and (12) lead to equations which can 
be used to find a and V as functions of r. These 
are 


eA VOAM 3 GAM oa ae 13 
ac + ga cas) + 80 Gag: = Mo: ae) 

Pee An ie) aba ne V2(AM)? | ___ 
(ac? Sacer ah, | E ar a grenade 
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In the cylindrically symmetric case AM/As = 
M/2mr. Using this, it is a simple matter to find 
a(r) and V(r) both for an ordinary gas with 
high energy and for an ultrarelativistic gas. In 
the classical limit the cylindrically symmetric 
flow becomes the same as that given by ordinary 
gas dynamics. 

Since Asa/V@ = AM = const, we have 


oi aay ge TS (15) 
Since 
dw” /w* = — (a? /c*) da/ 6a, (16) 
Eq. (15) becomes 
He BG ee. an 
We also have 
—(Cfoa\dw fw = dy /V, (18) 
where 
w/c? = dp" / cdo’, (19) 


and w* is the magnetohydrodynamic velocity of 
sound. Comparing (16), (17), and (18), we arrive 
at 
dAs a da 
ee a aioe (20) 
At the minimum (critical) cross section, when 
dAs=0, we have w* =+a, indicating critical 
flow in which the velocity of the medium is equal 
to the velocity of sound. 
In the more general case, as in classical gas 


flow, one can have motion with a=>w* if dAs = 0, 


or motion with a<w* if dAs <0. 

Let us now calculate the momentum that the 
flow can attain in escaping into a rarefied volume 
(this is the case with a=>w* and dAs=0). 

The time rate of change of momentum (or the 
reactive force acting on an area As) is given by 


eS Aj = As | (0 +90? + we )+ p+ He]. (21) 


(In the cylindrical case the total momentum in all 
directions over a circle vanishes.) Let us write 
(21) in a different form. Since 


(p +c? + pH? /4n)/6=w'/WV=w,/V; aAs/V = AM, 
we have 
As (p + pc? + pH? / 4) (a/c?62) = wyaAM | c?: 


further 
(p +H? /8x) As = (AMO /a) (pV + 65/2V), 
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so that 


AF = ami“ + aa (eV +o)], (22) 
or 


ne . + ai Bae (AV 4 i-)]. (23) 


AF = AMala+ & 
For the ordinary case we have a=1, and since 
pyVo = 1, we may write 

AF (24) 


RAVI ED Vo mee 1k be 
— — AMa [1 +. ee 1) iD 3 C2 ar a (Av (a) + OV (a) )] ’ 


as p—0, we have V—~», pV=0, and 


AF oo = AMae [1 + RAVS ”/ (k— 1)? +.boV5/c?], (25) 


where 
Ooo = {1 —[1 + RAVE * / ec? (& — 1) + byVo 1 / c7]-2}"s, (26) 
Therefore 


APs = AMel(L4+-RAV, (ek — 1) c7-be eae) nae 


(27) 
In the classical limit we have 


AF = AMa[1 +a? (AV* “ + 69/2V)];- (28) 


a= [F“5 (k4 — pF) + 260(P0—p) |". (29) 
As V—», 
AF = AMao = AM [2kpo/(k — 1) po + 20opo]®. (30) 
In the ultrarelativistic case with @=0 we have 
Pp = (K—1) poe? and 


AF = AMa [kp + by /c?V. + 6a? (AV? + by / 2V)). (31) 


From Eq. (11) we find that for an ultrarelativistic 
gas V and a are related by 


Rk —_— by * by 
Taal AV" i “eee Iw = 8 [ec*peVo -{- 7 . (32) 
this gives 


AV ae [6 (a PV + PF] ; 


so that 
AF 


(33) 
= AMta|(1 + (&~ 1) 2) (eVe+ gave) +" eal: 


Equation (33) is more convenient to write in the 
form 


aye (34) 


= AMc ((} (ai) a (oo ay aim) Te 7 on | 


As V—# and a—c, 


STATIONARY RELATIVISTIC MOTIONS OF A GAS 


AF = AMc (koVo + bo / CV 0) 


(35) 
= AMc (kogV) + wHiVo / 4nc?). 
If there is no field (by =0), 
AF = AMc{[a/c + (k— 1)c/a}oWo. (36) 


In the limit, AF. = kAMcpyVp. If there is no gas 
(A=0 and p=0) but there exists only a field, 
we write (22) in the form 


uHTo 


4to9c? 


ENS (37) 


meV a)” 


AF = AMe( 


a 
as 


Since (1 — a2/c2)'/? = w*/w* = H’V/HRV, = H/Hy, 
we find that a/c = (1 — H2/H2)”2, so that (37) be- 
comes 


531 
Z y 2 2 
HAM 1— H?/2H7 


NT ; a 
4nc*e9 (1 — H® / Hi) 


(38) 


As p-—0, however, with a=c, these relations 
have meaning only if V—o and H=0; then 
Foo = UH2AM/41c2 = AE/c, where AE = 
(uH? /4mp)) AM is the mean energy flux. 

The expressions given in the present paper can 
be used in studying the interaction of bodies emit- 
ting either streams of gas or fields. 


1k. P. Staniukovich, Dokl. Akad. Nauk SSSR 119, 


251 (1958), Soviet Phys. “Doklady” 3, 299 (1958). 
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The Cerenkov radiation produced by a charged particle which moves through a medium with 
gyrotropic magnetic permeability is considered. Losses due to spin-wave excitation by the 


particle are computed. 


1g The electromagnetic radiation produced by the 
motion of a charged particle in a ferrite (ferro- 
dielectric) is distinguished by a number of features 
which derive from the dispersion properties of the 
ferrite. In the gyrotropic magnetic permeability 
tensor fi, which characterizes the ferrite 


Hi, ito 0 
p=|—ite, by 0 (1) 
U 0 us/, 


the components yp, and pw3 approach unity as the 
frequency increases, whereas pf, approaches 
zero at relatively low frequencies.! For this rea- 
son the above-mentioned features can be observed 
only in the low-frequency region (w~ 10° to 101! 
sec™'), Under these conditions the gyrotropic ef- 
fects and the anisotropic effects? can lead to Ce- 
renkov radiation at low particle velocities. 

The tensor jf does not give a complete descrip- 
tion of the dispersion properties of a ferrite me- 
dium, because it does not take account of the pos- 
sible propagation of spin waves. Spin-wave exci- 
tation can occur at almost any particle velocity. 
The energy losses associated with this excitation 
are of the same nature as polarization losses but 
are considerably smaller in magnitude. 

It is the purpose of this note to investigate the 
effect of the gyrotropic properties of the magnetic 


permeability tensor on energy loss in the motion 
of a charged particle through aferrite. For sim- 
plicity we assume that the motion takes place along 
the gyrotropic axis (Zz axis). 

The radiation of a charged particle in a gyro- 
tropic medium has been considered by Kolomenskii 
and Sitenko? who treated the gyrotropic electrical 
effects rather than the magnetic effects. Magnetic 
effects in the Cerenkov radiation have been exam- 
ined in references 4 and 5. In reference 4 the mag- 
netic premeability was assumed isotropic; in ref- 
erence 5 it was characterized by an anisotropic 
symmetric tensor. 


2. We shall assume that the ferrite is electric- 
ally isotropic. In point of fact the gyrotropic elec- 
trical effects generally found in ferrites should be 
manifest at frequencies associated with the elec- 
tronic dispersion of the dielectric permittivity €. 
As a rule, the electronic dispersion in € and the 
gyrotropic effect in fi occur in different frequency 
regions so that in the present work we shall con- 
sider the gyrotropic magnetic effect only. These 
results, however, do not apply in the optical re- 
gion. On the other hand, pj,—- 6}, in the optical 
region and the results obtained by Kolomenskii and 
Sitenko? can be used to calculate losses at these 
frequencies. 


We calculate the intensity of the Cerenkov radiation in the usual way (cf. reference 1): 


4 
+ erp, {(BPeea — 1)°(4i—ts)?-+ 287en2{(1 + Bet )4s—ver (Be —1)] ++ Bte® ua} (2) 


Us {(Geu1 — 1)? (Ur — us) — Bew2 (1 + Be,)} 


B%e | wa | {(B?eur—1)9(41— ts)? + 26%eus | (1+G%eHs)Ye—tr(B2eus — 1)] + B4e% 4312 


Jodo, 


where the region of integration is given in the table for 3 > 0. 
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Region | ta<0 Ur>0: Pe 
I | Bre|us|-+1<prelar9 | BPepy—1>BRe| 
>| we 
| Bteenlt peta —Brelusl<B%fy—1<B%e|y9] | A 


a a ee ee ee ee ee 


The conditions given in the table do not take ac- 
count of the fact that macroscopically we are not 
actually considering short waves.? This limitation 
must be taken into account close to points at which 
the integrand diverges. By introducing a finite at- 
tenuation we avoid the divergence and obtain a 
determinate result. 

When py = 0 the integral vanishes in region II 
and we obtain the result given by Sitenko:4 

Mgr ee 
den e 


(1 — Fre )Od™ (3) 

B¥euy>1 

3. In considering Cerenkov radiation in the 
radio-frequency region (wavelengths greater than 
0.1 to 1 mm) we use a simplified model in which 
the ferrite is characterized by a spontaneous mag- 
netization M. Then, following reference 7, the 
quantities py and py are given by 


of o? + 2iwd (He + 2nM)/M 


Gp Saclat atee amp 
5 of — 6 (4) 
cle o? — wo? + Liar, / M sien 
= gH. o =gVA.B; B=H.+4nM, H.=H+8M 
where H is the magnetic field applied along the 


axis of easiest magnetization, B is the anisotropy 
constant and A is the relaxation frequency in the 
Landau-Lifshitz equation. 

Substitution of Eq. (4) in Eq. (2) (with r>A «K wo) 
yields 


dw e vs 2 to — 4 ) 
dz Ce \( Bre rae of — 0? ee 
e 1 » Wome! 
sa) {1 ate + ej eT (5) 


oF (Bet — 1)? — 0? [(B% — 1) Ho — (Ho 1) (E+ BE | 
2 ae La pale Dh aay |ode, 
26te| atone <a a (BEL) — | | oy a? | 
where po is the value of p,(w) at w=0. 

The limits of the regions of integration which 
are determined by the radiation conditions (cf. 
table), can be obtained by using the explicit forms 
of 4(w) and p.(w). A characteristic feature of 
Cerenkov radiation in a ferrite is the existence of 
a low-frequency spectrum at small particle veloc- 
ities. In terms of the velocity of the charged par- 


ticle, B =v/c, the limits of the low-frequency 
radiation region are given by 


fOr Or Bia ole Om Oo = Oy 
for 1<pa<yis: OOO 
for uk <Bn<uis  0<0< 0. 


Here 
n= V uoeo, G9 = Flo—o, Q = wy | B?n? — 1] /|B%e9 — 1}. 


The integral in Eq. (5) must be computed be- 
fore we can obtain the total intensity of the low- 
frequency radiation. Computing this integral we 
obtain the following results: 


for 0 < Bn < 1: 


dW e Q; 
© = Fok) 
— 1) (1 -+ Be) el : 

x [! 1 (Ho eee 0 | 

SK Yo (1 — ep) : Ato (1 — pep) 
for l <6n< pi/4, 
cde ee one e @, (lL — ep) (1 + Beotto) 
di es 1 (Ho < a) iM 2A Ey (Uy — 1) (7). 


2 9 Ato — 4) (BEehy — 1) + v0 (Eq — 1)? ~¢S4eG U9 — 1)? 


Od) 5 
4c? Bes (1 — be9) 


? 


for pi/4 < 731 oe 


GW SS SEeRD 2 @r ( — eo) (1 PF e040) 
Ue Dez ML (to — 1) In 2) (seq (4g — 1) 
(8) 
ga, 4B%0 (BP& — 1) + 26%e5 (Yo — 1) + BPeGuo) 
4c? =! A4e2 (1 — Be 
e te ey (1 6 €9) 


We have not considered the Cerenkov-radiation 
intensity for particle velocities which satisfy the 
condition Bn >,/* because in this case there is 
no separate low-frequency region (isolated in 
terms of frequency) and it is necessary to intro- 
duce the actual frequency dependence of € to ob- 
tain the integrated intensity. _ 

4. Inderiving Eqs. (5) to (8) we used Eq. (4) 
which was derived assuming a simplified model 
for the ferrite. Actually, a ferrite must be con- 
sidered as a system of magnetized sub-lattices. 
Analyzing the motion of the magnetic moments of 
each of these sub-lattices in.a high-frequency 
magnetic field, we find the following expressions 
for. py and po: 
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By = (@?— wq)(@? — ea) / (@® — co) (2 — ag), Ue = —4r@ (gM, + 22M.) (w? — 3a) / (@? — @}) (@? — Coe) eto 
Or = £12 (MsH ar + MiH as) | (1M + &2Mz), O1a = 01 [Or+48 (GM +82M2)), i 
oh = a (gia, et ee ae 
Weg = Os + 4x (21 — Bo)? |eMMz , (3a = @9 + (21 — Bo)? |@My My | (1 + 2) /(G1Mi + g2Mb2), 
where HA; = BjMj +H and Mj; Bj and gj are chase velocity for the spin waves. |Equation (0) 


Pes cecuively the magnetic moment per unit volume, 
the anisotropy constant and the gyromagnetic ratio 
for the j-th sub-lattice. The dimensionless param- 
eter qa characterizes the exchange reaction be- 
tween the sub-lattices. In Eq. (9) it is assumed 
that the axes of easiest magnetization of the sub- 
lattices are parallel to each other and that the 
magnetic field H is along this direction. 

It is apparent from Eq. (9) that “magnetic” Ce- 
renkov radiation should be observed in the region 
of the high-frequency resonance (WwW ~ w,)* as 
well as in the region of the usual ferromagnetic 
resonance (Ww ~ w;,). This result is of interest 
because w, is a sensitive function of temperature; 
thus it is possible to obtain Cerenkov radiation in 
different regions of the spectrum (from radio fre- 
quencies to the infrared) at low particle velocities. 

5. Up to this point we have not considered the 
possibility that spin waves can be excited by the 
particle. In other words, we have not taken account 
of the spatial dispersion in the tensor ji; this dis- 
persion is a result of the exchange interaction be- 
tween the spins. 

Inasmuch as the coupling between the electro- 
magnetic waves and the spin waves is weak,’ we 
can compute the intensity of the spin-wave excita- 
tion by successive approximations, assuming zero 
electric field in the first approximation. 

The following expressions, which give the loss 
due to spin-wave excitation, can be obtained by 
some rather laborious computations: 


dw 1 e2 2 Gy ( ), a U 2 
ase a Cen ap +) 
Qo TIE 
\ ¢ cae \ee ey ; 
> casa I. a, On SOF 
Ti 
CNAT aes e 8, v \2 / uM ( 
dz St oo gM k (=) ? Vv; > vu > V “@, os 
dw 5 e : 0, Us \ ~ 
a te 2 gM h (=). US> Us, (12) 


where ®, is on the order of the Curie tempera- 
ture and vg = @¢a/h is the maximum (k = 1/a) 


*The high-frequency resonance in ferrites will be considered 
in detail in a separate paper. 


to (12) are obtained under the assumption that 
H<«<M. 

It is interesting to note that conservation of 
energy and conservation of momentum (the radia- 
tion conditions ) permit excitation of spin waves at 
almost any particle velocity. 

Comparing Eqs. (10) to (12) with the polariza- 
tion losses in a dielectric, one is easily convinced 
that the excitation of spin waves by the charged 
particle is responsible for only a small part of the 
total energy loss. The polarization losses are of 
order dW/dz * (e?/c?) wh where wh = 4nNe*/m 
(Wp ~ 10’ sec”!). Hence the ratio of spin-wave 
loss to polarization loss is of order (gM/wp) x 
(@g /hwp) « 1. 

The authors are indebted to A. I. Akhiezer for 
suggesting this problem and for discussion of the 
results. 
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Using the theory of a Fermi liquid, developed by Landau,! we consider spin waves in a ferro- 


magnetic metal. 


Ir is well known that the energy spectrum of a 
ferromagnetic contains elementary excitations 
corresponding to oscillations of the magnetic 
moment. These are called spin waves and have 
a characteristic dispersion law ¢ ~ k*?. The spin 
waves were first obtained by Bloch? starting from 
the Heisenberg model of a ferromagnet. Later 
Landau and Lifshitz** constructed a phenomeno- 
logical theory of spin waves and showed that the 
quadratic dispersion law is by no means particu- 
lar to the Heisenberg model, but arises from the 
general properties of the exchange interaction. 
Both the Bloch and the Landau-Lifshitz theories 
considered a ferromagnet as a system of spins, 
rigidly fixed to the crystalline lattice. This is at 
any rate not the case in metals where the electrons 
can freely move through the crystal. It is thus of 


interest to consider how the motion of the electrons 


influences the general conclusions of the phenom- 
enological theory. In the present paper we shall 
consider this problem, using the theory of a Fermi 
liquid, constructed by Landau.' 

The electron spectrum of a metal is described 
by means of quasi-particles, obeying Fermi sta- 
tistics, conventionally called “electrons.” Since 
the energy of these quasi-particles depends on 
the orientation of their spin, we shall introduce, 
in accordance with Landau’s theory, the energy 
operator of the quasi-particles €(p, a) (where 
p is the quasi-momentum and o the spin opera- 
tor) by the formula 


a 1 6 5 
sb = om Spo (ep, 2) 6n(p, ¢) de, 


dt= 2Qdpx dpy dpz/ (2xi)?, 


where E is the energy per unit volume, n the 
distribution function occurring in the spin statis- 
tical operator relation. The quantity ¢(p, 0) is 
in general a complicated function of the quasi- 
momentum and is an operator, as is n, depend- 
ing on the spin operators (here and henceforth 


we shall mean by oj the Pauli matrices). The 
electrons in a metal interact with one another and 
form the so-called electron Fermi liquid. Accord- 
ing to Landau’s theory, their interaction displays 
itself in particular in the fact that the energy 
€(p, 0) of each electron depends on the state of 
the other electrons and is a functional of the dis- 
tribution function. 

If the distribution function is slightly changed 
the electron energy is increased by 


\ 1 , , , , , 
82 (p, 0) = 7 Spe \f(p.¢; p, 0’) on (p’, o )ide, (1) 
where the function 
i (p, 9; p’, o') = 2 (p, ¢) /én(p’, 0’) 


is symmetrical with respect to an interchange of 
p, o with p’, o’ and in general can be written 
in the form 

i (p, Go; P, 0”): 


= >(p,p’) + $(p, p’) (6+ 9’) + bar (P, p’) aon. (2) 
In a ferromagnetic metal where basically the 
electron interaction is purely an exchange inter- 
action, the energy operator will depend only on 
the orientation of the spin with respect to the total 
magnetic moment. The electron energy is thus of 
the form 


e(p, 2) = %(p) — 8 (p) (mo), (3) 


where m is a unit pseudovector in the direction 
of the magnetic moment of the crystal. Expres- 
sion (3) does not take the anisotropy energy into 
account. However, in view of the smallness of the 
latter, we shall neglect the anisotropy terms, since 
they have no special interest for us. 

According to Eq. (3) the energy of electrons 
with o parallel to m is equal to a —f and the 
corresponding equilibrium distribution function is 
nt+=ng(a@-— 8) (np is the usual Fermi function). 
The energy of electrons with o antiparallel to m 
is equal to a + and their equilibrium distribu- 
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tion function is n> =np(a@+ 8). One sees easily 
that the eigenvalues ng(a +8) belong to the 
operator 


No = 4/,(n* + n°) +4). (n* —n' )\(m-o), (4) 


which also follows from considering the equilibrium 
distribution function. 

Neglecting anisotropy effects, Eq. (2) also sim- 
plifies and takes on the form 


i (p, o p’,o’) =o (p, p’) + 9 (p, p’) more’) 


t; 

+ €(p, p’) o-o%) + é(p, p’) (mo) (mo). 2") 
There is a connection which determines £6 of Eq. 
(3) from ¢ in (2’). To establish this connection* 
we consider how the electron energy changes when 
the magnetic moment is rotated over an angle 60 
with respect to the crystalline axes. Then 6m = 
[66 xm] and we have according to (3) 


dc = — B [mxo] 66. (5) 


On the other hand, the equilibrium distribution 
function ny changes also when m changes: 


dy = 1/.(n* — n-)[mxo] 66, 
and with it, according to (1), the energy; namely, 


jpyp 


5 [mxo’] 86d’, (6) 


Be = "/2 Spo \ 


Comparing Eqs. (5) and (6) for arbitrary 6@ we 
get 
—B {mxo] = "/2 Spe) fF 
whence we find 
B(p) = —1/2\¢(p, p’) (n* — nv) de. (7) 


To obtain the magnetic spectrum we shall con- 
sider the oscillations of a system of electrons. 
They are described by the transport equation 


{mxo] de’, 


on dedn dedn 5 
Cadi Ree nea ae (8) 


Here [¢€,n] denotes a commutator and we have 
put h=1. The difference between Eq. (8) and the 
usual transport equation consists in the fact that 
€ is here a functional of the distribution function. 
This must be taken into account when one differen- 
tiates € with respect to p and r. 

Let n=n)+6n where ny is the equilibrium 
function (4) and where 6n depends on the coordi- 


nates and the time in the form exp {i[(k-r) — wt]}. 


We shall write 6n as a sum of a term depending 
on and one independent of the spin, 


én =»(p) + (v(p)-o), (9) 


*The idea of the derivation given here stems from L. D. 
Landau. 


E. DZIALOSHINSKII 


Substituting (9) into (8) and taking into account that 
according to (1) the energy of the excitations is 
equal to 


S + se Spo’ \ fonds’, 


with ¢ from (3), we get after a simple transfor- 
mation, retaining only the terms of first order in 
6n a set of equations for v and v. 

This set of equations falls into two parts.* The 


first one corresponds to oscillations of the electron 


density and the oscillations of the spin component 
along the direction of the magnetic moment, vz = 
(v-m) connected with them. However, since os- 
cillations of this kind are accompanied by a change 
in charge density, their occurrence will be con- 
nected with the appearance of strong electrostatic 
forces. Consequently excitation of such oscilla- 
tions requires in actual fact a large energy and we 
need not consider them. Only the second set of 
equations is of interest to us; it corresponds to 
oscillations of the transverse components of the 
total spin. 

We note that in non-ferromagnetic metals when 
the terms in m are absent, oscillations of the 
quantity v are not connected with density oscilla- 
tions and satisfy the equation found by Landau® 


—ioy + i(keu) ¥ + é (keen) 3 (0 — nl \ tude aig: 


where u=0a/dp and 7 is the limiting Fermi 
energy. From this equation it is clear that in 
such metals the magnetic spectrum is described 
by excitations with a dispersion law e~k. 

Instead of the transverse components vy and 
Vy we introduce the quantities vy =v, + ivy. 
From the set of equations for vy and Vy we get 
then for v4 
—ov, +(keu)vy + 1/, {kCu-v) 6 (x — 8 — y) + k-(u+v) (10) 
x 8(a +8 —x)} \ coy 28v, (0, — 1.) [ Gade’ ess 
where v = 08/dp. The spectrum of this equation 
gives the dispersion law for the magnetic excita- 
tions of a ferromagnetic metal (the equation for 
v_ differs in the sign of the least two terms and 
leads to the same spectrum ). 

We shall solve Eq. (10) by successive approxi- 
mations. For k=0 we have 


xy) 4 280) 4 (ns —n_) \ Cvde’ = 0. (11) 
Integrating (11) over dt and taking the connec- 


tion (7) between 8 and £ into account we get w(0) 


=0 and 
yO = A(n,—n_), 


*It was shown by Silin® that the same situation occurs 
when one considers spin waves in a Fermi liquid when an ex- 
ternal magnetic field is present. 
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where A is aconstant. The change in the distri- 
bution function is in this order thus proportional 
to (nt —n7~)ox, or (nt — n~)oy. Comparing 
this with Eq. (4) we see easily that in this case 
the oscillations lead to a rotation of the total 
magnetic moment. 

We now write down the equation for the next 
approximation 


Aw® (nt — n>) + 28V + (nt — n°) \ Cdr" 


= A(k-u)(n* — n-) — AB {k-(u-v)3(«—8B—7y) (12) 


+ k-(utv)d (« + 8 — y)}. 


We integrate this over dr, using again condition 
(7) and the fact that q@ and £8 are even functions 
of the quasi-momentum. This leads to w/!) = 0, 
i.e., w is at least of second order in k. 
According to Eq. (12), the change in the distri- 
bution function consists of three parts. One differs 
from zero in the same interval as n, —n_, and 
the other two are different from zero only on the 
corresponding Fermi surface and are proportional 
to 6(a—B— 7) and 6(~+B-7), respectively. 
If we denote the quantity v(“)/A (this quantity does 
not depend on A) by vy, and write v, in the form 


¥, = B(p) (2, —n_) —1/, {k-(u-v) 3 (« — B — 4) 


(13) 
+ k-(u+v)d (« + 8 — %)}, 
we get for the function B(p) the equation 
28B + \ CB’ (nt — ne) de’ 
akeut 5 [Cp ykOw | (14) 


+ \[E@, p) oor |, 


1 Qli—y 
+2/-=7, 


In the case where £(p, p’) is an arbitrary func- 
tion of thé quasi-momenta p and p’, the last 
equation cannot be solved explicitly for B(p). 

To find the connection between w and k we 
write down the equation for v@) and integrate it 
over dt; this leads to 


m“@os= {\ eu ydt+ x\ \ [k-(u-—v)o (« — 3 ~ 1%) 
(15) 
4+ke(utv) 3 (a + 8 —~)] Gidsde’} /\ (n* — n°) ds. 


Substituting Eq. (13) into this expression and trans- 
forming it by means of Eq. (14) we get 


oa={\ eu (a — 17) B (p) de— J 9B (p)kelww) ©] 


- \ [98 (p)ke(urv) | | / \ (Wi =n) ds; 


In view of the fact that B is of first order in k 
and clearly an odd function of the quasi-momentum 
it is evident that w is a quadratic function of k. 

We have thus come to the rather natural con- 
clusion that the model considered leads to the usual 
quadratic dispersion law. 

Equations (14) and (16) determine completely the 
dependence w(k). In the simplest case, ¢ = const, 
Eq. (14) can be solved for B. Indeed, in view of 
the fact that B is an odd function of the quasi- 
momentum and that n* and n7~ are even functions, 
all integrals in Eq. (14) tend to zero. It is thus 
shown that B =(k-u)/28. Substituting this into 
Eq. (16) and taking into account the fact that ac- 
cording to Eq. (7) for ¢=const, 6 is also a rela- 
tive constant and v = 06/9p =0, we find 


fay {\Ge u)?(n*—n de — $f dew)? & | 


a—b= 


(16) 


a= a+6 


(17) 
— $1 | Gow? Z] ee 3} / 28K nt — n°) dr. 


In conclusion we express our gratitude to 
academician L. D. Landau for valuable advice 
and a discussion for the results obtained. 
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The motion of a perfectly conducting gas in a magnetic field is investigated. The Riemann 
invariants for a number of gases are computed and some nonstationary problems are solved. 
A new method is proposed for obtaining an approximate general solution of the magnetohydro- 
dynamic equations. Some types of motion involving shock waves are considered. 


‘Tae qualitative picture of unidimensional motion 
in magnetohydrodynamics is fairly clear. It ap- 
pears to be useful to develop methods for solving 
unidimensional problems in order to be able to 
evaluate quantitatively those new features that the 
introduction of a field adds to the dynamics of a 
conducting gas. 

We shall restrict ourselves to the case of in- 
finite conductivity, since only in this case, and 
even then not always, can we obtain solutions in 
analytic form. Moreover, this case is of interest 
as a limiting case in the sense that here the influ- 
ence of the field is particularly pronounced. The 
effect of finite conductivity can be estimated quali- 
tatively by treating classical gas dynamics as an- 
other limiting case. 


1. NONSTATIONARY MOTION 


The principal results in this field were obtained 
by Kaplan and Staniukovich,! who found the charac- 
teristics and a particular solution of the magneto- 
hydrodynamic equations. However, their formulas 
are in a form that cannot yet be applied to the solu- 
tion of specific problems. 

For the case of isentropic motion the magneto- 
hydrodynamic equations can be written as 


dv Ou Oyo i. 
ae ere (1.1) 


apt , Opt, 9 du 
Cake isan ove 


(1.2) 
Here p*=p+h?/2, hV4n=H is the intensity of 
the magnetic field such that Hlv; c%, = c? + V4, 
where c* = (dp/8p)g is the speed of ordinary 
sound, while V* = H?/47p is the Alfven velocity. 
Equation (1.2) can be obtained from the equation 

of continuity if we take into account that 


Oo/0z = (0/Ap*)sOp*/0z = cn Op" /0z, 


where z=xX or t. 
After dividing (1.2) by pcm, adding and:sub- 
tracting (1.1), we can write the result in the form 


(O/ot + (v tc,) 0/0x) J, = 0, 


where we have denoted 


J, =0-+\ dp" /pem= 0+ \ cmd In p. (1.3) 


The quantities J, are conserved along the char- 
acteristics dx/dt =v + cy, and go over into the 
classic Riemann invariants as h—0. The inte- 
gral in (1.3) may be conveniently written in the 
form 

4 (ee ny22—Ior-)) "dy, (1.4) 
Here y= Cy/cy, 7.= Vb /c?; y =c/cy; the sub- 
script 0 refers to quantities defined for v =0. 
The integral (1.4) is a Chebyshev differential bi- 
nomial and can be evaluated as a whole only in 
the cases y =(4n+1)/(2n+1) and y=2-—‘%y, 
where n=1, 2,3... In the first case when 
n=1 we have the practically important case y = 
*,. All other values of n can be used only for 
approximations. This does not include the case 
of isothermal motion? of interest for certain ap- 
plications which is given by y =1. In this case 
we must start with (1.3). We state the results of 
integration for certain values of y which are of 


practical interest: 
2 ne ee 
= Il, Je ock| 2(¢-+ big) + on (cp + 69) 3) 


(cip +b) 4b 


w 


= 7 Js (1.5) 
=U +2cy [y (1 + qy?)2 + ye In (y + (y? + 1/n)"*); 
Y= 3 Ja =0 4 (Qey/n) (1+ ny) 


Here Cy is the isothermal speed of sound, while 
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b = h/p = const. 

We shall deal henceforth only with a monatomic 
gas. We obtain the constant J + from the condition 
that y=1 when v=0. Then 


CEE en) haya (lP ay, (1.6) 
from which it follows that 
C= Coy = (Co/%) {[(1 + 0) qo/2co}"* — 1}. (1.7) 


By using the Poisson adiabatic we can determine 
the dependence on v and on the other parameters 
of the gas. Formulas (1.6) and (1.7) may be used 
for the description of self-similar motion and for 
unidimensional running waves given by the special 
solution! x =(v + Cy)t+f£(v) which can now be 
written in the following form convenient for prac- 
tical purposes: 


v ao [« + 7) — ((1 sb) te ze) | + f (2). 
(1.8) 


By using this formula we can solve, for example, 
the problem of a piston entering with a speed 
U = at into a tube which contains a perfectly con- 
ducting gas in a magnetic field (a = const). 

This solution is completely analogous to the 
case h=0, although itis more awkward. The 
shock wave is formed at the instant 


Gy (ONE *l2 
Buca “9 
which in the case n=0 reduces to the well known 
result®4 for y=°/,: t =3c)/4a. As the field in- 
creases, the shock wave is formed at progressively 
later times and progressively further away from 
the piston, since the field decreases the compres- 
sibility of the medium, the perturbations are prop- 
agated with greater speed, and it is more difficult 
for a compression wave to develop in this case 
than in a medium in the absence of the field and 
for the same piston speed. One can arrive at the 
same conclusion by investigating graphically the 
system of characteristics for this problem. 

The condition c >0 enables us to determine 
from (1.7) the maximum rate of nonstationary 
efflux of monatomic gas into a vacuum where 
there is also no field: 


VS 2y((1 +n)? — 1) / 7. 


From the Bernoulli equation of magnetohydro- 
dynamics we can obtain the rate of stationary 
efflux: 


(1.10) 


il 


“4+1)": (1.11) 


VU = [2 (io + b%o)]'? = V2e( 


Both rates given by (1.10) and (1.11) increase 


as the field increases. The limit of their ratio 
approaches V2 as N—o, and is equal to V3 
for »=0 inthe case y=. 

The magnetohydrodynamic equations for isen- 
tropic flows can be reduced in the usual way3> to 
a single second order linear equation with variable 
coefficients, and in doing so we must take t and 
x as the dependent variables, while v and p or 
c should be taken as the independent variables. 
However, the equation which is obtained as a result 
of this does not have an analytic solution for any 
value of y. In order to obtain an approximate gen- 
eral solution we can approximate the equation of 
state as follows! 


p = Ap@nts)ien+1) 4 B — 1/, 522, 


where A, n, B are arbitrary constants. How- 
ever, such an approximation is not convenient in 
the case when the magnetic pressure is greater 
than the thermodynamic pressure. We shail give 
the equation of state in a different form which is 
convenient in the majority of cases for obtaining 
the general solution: 


p= Agr + 1/2 b%p? = (A + */ab*o1“) px = Co, (412) 


where p; is the constant value of the density de- 
fined in a suitable manner. In the case y = 
(2n+ 3)/(2n+1), where n is an integer, we can 
obtain the exact solution of the corresponding 
Darboux equation. If we interpret p* as the or- 
dinary pressure, then all the equations in terms 
of whatever variables are employed, and all the 
thermodynamic relations will be of exactly the 
same form as in ordinary gas dynamics, only the 
velocity of sound will be greater in the present 
case. Therefore all the results of Landau and 
Lifshitz3? and of Staniukovich! may be carried 
over to this case without any changes. 


2. MOTION INVOLVING SHOCK WAVES 


We shall consider in detail a number of prob- 
lems where the presence of a shock discontinuity 
plays an essential role. The front of the discon- 
tinuity is parallel to the magnetic field and is per- 
pendicular to the velocity of the flow. The relations 
between the parameters of different types of dis- 
continuity have been investigated in detail by Helfer 
and by Lust.® We shall discuss a number of topics 
ab initio, having in mind the solution of certain 
problems. 

In the system of coordinates associated with 
the surface of discontinuity the following condi- 
tions must be fulfilled: 


5 


540 
0,Uy = Pollo} (2:1) 
ptt + pa + Ay/2 = paula + po + hp/2: (2.2) 
iy + ui/2 + hi/or = ig + 2/2 + ha/p2; (2.3) 
hie hots. (2.4) 


The subscripts 1 and 2 refer to the two sides of 
the surface of discontinuity. 

The taking into account of finite conductivity 
alters only the last relation’ by smearing out the 
front of the discontinuity. However, formulas (2.1) 
to (2.4) will hold at large distances from the front. 
Therefore, the formulas which we obtain below 
should also hold in the case of finite conductivity. 

By introducing the specific volume V = 1/p and 
the energy per unit volume of the field ¢ =H? /8r 
we can obtain the equation of the shock adiabatic: 


; ; 1 
ty— le + > (Vi + V2) (D2 + %2 — py — 21) 
(2.5) 
+ 2 (eV, — eV.) = 0. 


We now introduce p,/p; =x = V;,/V2 representing 
the discontinuity in the density of the medium. As 
a result of the field being frozen-in €, = €,x”. After 
taking into account the fact that i =ypV/(y—1) we 
shall obtain from (2.5) after a number of transfor- 
mations: 
a4 — 1 —(him— x) P3/pr + M(x — 1)? = 0, 
a=(y+1)/y¥—1), w=a/r= Hy/8xpy. 

In the case 7, =0 we obtain the usual Hugoniot 
adiabatic. The parameter 7, differs by the factor 
y/2 from the parameter 7 of the preceding sec- 
tion. 

We note that although Eq. (2.6) is cubic in x, it 
is linear in p)/p;, and 7,. Therefore, by fixing 
one of the parameters we can easily calculate the 
dependence of the other parameter on x. Figure 1 
shows the Hugoniot adiabatics in the presence of 
the field in the case y = %, in the system of coor- 
dinates p./p; and V,/V;=1/x. They lie progres- 
sively higher than the usual adiabatic as the initial 


(2.6) 


alt 
100 


vial as 


2-7; = ie 3—n, = 10; A= 


7: = 107; 5—n, = 10°. 


{ 
FIG. 1. Curve 1— 7, = 0; 
{ 

fOr 

; | 

{ 
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field H, increases, i.e., the compressibility of the 
medium decreases. The adiabatics in the presence 
of the field are fourth order curves with two asym- 
ptotes: 


Vo/Vi=1/%=(y—1)/(y + }), 


Po / y= —(1 +) /%. 


(2.7) 


A rarefaction shock wave cannot exist also in 
the case of magnetohydrodynamics in consequence 
of the principle of increase of entropy at a discon- 
tinuity of the type under investigation,® therefore 
states represented by points of the adiabatics be- 
low the point (1,1) are not realized. 

Due to the occurrence of “freezing-in” in order 


to specify completely the state of the medium be- 
yond the discontinuity we must know in addition to 
the initial parameters only any one of the three 


quantities py, Pe, hy. 

The discontinuity in the temperature is deter- 
mined by the equation of state, from which it fol- 
lows that T,/T, =p./xp;. Since 1/x increases 


with 7, for a given value of the ratio p,/p,, the 


temperature discontinuity must also increase. 
Although in actual fact the problem cannot be 
stated so simply, nevertheless we must not forget 
the possibility of such an increase in temperature, 
since it could occur in the case of some nonsta- 
tionary introduction of a field into a medium which 
already contains a discontinuity and when p,/p, 
remains constant or decreases insignificantly. 

In order to obtain an evaluation as to which 
wave is more advantageous from the point of 
view of obtaining a higher temperature — the wave 
in a medium with a field, or without a field — we 
shall solve the problem of the piston moving with 
a constant velocity U into an unbounded tube. A 
shock wave is formed in the gas which at the initial 
moment coincides with the position of the piston 
and then moves away from it. In the region be- 
tween the wave and the piston the gas moves with 
velocity U. From (2.1) and (2.2) we can obtain 


the following formula: 
uy —Us = [(P2 — pi) (Vi — V2). (2.8) 


Since the gas is at rest ahead of the discontinuity 
we obtain from (2.8): 


U = |(p: — pi) Wr Var. 


This equation can be conveniently rewritten in the 
form 


(2.9) 


U=a{-(1 (2 ee (@—1)]h™ (2.10) 


We can easily calculate the speed of the discon- 
tinuity front by expressing it in terms of the density . 
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FIG, 2. Curve 1—T,/T,; 2—x = p,/p,; 3—p,/p; 4-v/c,. 


discontinuity: 


uv = (erie att ee + Ut ete! 


Cy ty x—1 


i (2.11) 


With the aid of (2.10), (2.11), and (2.8) we can find 
for any specific value of U/c, the discontinuities 
in the pressure, the temperature, the density, and 
the value of v/c;. Figure 2 shows the variation 
with 7, of these parameters in the case y = %, 
and U/c,=1. As the field increases all the dis- 
continuities tend to 0, while v/c; increases, 
however the value of v/cem, = v/c;(1 +n)? ap- 
proaches 1, i.e., the shock wave degenerates into 
a weak discontinuity. This result is physically 
clear: as the field increases the compressibility 
of the medium decreases, while progressively 
larger masses of gas are involved in the motion 
and progressively larger fractions of the work 
done must be expended in increasing the energy 
of the field. Therefore the discontinuities in p, 
p, T must decrease and tend to 0 as ,—». 

In a medium in which p « H?/87 with all the 
other conditions remaining the same, the shock 
wave has a low efficiency from the point of view 
of heating the gas. This should be taken into 
account in many astrophysical problems. 

Let us consider the reflection of a shock wave 
from an absolutely rigid wall. Since the gas is at 
rest in the space between the wall and the shock 
wave, the relative velocities of the gas on the two 
sides of the discontinuity are the same for the in- 
cident and for the reflected wave. Therefore, by 
making use of (2.8), we obtain 


(p2— p1) (V1 —Vo) = (p3 — 2) V2 — Vs); 


where the subscript 3 denotes the region between 
the wall and the shock wave. This condition may 
be brought into the form: 


(x == HA a ah Cs = | 26 
= . (2. 


pz ANE ps ‘ se rts 7 
er (-; be giant palpi 62 Dy 


Here x; = 2/13 X2 = 3/P2- The equations of the 
adiabatics for the incident and the reflected shock 


waves are given by: 


hE, AN fees Gh 


0 lv A 6 WB “ty 


FIG, 3.-Curvesl.—T,/1)).2-~ x13'—p,/ pie 


ax, — 1 — (a — x) po/ py +m (%1—1)2?=0; (2.67) 
a%X2— 1 — (% — x2) ps / Po + MX? (p1/P2) (%2 — 1)® = 0.2.6”) 


Here, just as in the case of the problem of the pis- 
ton, we have not succeeded in finding an analytic 
solution, but the numerical solution of equations 
(2.12), (2.6’), and (2.6”) does not present any dif- 
ficulties. 

The results of the calculation are given in 
Fig. 3. For the sake of simplicity we have taken 
the. wave of the preceding problem as the incident 
wave. 

The use of the above results to investigage the 
decay of an arbitrary discontinuity in the medium 
considered by us, containing a field perpendicular 
to the velocity, also presents no difficulties in 
principle. Such an investigation can be carried 
out in exactly the same way as in the case of or- 
dinary gas dynamics,°° and we can obtain the same 
qualitative results with somewhat altered estimates 
for the velocities. 

In conclusion, I express my deep gratitude to 
K. P. Staniukovich for a discussion of the above 
results. 
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Tae wave-front velocity in Maxwell-Lorentz elec- 
trodynamics and in nonlinear electrodynamics has 
been the subject of several studies.!* Some of the 
references cited used the method of Levi-Civita, 
which is the simplest and clearest. We propose to 
use this method to analyze electrodynamics with 
higher derivatives. We shall restrict our consider- 
ations to fourth-order differential equations for the 
potential. 
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First we use the Lagrangian formalism to obtain 
the general form of the equations of electrodynamics 
with higher derivatives. Since the correspondence 
principle must always remain fulfilled, let us as- 
sume that the Lagrangian density L depends on 
the two invariants I, = Hj,Hj,/2 and 1, = 
Hik,JHik,J, where, as usual, 

Hin = Anyi — Ain: (1) 


This last expression gives us the first group of 
equations, namely* 
Hint + Ane + Hun = 9. (2) 


The second group is obtained from the variationally 
derived Euler-Lagrange equations 


0 OL 0? OL 
Ox, OA; p Ax,0x, 0A; 11 


m=) (3) 


Writing out Eq. (3) using the relations 
aL OL: sO 
dA;, 1 OA; », 
etc., we obtain the general form of the second 
group of equations, namely 


AH inp = BH ix, kU =e Heiplelidilien. k =F D Cohileliwalelicaya + 2H mnllinast Hipri =e 2H innld mn, rtd init = 2h Anldiild ae 


=. 2H intl mn,rll mast ) a 6 (Hina, plt masipld testi =e Tn pliaaep lier, Ul =e Fi ip, 1H mn,prtl mn pl = Flip tl mn, pl ma, rip) (4) 


ai GH mn pr inn, RU pr, tH itt = K (Aimall nn rin, ns,pH ns,pl =a pnilant Hin tles.plt rs, pr) an MH int mn, pH 1s, mn, nbd es, th 0 


(A=olel, B= lolol, 


G6 = 2PL/A}, 


C = Lali, 
G = @L/dl70I,, K =0°L/61,01;, M = 20°L/0I3). 


D = 0? L/O1,01 >, 


The wave front is a surface of weak discontinuity. ties in the second derivatives give 


In the present case all the Hj, and all but their 
very highest derivatives are continuous on the wave 
front, that is, all but the Hix zmn- According to 
the method we are using, we must find the differ- 
ences which occur in Eqs. (2) and (4) when passing 
through the wave front. Writing hj, tmn for the 
nonvanishing differences of the Hi, mn» Eqs. (2) 
and (4) give 


Nin,tmm + Art,imm + hu, amm = 9, 
Bhir, nit + Gl allman = 0. (5) 


Let us consider a plane front. Let E = E,(z, t) 
anced. Hy (2, t), which means that Hy, (x3, X,) 
and H,3(X3, X,) do not vanish. Writing the rela- 
tions 

Ja laren (X3 + NKs5 X4 + Ax.) 
= Hinim (%35 Xa) + Hin, imgAX3 + Hintms AXs 


for points in front of and behind the wave front and 
taking the differences, we find that the discontinui- 


hitims = Whiz, ims 
v = lim (iAx,/Ax,) as Ax,—0. 


(6) 


It can he shown, using (2), (5), and (6), that the 
index 4 in Eq. (5) can be replaced by 3 if the addi- 
tional factor iv is added (for instance, hy, 444 = 
v‘h3, 333 ) + Then dividing by hy3 333 and writing the 
result in three-dimensional vector form, Eq. (5) 
gives 


(d+ 2aE*, 1) vt — 4aF, +E ,,20? —2(1 + 20k, Hy. 
— 4aE%2) 0? — 84H x, -Hy,20 + 1+ 2aH?,, =0, (7) 


where a= 6/B. 

Thus in electrodynamics with higher derivatives, 
as in nonlinear electrodynamics, a wave front has 
in general four velocities of propagation different 
from the velocity of light in vacuo. 

A special case is G6 =0 (or a=0), ie., 
L=f(l) +bl,/2 (the electrodynamics of Bopp 
and Podolsky is of this kind). It is easily seen 
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that in this case (7) yields v = 1, which is the 
velocity of light in vacuo. 

The author expresses his gratitude to Profes- 
sor D. Ivanenko for discussing the work. 


*Here A, is the four-vector whose components are A,, Ay, 
Az, and ip, and Ay ; = dA;/dx;; we set c= 1. 


1A Sommerfeld, Ann. Physik 44, 177 (1914); 
L. Brillouin, Ann. Physik 44, 203 (1914). 


2M. S. Svirskii, Becrnux MIY (Bulletin Moscow 


State Univ.) 3, 43 (1951); D. I. Blokhintsev, Dokl. 
Akad. Nauk SSSR 82, 553 (1952); D. I. Blokhintsev 
and V. V. Orlov, J. Exptl. Theoret. Phys. (U.S.S.R.) 
25, 513 (1953); V. I. Skobelkin, J. Exptl. Theoret. 
Phys. (U.S.S.R.) 27, 689 (1954); L. G. Iakovlev, 

J. Exptl. Theoret. Phys. (U.S.S.R.) 28, 246 (1955), 
Soviet Phys. JETP 1, 181 (1955). 
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SELECTION RULES IN REACTIONS IN- 
VOLVING POLARIZED PARTICLES 


CHOU KUANG-CHAO 
Joint Institute for Nuclear Research 
Submitted to JETP editor April 23, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 783-785 
(September, 1958) 


Simon and Welton! and Shirokov” have obtained 
the selection rules for a reaction of the type 
a+b-—>c+d inthe form of relations between 
the polarization vectors and tensors. They as- 
sume that the initial state is not polarized. The 
present communication gives a derivation of the 
selection rules for any arbitrarily-polarized 
initial state. We shall use Shirokov’s notation” 
and assume that all the particles have nonvanish- 
ing rest mass. 

Consider the statistical tensors of the final 
state in the a+b—c+d reaction, 


GG yA eee 8 5"); (1) 


which depend essentially on the parameters of the 
rotation oes. which carries the Zg, Ya, Xq CO- 
ordinate system into the Zo, Ye, Xe coordinate 
system. The first of these systems is associated 
with the initial state, the zg axis being parallel 
to Ng, andthe yg axis being perpendicular to 
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the production plane of particle a. The second of 
these systems has z, parallel to Nc, and yo 
in the direction of the cross product ng X ne. 
Here nj is the unit veetor along the direction 
of motion of particle i, and q is the rank of 
the statistical tensors. The spin indices T are 
defined in terms of these particular coordinate 
systems. With this choice of coordinate 
systems, the Euler angles for the rotation 
Sega are {-7, 0¢, T-%c}, where 6¢ and 
Pq are the spherical angles of the unit vector 
Nc inthe Zg, Ya, Xg coordinate system (see 
Shirokov’). 

Let the state obtained from the initial one by 
space reflection be characterized by the statisti- 
cal tensor PT - Under the reflection the z, and 
Zq axes, chosen along the momenta of particles 
a and c, change direction, while the y, and 
Ye axes remain invariant. The spherical angles 
Ocy and ey of the reflected —ng vector in the 
reflected Wee Ya» X_ fh [ coordinate system are 


Vor = Ve, Mh ae See (2) 


The spin operators remain invariant under reflec- 
tion. If 0, and @@ are replaced by Og; and cj 
in Eq. (1), we obtain the p] statistical tensors 
from p’; the spin indices 7 of the new pj ten- 
sors must be quantized with respect to the old 
nonreflected zc, Ye, Xc system. Since the re- 
flected {Zo, Ye, Xg}z coordinate system differs 
from the initial one only by rotation through an 
angle mt about the ye axis, the transformation 
properties of the statistical tensors? lead to the 
equations 


; s) dd 
, (Gq> ter Gr Tdi 8c, — ,) = Dy DY (0, =,0)D'* + (0,5, 0) 
[roe c 
TOW 
xp (Jo oe qa: ise Ye, © 9.) (3) 


Here the spin indices T are quantized with re- 
spect to their own proper coordinate systems. 
Since Dd 0, T,0)=(- oy Or, -7’ (see Shiro- 
kov? and Gel’fand and Shapiro’), Eq. (3) leads to 


a; (Joo Tes Va Ta; Deo. a ?,) 


=(— [Sette Hat dy’ (9, = Jy, — a3 Ges @,)- (4) 
The law of parity conservation may be stated in 
the following way: if the initial statistical tensors 
p are replaced by the reflected tensors py, the 
tensors p” of the products of the reaction are 
the tensors pz which are obtained from p’ by 
Eq. (4). In other words, if the statistical tensors 
p’ are written p’ =F(p), then 


jae F (@) (5) 
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Equations (4) and (5) together give the most gen- 
eral selection rules in the form of a relation be- 
tween the statistical tensors. 

Let us now consider some simple examples. 
If the initial state of the a+b—-c+d reaction 
is unpolarized, then p = py. Then according to 
(4) and (5) p’ = pj, or 


e” Jo» Tey Vy Tas Se) 


= (— ])fettet4at*dq/ CR — er Jags — Tas Dy). 


(6) 


In our case the p’ tensors do not depend on Po 
Equations (6) are the same selection rules as Simon 
and Welton obtained for q=1 and the same as 
those obtained by Shirokov.* 

Let us now consider a cascade of the form 
a+b—-c+d followed by c+e—f+g (the 
incident beam a, the target b, and e are un- 
polarized). According to (6), p =p ] in the initial 
state of the second reaction, and we obtain 


9" (9;> Th, Goo Tg) oy, — 9) 
(= Pyeng ere 


(7) 


SG CO PS ents oF, @;) 


For the special case in which qf = dg = Oma 7) 
becomes 


(8) 


Since gf is the azimuth angle of ng in the coordi- 
nate system in which the y, axis is directed along 
nN, X Ng, Eq. (8) states the well known fact that the 
angular distribution is symmetric about the produc- 
tion plane of the incident particle in the second re- 
action of the cascade. Equations (7) may be re- 
garded as a generalization of this assertion. 

In conclusion, we remark that our selection 
rules can also be obtained by Shirokov’s method, 
but the present approach is simpler. 

The author expresses his gratitude to Profes- 
sors M. A. Markov, M. I. Shirokov, and L. G. Zasta- 
venko for interest and discussion of the results. 


3 (97, — 9) = 9 (9}, $)). 


*We remark that the first and second selection rules given 
by Shirokov are actually two different ways of stating the same 
rule. 


‘a, Simon and T. A. Welton, Phys. Rev. 90, 
1036 (1953). 

2M. I. Shirokov, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 32, 1022 (1957), Soviet Phys. JETP 5, 
835 (1952). 

3M. I. Gel’fand and Z. Ia. Shapiro, Uspekhi 
Mat. Nauk 7, 3 (1952). 
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ON THE QUESTION OF THE UNIQUENESS 
OF PHASE ANALYSIS 


L. G. ZASTAVENKO 
Joint Institute for Nuclear Research 
Submitted to JETP editor May 5, 1958 


J. Exptl. Theoret. Phys. (U.8.S.R.) 35, 785-787 
(September, 1958) 


Minar! has given a transformation of the scat- 
tering matrix which leaves the differential cross 
section invariant for the case in which the colliding 
particles have spins 0 and 3, The present note 
gives an analog of this transformation for all spins 
S; and s, of the colliding particles. 

We express the scattering matrix in terms of 
the functions ,., YIM, (nm) describing the state 
of a system of two particles whose total angular 
momentum is j. The component of j and the 
components of the spins of the two particles along 
the direction given by n are M, a, and Qp, 
respectively. In terms of these functions, the 
scattering matrix is?» 


IM 
M (n;, n ) = > ¥e, (n;) [Y qrya(11,)]* Aaa 
aiM 


J 
rete aoe (n) = e) «$1%1S2%o | $,S2SQ> 
s,l 


x <sal0j slja> Vo ear n) 
J 


Let S(n) bea rotation that carries the vector n 
into the third axis, and consider the functions 
Paya, (0) whose components are 


[Po,02 (1) Jaen = Diio, (S* (1) Dota, (S~ (n)), 


where DJ, ym, (5) are the matrix elements of an 
irreducible representation of the three-dimensional 
rotation group.’ These functions describe a state 
in which the first and second particles have spins 
whose components are 0, and 09, respectively, 
along n. 4 
The functions sane: (n) satisfy the relation 
ue 


Y1M (9) = 0, (0) / LE! Dh a, a (S(n)), 


so that the matrix element for the transition from 
the state Pata, (nj) to the state Paya, (DE) is* 
(2102 | M | a) a, ) = Ae , 

7 2 3% 


ESE nate 
rie sense (mj) S™ (n,)). 


(1) 
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reo jM ou S4t+So-jxj 
Since YG.q,(—n) =(—)St*SzJyit 9 (nm), the 
condition that the matrix element be invariant 
under reflection requires that 


It is easily seen that the coefficients 


set ey = Ravaah tA oxpee oe’? (2) 
where each of the A’s are either +1 or —1, and 
satisfy the same unitary and symmetry conditions 


as d J 5 
o the Ao ayarta j 


If, in addition, A_ay-a = aia? where k=+1 


(if s; and s, are integers, k=—1 must be ex- 
cluded, since the combinations of @’s include one 
in which a;=a),=0), the A’ coefficients can be 
used to construct the scattering matrix. It is seen 
from (1) that this matrix, although different from 
M, gives the same scattering cross section. It is 
easily shown that M’(ngnj) = A (ng) M (ngn;) A¥ (nj), 
where A(n) is diagonal and has matrix elements 
Aaya, in the coordinate system whose third axis 
lies along n. Let us consider double scattering 
given by 


Py (Mfotze) = M (Myoty2) 0,5 (M12) M* (Myotce). 


The M matrix is given on the center-of-mass 
coordinate system, so that the density: matrix 
Pig (Njg) of the initial state before the second scat- 
tering must also be given in this system, since it 
is obtained from the density matrix of the particle 
after the first scattering by the transformation 
Pig (Nig) = Spf, (ng, )S*. Here S is some rotation 
in the plane of the first scattering,® and Njg and 
and ng, are vectors related in the usual way. Now 
consider the density matrices p’ obtained from 
the scattering matrix by 


M’ = A (n;) M (ngn;) A® (nz), 
pip = MPM", 04, = Soi,S*, 
Pi; (0,,) = A (np) Pry (Mf) A’ (1p). 
The cross section for double scattering is then 
given by 


a, ~ Sp (MSp,,S*M’); 0, ~ Sp(MS'p,S"°M’), 


where S’ = A*(nj.)SA (ng; ). 

If the spins of the particles involved are no 
greater than #, the transformations of Eq. (2) 
contain one for which S’pf,S’* = pf, .' If at least 
one of the particles has spin greater than 3, how- 
ever, there is no such transformation among those 
given by (2). Thus for processes involving particles 
of spin greater than 3, there is in general no arbi- 
trariness such as that given by (2). An obvious ex- 
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ception is scattering by an infinitely heavy target, 
when nj, =ng, and S=1; in this case there is no 
multiplicity of scattering which can be used to dif- 
ferentiate between the set of phases given by (2). 

In conclusion, I express my. gratitude to Profes- 
sor M. A. Markov, Professor Ia. A. Smorodinskii, 
R. M. Ryndin, M. I. Shirokov, and Chou Kuang-Chao 
for discussion of the work and valuable comments. 


*We note that the cross section and tensor moments are 


easily expressed in terms of the parameters Mangia: and 


generalized spherical functions* without the use of Racah coef- 
ficients. 
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COMPUTING THE SPECTRA OF FISSION 
NEUTRONS 


V. P. KOVALEV, V.S. STAVINSKII 
Submitted to JETP editor May 10, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 787-789 
(September, 1958) 


Usacuev.t Watt,” Fraser,*® and Gurevich and 
Mukhin! have studied the theoretical interpretation 
of fission neutron spectra. These authors used a 
model in which the neutrons are assumed to be 
evaporated from the moving fission fragments. 

In the center-of-mass system the spectrum of 
neutrons evaporated from a fragment whose ex- 
citation energy is Ey is of the form 


n(e)~o(e, Eo) ew (Eg — £). 
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Here ¢€ is the kinetic energy of the neutron, 

a(¢€, Ej) is the cross section for capture of a 
neutron with energy ¢ by fragments whose en- 
ergy is Ey) —€, and w(E, — €) is the energy 
level density of a fragment at an excitation energy 
of Ey — €. In the works cited above the level den- 
sity was assumed proportional to exp (— ELT); 
where 7T is the temperature of the fragment. 
Satisfactory agreement with experiment was at- 
tained by properly choosing the value of T, Watt? 
and Gurevich and Mukhin4 assuming that o(€, Ej) 
~ 1/Ve, while Usachev! and Fraser® assume 
o(€, Ey) to be independent of both ¢€ and Ep. 
Such a choice of o(€, Ej) is valid, however, 

only when the neutrons are captured by unexcited 
nuclei. 

In the present note we calculate the fission 
neutron spectra taking account of the energy de- 
pendence of the neutron capture cross section. 
The energy dependence of o(€, Ey) was calcu- 
lated by the complex-potential method,° which 
gives a satisfactory description of the total cross 
section and capture cross section for low energy 
neutrons interacting with nuclei. It was assumed 
that the imaginary part of the potential increases 
when e€ is decreased, since to low values of ¢€ 
correspond large excitation energies of the target 
nucleus, so that the Pauli principle, which weakens 
the energy exchange between the incident neutrons 
and the target nuclei, plays a lesser role. 
since the fragments are so overloaded with neu- 
trons, we may assume that the imaginary part of 
the potential for fission fragments is greater than 
the experimentally observed value for ordinary 
nuclei. Therefore o(¢€, Ey) may be evaluated by 
using the model of a “black” nucleus.® 

In calculating o(¢€, Ey) we must make sure 
that the potential varies smoothly at the boundary 
of the nucleus. This can be done by using the ap- 
proximate expression o(¢€) = 09)(€)Tg(«€)/Ty(€). 
Here o(¢€) is the cross section we wish to obtain, 
0)(€) is the neutron capture cross section by a 
“black” nucleus with a sharp potential change® at 
the boundary, T)(¢€) is the penetration trans- 
mission coefficient of the neutron wave for this 
potential, and Tqg(é€) is this coefficient for a 
smoothly varying potential of the form 


V (x) = —V,/[1 + exp (—2x/d)], 


where -~<x<o, y)= 
10713 cm 

The table gives Tg(<¢)/Ty(€) and o(e) e1/2 
which characterizes the deviation of o(¢€) from 
the 1/Ve law. 

It is interesting to note that the energy depend- 


42 Mev, and d=1.4 x 


Further, 


a LT 


1 a (e) e'l2 4 
Suse | Ta (NTC) 3) ere oye 
0.4 2.05 1.83 
O72 2.00 1.83 
0.3 2.40 dre99) 
0.4 2.30 2.05 
0.5 2.20 Dive 
0.75 2.02 2.28 
1.0 41.89 2.44 
425 1.74 2.09 
2.0 1.63 2.68 
2.5 4.55 2.94 
3.0 1.49 3.49 
5.9 1.34 4.03 
10.0 1.18 5.70 


ence obtained for the inverse process is close to 

the 1/Ve law up to an energy of about 1 Mev. | 
which is a qualitative verification of this ¢« de- | 
pendence chosen by Usachev! and Fraser.° | 

In calculating the spectra it was assumed that 
the most probable fission mode occurs, that the 
neutrons are emitted isotropically in the center- 
of-mass system of the moving fragments,‘~4 and 
that the level density obeys Weisskopf’s law 
w(ée) ~ exp (2VaE ) over the whole interval of 
excitation energy,° with a=0.1A, where A is 
the atomic weight of the fragment. 

The mean excitation energy Ej, y was alee 
lated using = relation’® dv/dE = 0.12 Mev 
and Fraser’s® relation vj,/vy =1.3. Here vy, 
and vy are the mean numbers of neutrons emitted 
by the light and heavy fragments, respectively. The 
mean energy of the accompanying gammas was 
taken as 7.8 Mev, and was distributed equally be- 
tween the two fragments. 

These assumptions were used to calculate the 
fission neutron spectra of U**> and cf*52 The 
spectra of the “first” and “second” neutrons from 
an individual fragment in the laboratory system 
were calculated using the formula 


EQ+V © A/£)? 
Niu (E) ~ 91,4 () e 
E(1—V ©, /E)? 


x exp CViars (Ern = Ela a é}} ds. 


Here wy, y is the mean kinetic energy per nucleon 
of a fragment, and EP, H_ is the neutron binding 
energy in the fragment.”? "9510 The mean excitation 
energy of a fragment ¢ after emission of the first 
neutron is given by Ej, aS ie (apes EP Haae ey > 
where €y, H is the mean kinetic energy of the 
first neutron. The theoretical calculations for 
u?*> are in good agreement with the experimental 
data.®»!1_ Comparing our results with the curve 
given by N(E) ~ exp (—E/0.965) sinh ¥2.29E, 
which is the best approximation of the observed® 
fission neutron spectrum from U?%5, we find no 
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deviations greater than 7 per cent up to an energy 
of about 7 Mev. The agreement with experiment 

is also satisfactory for Cf**?, although the experi- 
mental accuracy is not high.!* Similar results can 
be obtained assuming that w(«) ~ exp (— e/ Tp) i> 
where TL,H ave the temperatures of the frag— 
ments which correspond to their mean excitation 
energies. These temperatures can be calculated 
using the formula 


Eta — E® » —e1,H |" 
TL,.H = | —————__ | , 
CULE 


and for U*> fragments we obtain Ty, ~ 1 Mev 
and Ty ~ 0.8 Mev. 

The authors express their gratitude to A. I. 
Leipunskii for his interest in the work and dis- 
cussion of the results, to I. I. Bondarenko and 
L. N. Usachev for many critical remarks, and 
to V. P. Kharin for performing the numerical 
calculations. 


11. N. Usachev, Oruer AH CCCP, 1950 ( Report, 
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THE POSSIBILITY OF ESTIMATING THE 
MEAN LIFETIME OF ALPHA PARTICLES 
WITHIN NUCLEI 


Iu. I. SEREBRENNIKOV 
Leningrad Polytechnic Institute 
Submitted to JETP editor May 21, 1958 


J. Exptl.Theoret. Phys. (U.S.S.R.) 35, 789-791 
(September, 1958) 


ir has often been shown! ”* that a -particle sub- 
structures and others exist within the nucleus. 
According to the references cited, these sub- 
structures participate in nuclear cascade proc- 
esses and can be knocked out of a nucleus by a 
fast particle passing through it. Cuér, Combe, 
and Samman!~ assumed that these substructures 
are unstable in nuclei. Combe‘ considers their 
lifetimes to be probably of the order of 107” sec. 
If this is so, it may be possible to obtain experi- 
mental indications as to their mean lifetimes. 
Let us consider knockout of a@ particles from 
nuclei. 

If the a particles are stable within the nu- 
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cleus, then the energy spectrum with which they 
are knocked out will be given by N(E)=f(E)P(E), 
where f(E) is the recoil-energy distribution func- 
tion of the a-particles within the nucleus for posi- 
tive E, and P(E) is the Coulomb barrier pene- 
tration factor for the q@ particles. Ifthe a par- 
ticles are unstable within the nucleus with a mean 
lifetime T of the order of 107-2 sec, the expres- 
sion for N(E) should contain a factor which ac- 
counts for their disintegration during the time 

they move within the nucleus. If this disintegra- 
tion can be described by an exponential law of the 
form N =N) exp(—teff/Tq), the knockout a- 
particle energy spectrum will be of the form 


Ni Bice (B) P(E) 
exp {-- [1m./2(E + U)]"*l /-a}, (1) 


where te¢p = //v is the time it takes an a -par- 
ticle which attains the velocity v at the point of 
collision to move through the shortest distance / 
to the sprface of the nucleus. This distance / 
should be chosen from the condition that in a 
spherical shell of thickness 2 low-energy recoil 
a particles can be produced efficiently and can 
leave the nucleus with the least possible losses 
due to disintegration. In the above equation Mq 
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is the mass of the a@ particle, and U is the 
depth of the potential well. 

Let us evaluate the exponent of Eq. (1) with 
Tq= 10722 sec and for an energy E equal to the 
height of the Coulomb barrier Ug; we shall treat 
nuclei in which U is known. For C** nuclei,’ 

U #11 Mev. For different nuclei the distance 1 
can be chosen about equal to the a@-particle diam- 
eter. For C!2 we have 1#R=1.4x10%A¥3 em 
and Uc ~ 4 Mev. With these assumptions the ex- 
ponent for c!2 is 1.2. For silver nuclei, we again 
set E=Ue and assume'that 1(Ag) = TCC) and 
U(Ag) * U(C™); the exponent is then —0.8. 

These values of the exponents indicate that if 
Ty = 107" sec, the a-particle spectrum given 
by (1) should be measurably weakened in the energy 
region around E = Ug. 

The situation changes drastically if Tg is ac- 
tually somewhat less than 107% sec. A lifetime 
smaller by a factor of 2 or 2.5 is sufficient to 
decrease the exponent for c!? for instance, to 
0.05 for E=Ug. Then for this energy there 
should be practically no a@-particles knocked out, 
and they should appear in measurable quantities 
only for E= Eqegf > Uc. 

Now 107” sec is the time it takes a 20-Mev 
nucleon in the nucleus to pass entirely through a 
Cc” nucleus. It is very probable that internal a - 
particles can be destroyed in collisions with fast 
nuclei located in their vicinity when they are 
formed. There is therefore reason to suppose 
that Tq is considerably less than 107” sec. If 
this is so, experiment should observe almost the 
complete absence of qa particles knocked out in 
the energy region Uc(A)< E< Eqegf. An experi- 
mental determination of Eg eff could be used to 
estimate Tq. 

It should be noted that this effect is more prob- 
ably observable for nuclei with A around 12 or 
20 than for nuclei with A around 100, since there 
may be quite a large number of a particles pro- 
duced in the latter in a shell with low 1. 

Deuteron knockout will be observed if tg is 
less than Tq, for if we consider deuterons with 
energy E=Uc and set U x 30 Mevy,® I(d) = 
l(a), and tTg= 10 sec, the exponent in Eq. (1) 
becomes —0.6. 


1D. Ciier and J. Combe, J. phys. et radium 16, 
29 (1955). 

“J. Combe, J. phys. et radium 16, 445 (1955). 

3 Ctier, Combe, and Samman, Compt. rend, 240, 
75, 1527 (1955). 

4 J. Combe, Suppl. No. 2, Nuovo cimento 3, 182 
(1956). 
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NONLOCAL EFFECTS IN WEAK INTER- 
ACTIONS OF FERMIONS 


S. G. MATINIAN 


Physics Institute, Academy of Sciences, 
Georgian SSR 


Submitted to JETP editor May 23, 1958 
J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 791-793 
(September, 1958) 


Recen TLY Lee and Yang! have studied the non- 
local four-Fermion interactions as applied to pu 


decay. Phenomenologically these interactions can. . 


be described using a Lagrangian corresponding to 
the interaction of pairs of fermions separated by 
a space-like interval of the order of 107!? to 107'4 
cm. 

The present communication gives a similar 
treatment of nonlocal effects in w~ capture by a 
proton. The neutrino is described by the two- 
component theory .2~4 

1. The nonlocal Lagrangian for the interaction 
which gives rise to the » +p-->n+vp reaction is 


L = Dge\ [bn (x) Ob» (1 Ki (x — x’) 


a (1) 
x [Py (x’) Oshy (x’)] dtxd*x’; by =—yshy. 


In this expression the summation is taken over all 
possible S, V, T, P, and A couplings; the Oj 
are the appropriate Dirac matrices, and Kj (x-x’) 
is an invariant function of x—x’ which accounts 
for the nonlocal extension of the interaction. As- 
suming that the space-time extension of Kj (x -—x’) 
is smaller than the inverse of the energy momen- 
tum transfer involved in the process, we can write 


x; o2 : 


m 9,2 
Ox 


K; (x — x’) = 84 (x — x’) 4- 08 (X47) sh. eng (2) 


G=S\VT PAw Seed), 


where m is the mass of the meson, and 
| xj /m2|'/ is the length characterizing the non- 
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local effect.* Using Eq. (2) and treating the case 
of the ~ meson and proton at rest, we obtain 


L = Digi\ [1 +: (1 — 2p, /m)) (nOrbo] [Oval dbx, 
Z 
(3) 
where p, is the neutrino momentum. 

From this we immediately obtain an expression 
for 1/tT, the probability of 7 capture by hydro- 
gen, and an expression for w(6@), the angular dis- 
tribution of the neutrons in the capture of polarized 
u- mesons.°° These expressions are 


1/t = p2§/2n°a?, w(l)=1+ «cos, (4) 


where a is the Bohr radius of the muonium atom, 
0 is the angle between the spin of the u~ meson 
and the neutron momentum, and 


€=lfstfyP+3 fa tfrl, 


a= —|fstivP+lfat tre, By 
i= gr; [1 +; (1 —2p,/m)). 


For the ff +.p net D reaction, €é by é’, and 
aé are replaced by —a’é’, 

2. Let us assume the existence of a universal 
AV interaction.? As is known, it is then possible 
to choose the coupling constant G for B decay 
so as to obtain excellent agreement with experi- 
ment for the » meson lifetime. 

It is easily shown, however, that nonlocal ef- 
fects in B decay are quite negligible. If such 
effects actually exist, they should be observed in 
p. decay, by a definite change in the coupling con- 
stant. 

For the universal AV interaction in pw decay, 
Feynman and Gell-Mann take the expression 


8G (bina) (Probe), (6) 
where aw is a two-component wave function, and 
G = (1.01 + 0.01)10 °/M? (where M is the mass 
of the nucleon). The p-meson lifetime is then 
given by 


Ve, = Gm? / 1928. 


The nonlocal interaction corresponding to (6), 
namely 


8G (buynar, (x)) K (% — x’) (drape (*’)) (7) 


(this corresponds to Lee and Yang’s! Lagrangian 
Ly) gives 


May, = (G?m5 / 192n*) (1 + elo), 


for the »-meson lifetime, where ¢, is a param- 
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eter characterizing the nonlocal effects, introduced 
by Lee and Yang.! Bearing in mind the experimen- 
tal uncertainty in the determination of G, we ob- 
tain an upper limit for || compatible with the 
universality of G. This is 


Ct 0.07. (8) 


Lee and Yang (using the nonlocal Lagrangian 
Lyy) have found the value of ¢ for which the two- 
component theory will give a Michel parameter p 
in agreement with experiment. This value is ¢, = 
— 0.21, which is too large by a factor of three. 

It should be noted that if the nonlocal effects 
(with b > 0) are attributed to the propagation 
of a heavy virtual particle, its mass M,) must, 
according to (8), satisfy the inequality My) = V14 m. 

The formulas given in Sec. 1 for the nonlocal 
interaction in the capture of a meson by a 
proton may be useful in establishing the magnitude 
of k, which characterizes the length involved in 
the nonlocal effects, if there exists a universal 
AV interaction. 

Radiative p” capture (uo +p—nt+vty) 
may in general be helpful in establishing xj. 

In conclusion, I take this opportunity to ex- 
press my gratitude to Professor G. R. Khutsishvili 
for interest in the work and to Iu. G. Mamaladze 
for discussion of the results. 


*We note that if the nonlocal effects are assumed to be 


caused by virtual 7 mesons, the capture probabilities obtained - 
fail to agree with experiment. 5 
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EQUATIONS OF MOTION FOR A SYSTEM 
CONSISTING OF TWO TYPES OF INTER- 
ACTING SPINS 


G. V. SKROTSKII 
Ural’ Polytechnic Institute 
Submitted to JETP editor May 26, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 793-794 
(September, 1958) 


Serco! has found the equations of motion de- 
scribing the magnetization of a system consisting 
of two types of interacting magnetic moments in 
parallel fields. Kurbatov,and the author’ have in- 
vestigated the thermodynamic properties of a two- 
spin system, including the spin-spin and spin-lat- 
tice relaxations. The present note gives a simple 
thermodynamic derivation of the equations describ- 
ing the behavior of such a system in a constant 
field Hy) arbitrarily oriented with respect to an 
alternating field h. 

We shall start with the equations 


MP = Li (HA, — HY) + Lik (A, — H?), 
MO = Li (A; — HY) + LR (Hi — AP), 


where H!) and H@) are related to the magneti- 
zations M() and M(2) of the spin subsystems by 


yee ie (2) 


The Lj, satisfy the Onsager relations. Assuming 
that in the absence of a field the medium is iso- 
tropic, we write 


(1) 


mM =e eae mM? = 


Lis tot. § 


Sep =| Y1X018ir1H1 9; Lh = “as. ih» 


(3) 


ia fon Sek L2= ock + Y2Xo2%int 9, 


where y;, and vy. are the Leena ratios for 
the spin subsystems, €j,7 is the unit antisymmet- 
ric tensor, and H=H,+h(t). Equations (1) now 
become* 


My + My /*1 + Ma /* = (yor /%1 + Yo2/2)H-+ yx (MHI, 
M, + My /t2 + My /t = (01/7 + Xo2/ 72) H + Ye eae 
) 
In the absence of a transverse rf field in the 
steady state, as may have been expected, these 


equations lead to the relations given by (2). 
For parallel fields, i.e., if [Hy x h(t)] =0, 


Eqs. (4) are the same as those obtained by Solomon. 


If the second subsystem is'missing, they become 
M+M/c= (yo/*)H + y[MxH]. 


Let us now require that M() and M(2) are of 
equal magnitudes; then multiplying Eqs. (4) by 
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mM) and M(2), respectively, we obtain : | 


Mi (My-M.) 
1, (MiMe) _ (Xo1_ 
a = ( 


T1 Tv 


+ 2.) (MH), 
(5) 
My 


v2 


ar alee (caine Cc) 


Eliminating xX 9; and- Xo, from (4) and (5), we 
obtain 


M, =i {M,xH — 5M sEM, CM, xH] > 


Are 
1 x(M, xH]] ~~ (MyM, 


A2 
(hemp (Ma xLM, x HJ: 
(6) 


M, = Y2(M, xH] — 3 [M, x{M, x H] ] — 
2 


where 
An = Mj / (M,: H); M;) /«(M,-H); 


hoe = M3 /+(Mz*H). 


Mie = (Mir 
(7) 
hoy = (Mie M,) / 7 (M,° H); 


If Ayo =Aqy = 0 (that is in the limit as T—»), 
Eqs. (6) go over into the Landau-Lifshitz equations 
for two noninteracting spin systems. They can be 
used to describe relaxation processes and reso- 
nance phenomena in antiferromagnets. 


*Henceforth we shall write the indices denoting the sub- 
systems as subscripts. 
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CLEBSCH-GORDAN EXPANSION FOR 
INFINITE-DIMENSIONAL REPRESENTA- 
TIONS OF THE LORENTZ GROUP 


A. Z. DOLGINOV and I. N. TOPTYGIN 


Leningrad Physics and Engineering Institute, 
Academy of Sciences, U.S.S.R. 


Submitted to JETP editor May 29, 1958 
J. Exptl. Theoret. Phys. (U.S.S.R.) 85, 794-796 
(September, 1958) 


One of the authors has given! the explicit form 
of the Clebsch-Gordan coefficients for the expan- 
sion of the finite-dimensional representations of 
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the Lorentz group. If one choose the basis func- 
tions of the finite-dimensional representation to be 


Cea yd 141 
Pon eee sinh ‘x d**coshNa 
Yim (9?) = ae (W—1) (N=) deosh!t1, * im 9), 
t = pcosh g, r=psinha, O<a< oo, 


= OS 0 <0; We 0,1,2,.. «, (1) 


the expansion has the form 


by, hm, Nzlm2 = ps jy = A (Ny ly N, alaN1) Cua Ynim 
(2) 
A (NL Nol,N1) = N V (2h, + 1) (2le-+ 1) X (jriilas fofele, Hi); 


2jj + 1 = Nj, and X are the Fano functions.” It was 
mentioned that if one replaces N by in, where 

n is realand 0=ns ~, Eq. (1) gives the basis 

functions of one of the irreducible unitary infinite- 
dimensional representations of the Lorentz group: 


d'*1 cos no 


d cosh! +1ly (3) 


sinh!» 


Vr ( +1)... (+2) 


Vnim (a, a, 2) = 


The functions %Jm are orthogonal and are nor- 
malized by the condition 


foo} 


\ sinh? ade \ AOD smn, (0; 959) Onateins (%; 94 ) 
y (4) 


wT iN 
= oe 6 (ny nae Nz) 81,1, mms: 


Let us find the Clebsch-Gordan expansion for the 


Ynlm: We shall look for an expansion of the form 


Prt mn Pnelem, = se >) ani pees V inns, To /4nn Ann Chen 


x B(nynen, Lgl) A (ny nelenl) dan. (5) 


A(nyljnglonl) is expressed in terms of jj, jg and 
j exactly as in the case of Eq. (2), except that in- 

stead of using integer or half-integer values of jj, 
jg and j, we must take 


jp ='Yo(ims — 1), fo =7/2 (ita —1) and, j = */2(in—}). 


The recursion relations for the Yj enable 
us to obtain equations relating the B(njngn, 1,1,1) 
for different values of 1,, J, and Jl. These equa- 
tions are satisfied if B(nyngn, J,l,.1) = B (nyngn) 
does not depend on 4, J, and 1: 


B (nyfgh) = sinh rn, sinh7n, sinh 771 ieee —=- (fy + np + 21) 
Xx cosh-- (ny — Nz — f)cosh a (ty ++ My — 2) (6) 


Tw fo | 
< cosh (4 — fly + n)| 


Y im (9; 9). 
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Using the fact that 
>) A (ylyNol onl) A (yl Ngl2n'l) = 0) (n ee n'), 
hi ; (7) 
A (n0n,0n0) = Vn/ inne, 
we get the inverse Clebsch-Gordan series: 
Prim = V4an/inyn, ([B(myngn)y? >) ith 
1, 1.m, mz 
x A (yl,N2lonl) CH eee (8) 


For complex n, formula (3) gives the basis func- 
tions of an infinite-dimensional irreducible non- 
unitary representation. Such functions occur in 
the expansion of the product of (1) and (3) ina 
Clebsch-Gordan series: 


Prt PIV teres = pa tht YVAN [4ny A (yl, Nl qv) Civmtamivims 
(9) 
y= n—ixj x=—N+41, —N4+2,...,N—1; 
tv = 2j+ ile N= 2j,+ ie 


Using Eqs. (22) and (29) of reference 1 and Eq. (9), 
one can obtain the expansion of derivatives of the 
Ynlm in terms of irreducible representations: 


OzsGn (2) aie = Dy to Of ay ov Ca ae 
whob (10) 


ees: 


Cif (nl, 2F, ¥L) | 5 Kaxoruse 
iv=in+k, kK =+1, G,(p) depends only on p, 
Os1/2,41/2 = 9/8t F 9/82, Disp, z1/p = + (0/8x F i8/dy). 
All the formulas given here apply to the case 
where 2 =t? — r*>0, i.e., when all the basis 
functions are timelike. To go over to the case of 
r=pcosha, t=psinha, 0=p=~%, 
one should make the substitution a@— a — im/2 
in all the formulas. 


—-~x=Qs~, 


eee Dolginov, J. Exptl. Theoret. Phys. (U.S.S.R.) 
30, 746 (1956), Soviet Phys. JETP 38, 589 (1956). 
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Joint Institute for Nuclear Research 
Submitted to JETP editor May 31, 1958 
J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 796-798 (September, 1958) 


Ir is of some interest, in connection with the possible existence of hyperons with spin greater than We 
to consider the decay of a spin- UE particle. Let us consider the f decay of such a particle according 
to the decay scheme Y—ptet D, in analogy with the neutron-decay scheme, in the first approxima- 
tion of perturbation theory. We shall assume that the decay products are described by the Dirac equa- 
tion and that the decaying particle is described by an equation of Rarita-Schwinger type.! 

We write the interaction leading to decay in the form 


Hint = (¥pB") (Cvdberuty + Cvderurey) + borsB") (Caderursy + Caberudy) 
ot (bpynB") (Crbevuryoby + Crbeyuyoysthy) =P compl. conj : 


Here BF, the wave function of the spin- %, particle, is a four-vector each of whose components is a bi- 
spinor. This function (when there is no interaction) satisfies the equation! 


(1) 


(iyp +m) B*=0, y,B" =0. (2) 
We sum over the states of the decay products in the usual way, and average over initial states of the 
spin- WE particle using the relations 
4 
> Be (ep) OBS (4p) = (AY A*) co. (3) 
i=] 


The upper and lower signs correspond to summing over positive and negative energy states, respectively, 
A* is the usual projection operator of Dirac theory, and the operator A” is given by 


y 2 il 1 
APY Buy Smt PuPy —3 Yeo — Zar (YuPv — YvPu) (YP). (4) 
The resulting averaged and summed square of the matrix element for decay at rest is 


— 1 P.Py {Pe Py Pp P, Mp 1 PLP 
[Mol = bit 3 ba ge + Lehr Jet he Epa aloes E 


v 
ev 


mm m , p 
+1,.~"41,=4(1—-3 272), 
) ° EE, =| UE Ey 


where the L coefficients depend only on the coupling constants and are given by 
Lyo= (+ (ICvP FICE +1CaP+|Ca?) +2(CrP+1Cr PI, 
pea (fon Berna Meco nabrerton seven, Se 
Cy P+ (Cr —} Ca = CaP Ler (Cv Ca) Cp + (Cy -Cn)Cr-iey aoc) CC emen 


These calculations are performed on the assumption that the neutrino rest mass vanishes. Equation (5) 
is written in a form analogous to that obtained for the B decay of a spin- Y, particle (see, for instance, 
Michel? ). From this equation we easily obtain the known? expressions for “pure” V, A, or T coupling. 

Equation (5) for the spin- 4, particle is not the same as the corresponding equation in the B decay of 
a Dirac particle. The difference is, among other things, that the B-v correlation coefficient cannot have 
an absolute value greater than ee This, in turn, leads to a difference in the shape of the decay-electron 
energy spectrum, which we give below: 


e 
| m2. (W —E,)? V Ee — m2 
“' (Ee) = SSRCER YE AR ee. [Li Ee {2 [3my (W — E.) +- Ee — mi] + 3m}} 


ib 
o a 29 (my oe Ee) (E; Spe me) ipa Ls {Z, [myE. (W . E.)+ (my—2E.)(E-—m:)} 
+ 4myE.(W — E,)*} + Ly {2amy [Ee (W — E,) — E2+-m?)+-4m2E(W— E,)?) 


(6) 
+ £22,mpy (3myE. — 2E; — m) + L,62z,mpme (my — E) + Ly = {25 [12my(W — EB.) + 2(E2 — m2) — 3m?) 4 18m4}]. 
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Here 
2, = my (W — Ez) + 1/otMp, 


2, = 2(2z, + mi), 


W = (my — my + m3) / 2imy. 


The present considerations can be used for ~-meson decay‘ of spin- x, particles according to the 
scheme Y—-p+p+v, as well as for the electron decay scheme considered above. 
I wish to acknowledge the guidance provided by Professor M. A. Markov and to thank B. N. Valuev and 


I. V. Polubarinov for discussions. 
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°E. R. Caianiello, Phys. Rev. 83, 735 (1951). 
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ELECTRONIC PARAMAGNETIC RESONANCE 


IN ALLOYS OF ALKALI METALS 


N. C. GARIF’ IANOV and M. A. STARIKOV 


Physico-Technical Institute, Kazan’ Branch, 
Academy of Sciences, U.S.S.R. 


Submitted to JETP editor May 31, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 798-799 
(September, 1958) 


camaehiene 1 to 3 report on the influence of 
impurities on resonance absorption in metals due 
to conductive electrons. 

We have investigated the 290-Mcs resonance 
absorption in alloys of sodium at T =90°K and 
300°K, as a function of the concentration of com- 
ponents. The following metals served as compo- 
nents: Li, K, Hg, Pb and Woods’ alloy. 

The measurement procedure was described 
previously. The original sodium was 99.5% pure 
and contained approximately 0.4% of potassium. 
The alloys were produced under a layer of par- 
affin or in an argon atmosphere. To prevent skin 
effect from distorting the shape of the absorption 
lines,® the alloy was dispersed in paraffin; the 
average size of metal particles was approximately 
4u. The width AH in the original sodium meas- 
ured between the half-intensity points of the reso- 
nance-absorption curve, has a maximum of 16 Oe 
at room temperature and equals 9 Oe at 90°K. 

Our data on the width coincide with the results 
of Gutovsky and Frank.® The measurements of 
paramagnetic resonance in alloys indicate that 
the metals used as alloy components can be di- 
vided into two groups. The first group includes 


5 10 15 20 
K, at.% 


FIG. 1. Alloys Na—K. e— T = 90°K, 0— T = 300°K. 


Li and K, which have little effect on AH, and 
consequently on T; and T). 
In Na-K alloys AH has a greater temperature 
dependence than in the original sodium (Fig. 1). 
The second group contains the heavy metals 
Hg, Pb and Wood’s alloy, which increase AH 
almost 104 times more than the metals of the first 
group. (Fig. 2). In the alloys of these metals AH 
is independent of the temperature. 


OH, Oe 
200 
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60:10° 
Hg, at. % 
FIG. 2. Alloy Na—Hg. T = 300°K. 
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We have also investigated paramagnetic reso- 
nance in lithium alloys. The alloying components 
used were Na, K, Hg, Pb and Wood’s alloy. 

The effect of the alkali metals Na and K on 
paramagnetic resonance in lithium is just as weak 
as in the case of sodium. However, even 0.001% of 
a heavy component such as Hg, Pb, or Wocd’s 
alloy broaden the line to such an extent that it be- 
comes impossible to observe absorption in these 
alloys. We offer no quantitative data on these al- 
loys, because the purity of the original lithium 
was only 98%. Furthermore, lithium alloys very 
poorly with sodium or potassium.’ 

Our results agree with Elliot’s theory,® from 
which it. follows that impurity metals with strong 
spin-orbit interaction greatly shorten the spin- 
‘lattice relaxation time. This results in sucha 
broadening of the lines in the Li and Na alloys 
with insignificant admixtures of heavy metals. 

On the other hand, the alkali metals (Li, Na and 
K) have relatively weak spin-orbit interactions 
and therefore have a weak influence on the width 
ASH. 

The shift of the g-factor of the line can be 
used as a measure of the spin-orbit interaction 
of the impurity atoms. We propose to conduct 
measurements of g-factors at 10,000 Mcs in 
alloys with smaller metal-particle dimensions. 
We also plan to measure the Knight shift for the 
resonance lines of Na®® and Li’. These experi- 
ments will permit a detailed comparison with the 
theory. 

In conclusion, the authors express their grati- 
tude to K. A. Valiev for his review of the results. 
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THE FIRST EXCITED STATE OF Tb”? 


Iu. A. NEMILOV, A. N. PISAREVSKII and 
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Radium Institute, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor June 4, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 800-801 
(September, 1958) 


In a scintillation-spectrometer study of the vy 
radiation of Dy'®, which decays entirely via K 
capture, a weak line at twice the energy was ob- 
served in the pulse distribution in addition to the 

K radiation of Tb!®® (44.5 kev). Measurements 
with varying distances from source to crystal, 

and using filters showed that this line is the re- 
sult of full summing of 44.5-kev quanta. For the 
1.5-microsec resolving time of our apparatus 

(a 128-channel analyzer), the chance-coincidence 
rate would be two orders of magnitude smaller than 
that actually observed in the sum peak. From this 
one is naturally led to the assumption that the ob- 
served 90-kev line is the result of summing two 
cascade quanta of half the energy, the first of 
which is the K radiation of Tb! after K cap- ° 
ture, while the second is the result of decay of the 
first excited state of Tb!®?, 
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FIG. 1. y spectrum of Dy**’, using Nal (T1) crystal. The 
16-kev peak is due to K, radiation of iodine, the 22-kev peak 
to Kg radiation of iodine. 


A suggested value of the energy of the first ex- 
cited state of Tb!®® (57.5 kev) was given on the 
basis of Coulomb excitation of Tb.? The conver- 
sion electrons corresponding to this excited state 
have been observed.? Gamma rays. from deexcita- 
tion of this state have never been observed. Our 
experiments show that if such a line does exist, 
its intensity does not exceed 1% of the 44.5-kev 
peak. 

An additional check was made using a “sum” 
spectrometer with a CsI (Tl) crystal (diameter 
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FIG. 2. y spectrum of Dy’? taken with a sum spectrometer. 


50mm, h=20 mm). The pulse distribution is 
shown in Fig. 2. A computation of the efficiency 
from the areas of the main and sum peaks,‘ on 
the assumption that the latter is produced by the 
same number of 44.5-kev quanta in cascade, is in 
good agreement with the efficiency computed by 
an independent method. 

Thus the deexcitation of the first excited state 
of Tb!®® also occurs with emission of Tb K ra- 
diation, in view of the strong conversion of the 
57.5-kev line. The conversion coefficient is 
= 99%. 

In conclusion the authors thank A. N. Murin 
and B. K. Preobrazhenskii for their preparation 
of the pure source. 
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STUDY OF y-RAYS FROM As™ DECAY 
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Ir is known that in the decay of As’ (T = 90 min) 


two groups of 8 particles are emitted (Eg = 4.1 


Mev, 70% branch; Eg = 1.4 Mev, 30%). y rays 
with energies of 0.27 Mev! and 0.615 Mev’? are also 
observed in the decay. It is impossible, on the 
basis of the available data, to attempt even a decay 
scheme for this isotope. 

We obtained As® from bombardment of sepa- 
rated Se’? isotope with 14-Mev neutrons, via the 
(np) reaction. 

The measurements were carried out on a scin- 
tillation spectrometer with a 128-channel analyzer.® 
We used the geometry of the standard single-crystal 
spectrometer (with FEU-S photomultiplier and a 
Nal (Tl) crystal, diameter 30 mm, h=40 mm), 
and the geometry of a 4m summing spectrometer 
(FEU-13 with CsI (Tl) crystal, diameter 50 mm, 
h = 40 mm). 

The following y lines were observed in the 
singles spectrometer geometry: 500 kev with 
T=5to6 min; y lines with T = 90+ 10 min: 
270, 610, 800, 1280, 2680 kev (all intense lines), 
80, 345, 690, 1200, 1620, 1880, 2020, and 2160 
kev (weak lines). There was a suspicion of the 
existence of a line with very low intensity at 
~ 2400 kev. 

In the summing spectrometer geometry, the 
following sum lines were definitely observed (all 
with period 90 + 10 min): 420, 2700, and 1650 
kev. The transitions with a period of 90 min can 
be assigned to the As'® — Se’ g~ decay. 

The y line at 500 kev (T=5to6min) is 
interesting. It is not the result of annihilation of 
positrons from some * decay, since careful 
measurements with the summing spectrometer 
showed no sum line at E,,=1 Mev. We also ob- 
served no other y lines with T =5 to 6 min. 

This suggests that this line is the result of de- 
excitation of some metastable state which is 
formed in the interaction of neutrons with Se” 


Se 


Decay Scheme of As”. 
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(since this line was not found in experiments 
with other separated isotopes of Se). 

Running through the other possible reactions 
on Se” (n2n, n2p, na, npn), one finds that the 
isomers of products of such reactions have been 
well investigated and that no isomer has been found 
which has the observed state (T=5to6min; E= 
500 kev). We can therefore assume that As” has 
a metastable state with an energy of 500 kev. 

A possible decay scheme for As® is shown in 
the figure. 

In conclusion, the authors thank A. N. Proto- 
popov and his colleagues for neutron irradiation 
of the samples. 
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Ves existence of a so-called low-temperature 
modification of tin (a-Sn), stable below 18°C, 

is well known. Spontaneous transformation of white 
tin into gray, however, does not occur in practice 
even upon substantial holding times at low temper- 
atures. It can be brought about by means of plastic 
deformation at temperatures below the transforma- 
tion point.! 

Works of recent years have established the ex- 
istence of low-temperature allotropic transforma- 
tions which proceed also in lithium and sodium?»? 
upon plastic deformation under conditions of strong 
supercooling. One can surmise that this phenome- 
non is characteristic of many non-close-packed 
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metals. At the same time, on account of the small 
diffusion mobility of the atoms, there is practically 
no reorganization of the lattice into a new more 

dense structure stable at low temperatures. Plas- 


4 | 


tic deformation facilitates the process, helping sur- _ 


mount the activation barrier. 

In contrast to the preceding investigations, we 
used in the present work a method of mechanical 
tests, which consisted of studying the compression 
diagrams of specimens of lithium, sodium, cesium, 
bismuth, and beryllium with subsequent warming 
and registration of the volume changes during the 
reverse transformation. The bismuth and beryl- 
lium were monocrystals of 99.98% purity; the lith- 
ium, sodium, and cesium were chemically-pure 
polycrystals. The tests were run on a one-ton 
machine with a stiff dynamometer, adapted for 
measurements at helium temperatures.4® The 
rate of deformation was constant at 0.03 mm/sec. 
The deformation and warming curves were re- 
corded on photographic film. 
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FIG. 1. a — Machine compression diagrams for specimens 
of chemically pure lithium at temperatures from 77 to 1.4°K; 
b — Dilatometric curve taken during warming of the lithium 
specimen deformed at a temperature of 1.4°K. 
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A typical deformation diagram in “load vs. 
absolute compression” coordinates is shown in 
Fig. la for lithium (the polymorphic transforma- 
tion of which has been well studied by x-rays??’?). 
At 77°K it is a smooth curve with a hardening 
shape at high degrees of reduction, without any 
singular points indicative of the occurrence of 
a transformation. It should be noted here, how- 
ever, that x-ray investigations under these con- 
ditions recorded a partial transformation from 
body-centered cubic modification to face-centered. 
On reducing the deformation temperature to 20°K 
and lower (down to 1.4°K), a characteristic dis- 
ruption appears on the curve with a sharp drop in 
resistance to deformation, in response to allotropic 
transformation in a considerable portion of the 
volume of the deformed metal.* 
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The most direct demonstration of a polymorphic 
transformation in our experiments is the occur- 
rence of volume changes during the reverse tran- 
sition in the course of warming the deformed spe- 
cimen (Fig. 1b). After deformation, the specimen 
was unloaded to a stress corresponding to the 
point A on the curve (temperature 1.4°K) and 
then it was warmed. At first, with increase in 
temperature, the load falls on account of the ther- 
mal behavior of the testing machine (branch AB). 
This circumstance was verified by separate ex- 
periments without specimens. On reaching the 
point B (corresponding to a temperature of 143°K) 
the load begins to increase sharply with a simul- 
taneous growth in length of the specimen, which in 
a well defined manner can be related to the start 
of the reverse transformation. The temperature 
corresponding to the end of the transition (point C) 
is 167°K. On further increase of the temperature, 
the load again begins to fall. Thus, the size of the 
gap Ah represents the absolute extension of the 
specimen in the process of transformation and al- 
lows one to estimate a lower limit for the relative 
change in density during the transitions. For lith- 
ium Ap/p amounts to about 15%. The size of Ah 
falls with increasing temperature of deformation 
indicating a decrease in completeness of the tran- 
sition, and at 77°K is not registered by this method. 
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FIG. 2. a — Machine compression diagram for a bismuth 
specimen at a temperature of 77°K; b — Dilatometric curve 
taken during warming of a bismuth specimen deformed at 77°K. 


Analogous curves were obtained for sodium. 
In this case, a clearly expressed allotropic trans- 
formation is observed only at temperatures of 
4.2°K and below. The temperature for the start 
of the transformation during the reverse transition 
is 73°K and the value of Ap/p is approximately 
8%. 

In cesium, no polymorphic transformation is 
recorded on the deformation diagram even at 1.4°K, 


557 


although the shape of the warming curve allows 
one to come to a conclusion about the existence of 
a transition in an insignificant volume. 

Such behavior of these three alkali metals must 
apparently be associated with the substantial de- 
cline of the characteristic temperature (474, 192 
and 50°K for lithium, sodium, and cesium respec- 
tively ) and permits us to surmise the presence of 
polymorphism in the entire group of alkali metals. 

In Figs. 2a and b, a deformation diagram and 
warming curve are presented for bismuth deformed 
at 77°K. This diagram permits a definite conclu- 
sion to be drawn about the presence in this case of 
also a polymorphic transformation with a reorgani- 
zation of the lattice in the direction of an increase 
in density with a transformation temperature ~ 80°K. 

The phenomenon of disruption of the load on the 
compression diagram is also observed for beryl- 
lium at temperatures of 4.2°K and below. 

Thus, a conclusion can be drawn about the wide- 
spread prevalence of low-temperature polymor- 
phism which is observed in tin, sodium, lithium, 
cesium, bismuth and beryllium.f 


~*An interesting feature of the deformation curves is the 
discontinuous character of the deformation at helium tempera- 
tures, noted by the authors in aluminum, ° one of the possible 
causes of which is mechanical twinning. 

tThe possibility is not excluded that the superconductivity 
of bismuth and beryllium condensed on cold substrates® is 
connected with the low-temperature modifications of these 
metals. 
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We: have noted earlier! that the depth of the min- 
imum of the resistance ry vs. temperature curve 
for gold is decreased when the measurement is 
performed in a constant magnetic field, and for 
some value of the field H, becomes equal to zero. 
An investigation of the dependence of the Hall emf 
on the magnitude of the magnetic field and also a 
measurement of the magnetic susceptibility have 
shown that for a field equal to Hy, the Hall con- 
stant and the diamagnetic susceptibility of the sam- 
ples investigated increase discontinuously.” 

For a further investigation of the causes influ- 
encing the resistance minimum of gold, we per- 
formed experiments to determine the influence of 
elastic and plastic deformations both on the depth 
of the minimum and on the value of the “critical” 
field Hy. To study the influence of elastic defor- 
mations, we experimented on some samples of 
gold possessing a resistance minimum. The meas- 
urement proceeded with a uniform compression, 
produced by freezing water in a beryllium-bronze 
bomb?® in which the gold sample was placed. A 
measurement of the dependence of (14.4—Ymin)/ 
I'min at pressures of p=0 and p=1600 atmos 
in the temperature range from 4.2 to 1.4°K showed 
that under a uniform compression the depth of the 
minimum decreased slightly by an amount which 
is less than the limits of the experimental accu- 
racy, while the resistivity also changes slightly. 

To investigate the influence of plastic defor- 
mations on the behavior of the resistivity curves 
we took two sets of experiments.* In the first 
experiments the deformation of the specimen was 
produced at liquid-helium temperature. To pro- 
duce the deformation we used a special press in 
which a wire prepared from the gold batch Au-1 
or Au-6 (length + 9mm, diameter ~ 0.4 mm) 
was squashed between two horizontal plates of 
agate. The degree of deformation was estimated 
from the magnitude of the relative change in the 
resistivity a = p9$f/p? . produced by the defor- 


mation at 4.2°K. In Fig. 1 we give the results of = 
the measurements. 


| 

| 
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FIG. 1. Specimen Au — 1. Dependence of the anomalous | 
increase of the resistivity on the temperature (the abscissa 

axis is logarithmic). Values of a: 1) 1, 2) 1.8, 3) 2.5, 4) 3.9, | 

5) 6.2, 6) 8. | 


The deformations obtained at liquid-helium 
temperature were relatively small (wire of 0.4 
mm diameter was squashed into a plate not less 
than 0.20 mm thick). 

To investigate the influence of stronger defor- 
mations we performed experiments with wires de- 
formed at room temperature in a hydraulic press. 
In that case the degree of deformation was esti- 
mated from the quantity 8B = Yo95/r4... In Figs. 2 
and 3 the results are given of the measurements 
of the depth of the minimum and of Hy, for de- 
formed samples of Au-1 and Au-6. Analogous 
measurements were performed on a number of 
other gold samples. 


FIG. 2. Dependence 
of the depth of the re- 
sistivity minimum on 
deformation: ®, O) spec- 
imen Au-1; 4, A) speci- 
men Au-6. 
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From all results given it is clear that the 
depth of the minimum and the magnitude of the 
“critical” field depend strongly on the deformation. 
From Figs. 2 and 3 it follows that for a well deter- 
mined value of the deformation the depth of the 
minimum tends to zero and the critical field tends 
to infinity. If the deformed specimens are annealed 
for 30 minutes at a temperature of 800 to 900°C 
the anomalous properties of the specimens are 
restored. One must note that within the limits of 
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FIG. 3. Dependence of 
the critical field on the 
deformation: @, 0) speci- 
men Au-1; 4, A) specimen 
Au-6. 
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the experimental accuracy the value of Tip is 
not changed by the deformation and lies for all 
specimens in the range 4 to 6°K. Earlier we have 
already reported! that specimens prepared from 
Au-4 do not show a resistance minimum. A spec- 
tral analysis performed on these samples showed 
that gold of the two batches (both Au-1 and Au-4) 
does not differ essentially in their impurity con- 
tents. On the basis of the data given in the present 
paper, it was assumed that specimens prepared 
from Au-4 after careful annealing would also, 
like those from Au-1, have a minimum in the 
r(T) curve. Experiments performed by us con- 
firmed this assumption. 

Comparing all results obtained we can conclude 
that the cause responsible for the appearance of a 
resistance minimum is the scattering of conduc- 

_ tion electrons by impurities of some well defined 
elements. A decrease of the mean free path of the 
conduction electrons (for instance, due to the de- 
formation) leads to a decrease of the probability 
for scattering of the electrons by those impurities, 
and as a result the anomalous properties also dis- 
appear. From this point of view, the crystal boun- 
daries and the grain size are not responsible for 
the appearance of the resistance minimum. 

In conclusion we consider it a pleasant duty to 
express our gratitude to academician P. L. Kapitza 
for a discussion of the results obtained. 


*We should remark Schmitt* has noted the influence of de- 
formation on the behavior of the resistance curves in the case 
where a minimum is present for copper. 
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Ly studying the spin of new particles it may be of 
interest to describe how their interaction with an 
electro-magnetic field depends upon their spin. 
This spin dependence appears clearly in such phe- 
nomena as Compton scattering, bremsstrahlung, 
and pair production of particles of spin 0, Whe IL. 
and 7, and has been considered by a number of 
authors. 

In the present note we consider the scattering 
of particles of spin % by the Coulomb field of a 
nucleus. 

The matrix element for the process looks as 
follows in the Born approximation: 


Wee \ BY (x) An (x) ynB! (x) dx, 
where B(x) is the spin vector describing the 


particles of spin Us , and obeys the following equa- 
tion and subsidiary conditions: 


(y20 / On + M) Bi (x) =0, yB'=0, OBi /dx; =0; 
Aj, (x) is the 4-potential describing the nuclear 
field [for a static field, A(x) =(0, 0, 0, Ay(xX))]. 
In the p representation 
M = — 2nea, (q) BY (p;) yeB! (pi) 8 (Ey — Et), 1 = Pp— Pie 


Making use of the following formula in summing 
over the polarizations 


>) (Bin (p) Iv [Bin (p) lw = (1/6 pM) ((M — iyp) (2pcpx/ M 
+ 3Moin + iy:prn — ixnpi — Mycyrlw 


(v, v’ are spinor indices) we obtain the differen- 
tial cross section 
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ep 2 vu? Se Ny og soe 
ds = | ay(qyhaa{i+ 5 (1+-5 fe) sin’ 5 


8 v%p4 
1G GAs 


: i) 8 
sin* 5 cos? 5 : 


where 6 is the scattering angle and q = 2psin(6/2). 


For a pure Coulomb field a,4(q) = —i4nZe/q? 
and the factor preceding the curly brackets yields 
(Ze?/2pv )? dQ = dopyy,., the Rutherford cross 
section. 

Thus the expression in the curly brackets spe- 
cifically gives the spin correction. We recall for 
the sake of comparison the cross section for par- 
ticles of spin V (reference 1) 


do = dep, .,[1 — 0? sin? 6/2] 


and for spin 1:? 
do = doryn [1] + (v®p? / 6M?) sin? 6]. 


It can be seen that for spin 1 and % the cor- 
rection grows with energy, this is especially 
marked in the case of spin *4 as it includes a 
factor p*. At sufficiently high energies this may 
yield differences from the usual scattering picture 
even at relatively small angles. It should however 
be noted that if q > 1/R where R is the nuclear 
radius, it is necessary to include the effect of the 
spread out nuclear charge. 


‘nN. F. Mott, Proc. Roy. Soc. 124, 425-(1929). 
2H. S. W. Massey and H. C. Corben, Proc. 
Cambr. Phil. Soc., 35, 463 (1939). 
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As is well known,!~* when cyclotron resonance 
occurs in certain semiconductors (Ge or Si), 
additional lines are observed along with the main 
absorption lines at frequencies that are integral 
multiples of the fundamental cyclotron frequency. 
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This effect is associated with the anharmonic ‘ 
nature of the motion of holes, which leads to the 
breakdown of the usual selection rules An =+1 
for the Landau levels and to the appearance of 
nonvanishing dipole moments for transitions with 
An =+2o0r 3. 

This phenomenon can be utilized for the con- 
struction of regenerative amplifiers or generators 
at microwave frequencies, for example, by using 
the following method. The semiconductor sample, 
placed into a constant magnetic field Hj, is acted 
upon by the high-frequency electric “pumping” 
field Ep of frequency wp = nwe = neHy /m*c 
(n=1, 2, 3,..:., m* is the effective mass of 
the hole (mj) or of the electron (m@)) polar- 
ized in the plane perpendicular to Hg. 

If the intensity of the field Ep is sufficiently 
great, so that during a thermal relaxation time T 
a sufficiently large number of carriers goes over 
into the upper energy levels, then in this system 
excitation (or amplification) can occur at fre- 
quencies given by wg = lwp /n=lwe, 1=1, 2,..., 
which can be both less than (J <n) and greater 
than (J >n) the “pumping” frequency. The ex- 
citation of such oscillations is facilitated by plac- ~— 
ing the semiconductor into a resonator for which ~ 
Wp and wg are eigenfrequencies. 

According to Basov and Prokhorov,* in order to 
excite a maximum number of carriers at the fre- 
quency Wp it is necessary to expend per unit vol- 
ume of the semiconductor an amount of power given 
(in order of magnitude) by: Pp * (107 ox 3h’ wp / 
4nt* | dy |? Qp) w/em*, where h = 2mh is Planck’s 
constant, |dy| and Qpy are the dipole moment 
for the transition and the figure of merit of the 
resonator at the frequency Wp = NWe. 

In the special case Wg =We = Wp/2 (corre- 
sponding to the resonance of the second kind in a 
nonlinear oscillating system) at:a temperature 
T ~ 2 to 4°K we have t*6x10'! sec, |dp.| ¥ 
107 egs Esu,?? from which we obtain Pp & 
(107 wy /Qp) w/em3. 

For the excitation (or amplification) of oscil- 
lations of frequency wg = We = Wp) /2 it is neces- 
sary that the density of active carriers attain the 
value Nact © 3h/47Q,T|d,|?. In the case under 
discussion |d,| ~ 107! egs Esu (reference 3) 
and Nact © (3 x 10!°/Q,) cm~3. The maximum 
radiated power is 


4 


P, = Nactho,/ 2 & Py, 


which in the case Nact * 1047 cm™? and wg = 

2n x 10!! cps will amount to approximately 

5 mw/cm’, i.e., toa significantly greater value 
than in the usual molecular or paramagnetic gen- — 
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erators. This effect is due to the fact that the 
electric dipole moment for the transition in the 
case of cyclotron resonance exceeds approximately 
by a factor of 10° the magnetic moment of the elec- 
tron, and by a factor of 104 the electric dipole mo- 
ment of the molecule. 

An important advantage of cyclotron resonance 
in comparison with paramagnetic resonance is the 
possibility of generating microwaves of shorter 
wavelengths, in the millimeter and the submilli- 
meter ranges, since the low values for the effec- 
tive mass of the carriers compared to the electron 
rest mass my allow us to use lower magnetic 
fields. Thus, for example, in Ge mf * 0.04mg, 
and at a frequency of 1 x 10 cps, the resonance 
value of the magnetic field is approximately 1.4 x 
10*Oe instead of the 3.5 x 10°Oe in paramagnetic 
resonance. 

If the anharmonicity of cyclotron oscillations of 
the carriers is not strongly pronounced or is com- 
pletely absent, it is possible to achieve amplification 
or frequency conversion of the oscillations by the 
following method. A linearly polarized electromag- 
netic wave of frequency Wp = 2We /n, in which the 
vector Hp is oriented parallel to the constant field 
while its amplitude is somewhat less than Hp, is 
incident on a semiconductor sample situated in the 
constant magnetic field Hy. Such a system is po- 
tentially unstable with respect to the high-frequency 
signal of cyclotron frequency polarized in the plane 
perpendicular to the constant magnetic field. Para- 
metric amplification or generation of high frequency 
oscillations is possible at this frequency. . The power 
of the “pumping” signal depends on the value of m*. 
In the case we = 27 X 3 X 10° cycles/sec and m* * 
0.01m) (for example, in the case of InSb) the 
resonance value of the magnetic field is given by 
Hy © 100e and Pp © 10*/Qp watts. 


1 Dresselhaus, Kip, and Kittel, Phys. Rev. 98, 
368 (1955). 

2Dexter, Zeiger, and Lax, Phys. Rev. 104, 637 
(1956). 

3 Zeiger, Lax, and Dexter, Phys. Rev. 105, 495 
(1957). 

4N.G. Basov and A. M. Prokhorov, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 27, 431 (1954). 

5 Dresselhaus, Kip, and Kittel, Phys. Rev. 98, 
556 (1955). 
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SEVERAL POSSIBILITIES ASSOCIATED 
WITH THE SEPARATION OF CHARGED 
PARTICLES IN AN INHOMOGENEOUS 
HIGH-FREQUENCY ELECTROMAGNETIC 
FIELD 


M. A. MILLER 
Gor’ kii State University 
Submitted to JETP editor June 17, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 809-810 
(September, 1958) 


es nonrelativistic motion of charged particles 
in an inhomogeneous electromagnetic field 
E(r)eil#t, H(r)ei#t has been investigated,!~> 
and it was shown that by means of high-frequency 
potential wells 


® (r) = (4/20)? | E (r) |? 


(n is the ratio of charge to mass) it is possible 
to control within wide limits the average (over 
the period 27/w) motion of the particles: re- 
flection from potential barriers, focusing of beams, 
acceleration of plasma blobs, confinement in a 
bounded region of space, and so forth. The field, 
however, had been considered as given, i.e., the 
reaction of the motion of the particles upon the 
magnitude and shape of the potential ®@(r) had 
been ignored, which is permissible only for low 
charge densities and if the particles do not leave 
the interaction region. Taking into account the 
finite charge density leads to the introduction of 
the effective dielectric constant of the region oc- 
cupied by charges, which can markedly change the 
structure® of the potential @(r). Sometimes the 
second factor is also important; associated with 
it are a series of interesting new possibilities 
which are illustrated below on a simple example 
of sufficient generality. 

Let a rectilinear beam of particles move with 
velocity z=v o into the side of a potential $(z), 
monotonically increasing from zero and produced 
by an inhomogeneous high-frequency field. If the 
period 27/w of this field is much less than the 
particle transit time over a distance L ~ E/|VE|, 
along which the amplitude of E changes substan- 
tially, then the kinetic energy of a particle, being 
composed of the energy of the average (over the 
period 27/w) motion and of the average energy 
of the oscillatory motion (of frequency w), re- 
main constant. !»2 Consequently the particles ad- 
vance only up to the plane z= Zp), such that (2) 
= vi /2, whereupon in the turning point of the beam 
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the energy of forward motion is completely trans- 
formed into energy of oscillatory motion: |r, |2/4 
= 6(z), t=—(n/w*) Eelt, Now we assume that 
the particles leave the interaction region when the 
total velocity vanishes [z(t)+1,(t) =0] at the 
plane z=2Z,). Such a separation of particles can 

be achieved, for example, with an arrangement of 
conducting walls at a distance rj max =|7E(1%)|/ 
w* from the average trajectory of the beam. Then 
the kinetic energy of the particles is returned com- 
pletely to the field. Moreover, if the system form- 
ing the high-frequency field is tuned to resonance 
and has a high Q, then, as is not difficult to show, 
a stable oscillatory regime is always attained for 
a specific choice of the parameters. 

Thus it appears to be possible to use the sepa- 
ration of particles for maintaining a given level of 
high-frequency power in a system. For instance, 
in containing a plasma blob in a high-frequency 
potential well inside a resonant cavity, the sepa- 
ration of fast particles at the walls can ensure 
the required level of high-frequency field for con- 
fining the slower particles, if the plasma tempera- 
ture is kept constant (i.e. if the plasma is heated 
by some external source). For these purposes it 
is also possible to introduce an auxiliary beam of 
particles, i.e., to combine within a single cavity a 
source of high-frequency oscillations and a con- 
fined plasma blob. A similar combination might 
prove to be useful for several types of the accel- 
erators that employ a high-frequency electromag- 
netic field to transfer energy from one beam to 
another. 
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The separation of particles interacting with an 
inhomogeneous field also has a quite independent 
importance as one of the possible methods of gen- 
erating and amplifying microwaves. 


1M. A. Miller, Report at the Second Conference 
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CIRCULAR POLARIZATION OF INTERNAL y -BREMSSTRAHLUNG IN 8 -DECAY AND 


TIME REVERSAL INVARIANCE 

R. Iu. VOLKOVYSKII 
Leningrad State Pedagogical Institute 
Submitted to JETP editor June 21, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 811-812 (September, 1958) 


‘Tae continuous y-radiation which accompanies £ -decay is of current interest in connection with parity 
nonconservation in weak interactions. A number of authors!~? have indicated that instead of observing the 
electron polarization it may be possible to observe the circular polarization of the y -photons. The experi- 
ments which have been carried out verify parity nonconservation in weak interactions. 

In the present note, we present a theoretical analysis of the bremsstrahlung effect in B-decay in connec- 
tion with the problem of invariance under time reversal. 

A pseudoscalar with respect to time reversal can be formed from the electron momentum, the photon 
momentum, and the neutrino momentum (using the recoil of the nucleus) or from the electron momentum 
the photon momentum and the angular momentum of the nucleus. In the first case we obtain the following 
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expression for the distribution over direction of the electron and the neutrino and energy of the electron 
and y-photon (in units in which f=c=1 ye 


__@  (e-E—#y 7 pe b, =f fm Bs : ; 
dO = soa (pcos 9 Ep PAE ANd, Ft |p? sin 9(E +05" p-+bm) + (1G); + (aE A) bt Kp by ELOY 


Here m, E, p, and ® are respectively the rest mass, energy, and momentum of the electron and the oe 
angle formed by it and the y-photon, ¢ is the difference in mass for the initial and final nucleus, E, 
and p, are the energy and momentum of the neutrino, k and k are the energy and momentum of the 
photon, and n is a unit vector in the k direction. The upper sign refers to right-handed circular po- 
larization of the y-photon, the lower sign refers to left-handed polarization. Further, 


I, = kp? sin? + k°E — kp cos 9, 
I, = k(E — pcos) p + (p? + Ek — pkcos 9—Ep cos 9) k, 
I; = m(k pcos 3 — kp); 
Ht = Qe [| Mr? (CsCs + CyCy) +-—+| Mor [?(CrCF + CaCa)l; 


Ké = 2Re [- | Mr P (CsCy + CsCy) + | Morl? (CrCA+C1C3)]; 
Le = 2m || Mr? (CsCy + CsCv) — | Mor (CrC’a + CrC’)) 


The upper sign in the last three expressions refers to electron decay, the lower sign refers to positron 
decay. The remaining notation is the same as that used by Jackson, Treiman, and Wyld.° The appear- 
ance of a term proportional to L is inconvenient because of the fact that the Fierz interference terms 
are contained in L. 

The following expression for the probability of internal bremsstrahlung in 6 -decay of oriented nuclei 
is obtained when we integrate over direction of neutrino emission: 


fe —E—ky* dk : J a zs 
deo = sor pa oy PAE AOS t {psin? 9 (E+ AS? p + bm) + (IFO A+ FS (AFM) LAL (Qh + Rmipxk)}. 
(2) 


<J> is the expectation value for the angular momentum of the initial nucléus, 


e 4 , , 1p * * Ie Te 
Ng = 2Re|| Mar PAs (|CrP + 1Cal? + |Crl? +1 Cal?) +822 |Mer|| Morl(z74) ° (CsCr + CvCa + CsC7 + CyC%) |; 


Qe = Re [| Mar |*hvy (CxCa + CrCa) + 8 Me || Mor|(77q) " (CsCa + CvCh + CsCh + CyCT)]; 


Ré = 2m [| Mor P dvs (CrCa + CrCa) + 81y| Me || Mor | (724) (CsCa + CSCa — Cv? — CyC7)]. 

Expressions containing the imaginary parts of the coupling constants are also obtained in an analysis 
of electron polarization in $8 -decay of oriented and nonoriented nuclei in the same cases as in ordinary 
B -decay.° The results of calculations of $-decay with the emission of y-photons will be published in 
Hiss. ppicummx yue6unix sapeyenui (News of the Higher Educational Institutions). Here we present 
the probability for transition into a state in which the electron has an energy in the interval dE, 
the y-photon has an energy in the interval dk, the electron momentum p lies in the solid angle dQ, 
and the polarization of the electron is given by the unit vector & (the polarization directions for the 
y -photon are summed and the nuclei are nonoriented ): 


iNew ae Eee pd E 425: {k? (E — pcos) 4 (E+) p?sin® S 


~~ (2n)® (pcos 9 — E)? (3) 


+ bmp? sin? 3+ G [Gere sin? d + a sin? 3 + k? + mk +2 cos $)— m(Gk)(k + pcos 9) |} : 


m 


We wish to express our thanks to S. V. Izmailov for his constant interest. 
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SPECTRUM IN THE BOMBARDMENT OF 
Be BY 680-Mev PROTONS 
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Joint Institute for Nuclear Research 
Submitted to JETP editor June 21, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 812-814 
(September, 1958) 


Ax investigation of the neutron spectrum obtained 
in the bombardment of a beryllium target by 680- 
Mev protons has been reported earlier;! in that 
work the measurements were performed by meas- 
uring the absorption curves for the recoil protons 
emitted in elastic np scattering. The energy dis- 
tributions obtained in this way contained a sizeable 
charged-pion component (20%) in the high-energy 
region; these mesons are products of the reactions 


n+ pon +n-+n, (1) 
n+p—>w+p+p. (2) 


The absence of any experimental data for the spec- 
tra of charged pions formed in these reactions 
leaves an element of uncertainty in the reliability 
of the corrections which are applied to take account 
of this contamination. 

By using a magnetic field for momentum analysis 
of the recoil protons in the present work, it has 
been possible to avoid completely any charged-pion 
contamination over the entire energy range inves- 
tigated. The measurements carried out with the 
new method were performed at a neutron emission 
angle of 0°. Special attention was paid to the high- 
energy region of the spectrum, since this region 
is important in most of the work carried out with 
the ‘neutron beam. 

A diagram of the experimental arrangement is 
shown in Fig. 1. The neutron beam strikes either 
a polyethylene or a carbon target. The effect due 
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to hydrogen is taken as the difference in the results 
obtained with these two targets. The scintillation 
counters 1, 2, 3, which record the recoil protons, 
are connected in coincidence. Counter 1 is very 
thin (0.1 g/cm?) in order to minimize multiple 
scattering; counters 2 and 3 are long (15 cm) 

in the direction perpendicular to the plane of the 
figure in order to detect the majority of particles 
which diverge in the vertical plane as a result of 
defocusing. The spectrometer is calibrated by 

the well-known method in which a current-carrying 
wire is used to “mark” the magnetic field. The 
absolute energy scale is determined with an accu- 
racy of approximately 1%. 

In computing the spectrum, corrections were 
made for the proton energy loss in the targets and 
in air and for the astigmatism of the magnetic sys- 
tem. Corrections for the energy dependence of 
the cross section for elastic np scattering were 
taken from work on the differential cross sections 
for np scattering reported in the literature.?~° 

In Fig. 2 are shown the corrected results of 
these measurements. In the same figure are 
shown the data obtained earlier,! which have been 
adjusted (corrections < 10%) in accordance with 
the new measurements on the yield of charged 
pions in np collisions.’ The results of the two 
measurements were combined in such a way as to 
make the integrated spectra the same between 
300-Mev and the maximum energy. The errors 
denoted by the vertical lines in Fig. 2 are the sta- 
tistical uncertainties; these do not include the er- 
rors inthe n-p scattering cross sections. The 
latter are not important because we consider only 
a small energy range and need be taken into account 
only in comparing the far regions of the spectra. 
The horizontal spreads indicate the calculated re- 
solving power of the instrument. 

It should be kept in mind that the portion of the 
spectrum between 100 and 500 Mev contains a 
small admixture of protons emitted in the reaction 
ntport+n+ p and in reaction (2). This admix- 
ture is estimated as approximately 10%; this figure 
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FIG. 2. Neutron energy spectrum. The black dots refer to 
the data of the present measurements. The circles refer to the 
data of reference 1 with the corrections indicated in the text. 


has not been determined experimentally because of 
the great difficulty involved. 

The present measurements, which were made 
with a high-resolution detector and in which there 
was no pion contamination, indicate that the maxi- 
mum at 610-Mev has a smaller half-width (approx- 
imately 100-Mev) than that given in reference 1. 

The origin of the two maxima in the neutron 
spectrum has been discussed in reference 1, to 
which the reader is referred. 

In conclusion the authors wish to thank V. P. 
Zrelov for a number of valuable comments in 
connection with the present work. 
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RELATIVE YIELDS OF DELAYED NEUTRONS 
IN FISSION OF U?*, U** AND Th? BY 
FAST NEUTRONS 


B. P. MAKSIUTENKO 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 815-816 
(September, 1958) 


IMac ainiaeie have been made of the relative 
yields of delayed neutrons in fission of natural 
uranium, U?%> (90% enriched) and Th??? by neu- 
trons with energies of 15.0+0.9, 3.3+40.7, and 
2.4 + 0.3 Mev. 

The 15.0-Mev neutrons were obtained from a 
thick tritium target which was bombarded by 440- 
kev deuterons. The 3.3 and 2.4-Mev neutrons were 
obtained from the D(d, n)He® reaction. A target 
of heavy ice was bombarded by 920-kev deuterons. 

The thermal neutrons were also recorded. The 
latter were obtained by slowing down fast neutrons 
from the Be?(d, n)B!" reaction in a paraffin block 
which surrounded the target. The number of de- 
layed neutrons for a sample enclosed in cadmium 
was less than 5% of the number of the delayed neu- 
trons without the cadmium. 

In order to determine the effect of target thick- 
ness on the delayed-neutron yield ratio measure- 
ments were made using U**®® samples of different 
thickness in fission by 15.0-Mev neutrons. The 
u238) Th? and U2" samples were 35 mm in diam- 
eter and 9, 10, and 8 mm thick respectively. 

The detector was a bank of four BF; counters 
connected in parallel and surrounded by paraffin. 

The samples of fissile material were irradiated 
by the fast-neutron flux for a given time interval 
and then dropped into the counter block, located 
at a distance of approximately 1.5 meters below 
the target. When the sample was located the ion 
source of the accelerator and the high voltage 
power supply were switched off. The time re- 
quired to move the sample was 0.20 to 0.30 sec. 

The neutron detection circuit was switched on 
when the sample reached the center of the counter. 
The pulses from the counter bank were amplified 
and then recorded in a time analyzer. The chan- 
nels in the time analyzer record in sequence the 
time required for a predetermined number of 
pulses. 

Two series of exposures were made, 300 and 
30 sec. The corresponding measurement times 
were 360 and 270 sec. There was essentially no 
background during the measurements; the back- 
ground was checked by using a steel sample in 
place of the fissile material. 
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; Relative Group ; Relative 
eb Decay time yield Number Decay time yield 
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U235 Thermal 


1 50,00 0 239 
2 22.02 0.245 
3 6.06 0.206 
4 2.25 0.418 
5 0.462 0.092 


U235(2.4 Mev) 


4 56.09 0.037 
2 ae PA 0.224 
3 5.46 0.217 
4 esti 0.409 
4) 0.435 0.116 


U285(3.3 Mev) 


1 55.16 0.043 
2 21.63 0.219 
3 6.32 0.210 
4 2.24 0.428 
5) 0.650 0.100 


U88(2.4 Mev) 


4 54.88 0.012 
2 21.44 0.152 
3 5.47 0.176 
4 1.95 0.440 
5 0.568 0.220 


U?38(3.3. Mev) 


1 53.54 0.014 
2 20.34 0.153 
3 5.66 0.169 
4 2.10 0.423 
5 0.590 0.241 


U288(15 Mev) 


1 56.11 0.022 
2 21°92 0.167 
3 5.20 0.171 
4 2.20 0.412 
5 0.600 0.228 


U235(15 Mev; 8 mm) 

4 54.70 0.052 
2 20.93 0.182 
3 6.27 0.206 
4 BRP 0.396 
5 0.646 0.164 
U235(15 Mev; 4 mm) 

4 53,98 0.058 
2 20,60 0.201 
3 5.60 0.209 
4 223 0,366 
5 0.659 0.166 
U235(15 Mev; 2.3 mm) 

4 55.15 0.054 
7 22.32 0.184 
3 6.29 0.203 
4 Qe 0.402 
5 0.638 0.163 


Th282(2.4 Mev) 


4 93.32 0.038 
2 19.63 0.127 
3 6.37 0.195 
4 2.08 0.408 
5 0.654 0.232 
Th?82(3.3 Mev) 
1 54.97 0.037 
2 21.64 0.137 
3 6.64 0.190 
4 2.07 0.423 
5 0.664 0.213 
Th?82(15 Mev) 
1 53,80 0.044 
2 19.07 0.154 
3 6.42 0.169 
& 2.15 0.428 
5 0.553 0.205 


The decay curves for a given element and the 
corresponding energy obtained in different experi- 
ments were combined. In combining these results 
use was made of the fact that the ratio of the count- 
ing rates at any instant of time for the decay curves 
obtained with different irradiation intensities is 
equal to the ratio of the total counts (i.e., the total 
number of pulses) for the same curves over equal 
time intervals (in the present case these inter- 
vals are 360 and 270 sec for exposures of 300 and 
30 sec). Five groups of delayed neutrons were 
resolved. The relative yields of 55- and 22-sec 
decays were determined from the decay curves 
obtained using the 300-sec exposure. These two 
groups were resolved using a method of successive 
approximations. The three later groups (with 
shorter periods) were determined from the de- 


cay curve obtained with the 30-sec exposure. A 
sixth decay time could not be resolved because 
of its low intensity and short lifetime. 

The contribution of the first and second delayed- 
neutron groups in short exposures was determined 
for each individual decay curve appearing in the 
total from the integrated pulse count over a time 
interval of approximately 60 sec (when the con- 
tribution of the short-lived decays was negligibly 
small) to 270 sec (end of count), using the in- 
tensity ratio for the first two groups as obtained 
from an analysis of the curves for the 300-sec 
exposures. In computing the contributions of the 
first two groups we used the mean value of the 
initial counting rate in the individual measure- 
ments carried out at the same exposure intensities, 

All curves were computed by a least-squares 
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method. The results are shown in the table. 
The author is indebted to O. D. Kazachkovskii 
for valuable comments. 
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RADIATION OF A MULTILEVEL SYSTEM 
MOVING IN A MEDIUM WITH A VELOCITY 
GREATER THAN THE VELOCITY OF 
LIGHT 


V. L. GINZBURG and V. M. FAIN 
Gor’kii State University 
Submitted to JETP editor June 30, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 85, 817-818 
(September, 1958) 


‘Tee formula for the complex (“superlight”) 
Doppler effect, in which the radiator moves with 

a velocity v >c/n ina transparent medium char- 
acterized by a refractive index n(w), is of the 
form! 


o (8) = on V1 — B#/|1 — Bn (e) cos 9], (1) 


where Wj, is the frequency in the system in which 
the radiator is at rest, B=v/c, and @ is the 
angle between v and the wave normal. In a quan- 
tum-mechanical analysis Eq. (1) is obtained (cf. 
reference 2) from the laws of conservation of en- 
ergy and momentum where the energy and momen- 
tum of the photon in the medium are respectively 
hw and fwn/c. In the quantum-theory formulation, 
the Cerenkov condition £n cos @)=1 is obtained 
in a similar way (cf. reference 3). In the normal 
Doppler effect [when Bn(w) cos 6 <1] the radi- 
ating system makes a transition from an upper 
state with energy ¢; to a lower state with energy 
€k = €; — hwy. In the complex Doppler effect, 
however, [when £n(w) cos @ >1, i.e., inside the 
Cerenkov cone] the radiation is characterized by 
transitions of the system in the upward direction 
— froma level «x toalevel €j = €k + Awj,.” 

As a result, even in the absence of any other in- 
teraction, the system does not radiate and the 
probability of its remaining at the levels ¢j and 
€k is determined by the total probability of radi- 
ation at the normal and complex Doppler frequen- 
cies. Two points must be kept in mind in consid- 
ering the possibility of observing the complex 
Doppler effect. First, if the radiator does not 
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move in the medium itself but in an empty chan- 
nel or in a slit of width smaller than the wave 
length of the radiated waves the characteristic 
features of the “superlight” radiation still ob- 
tain.4*> The complex Doppler effect can be im- 
portant in motion of electrons in a magneto- 
active plasma when the losses are small; this 
case is of special interest in practice (cf. below). 
It is the purpose of the present note to point out 
the interesting possibilities associated with the 
faster-than-light motion of a multilevel system. 
If the system is initially at one level, say the 
ground state, in the course of time it may be 
found in all states to which it can make a transi 
tion as a result of direct or multiple radiative 
transitions (transitions upward with the radia- 
tion of frequency w are possible only if the re- 
lation in (1) obtains with 6n(w) cos @>1). The 
level populations are determined by the equations: 


dN; /dt =— S\AnNi+ D\BuNns 
k k : 


where Aj, is the probability for a radiative tran- 
sition from level i to level k while Bj, is the 
probability for transition from level k to level i 
(this scheme, similar to that used to describe 
radioactive decay, can be obtained from the quan- 
tum theory of radiation, using certain justifiable 
assumptions®). In the dipole transitions between 
any states, i and k, the radiation intensity at 
the normal and complex Doppler frequencies can 
be determined from the classical formulas!’? by 
replacing the square of the amplitude of the dipole 
moment by 4|p;,|?. For example, with n = const 
anda moment pjx oriented along the velocity vec- 
tor v, the energy radiated per unit time into unit 
solid angle is 


W (6) = of (1 — B2)3 | pr» [2 sin? 8 / 2nc3 | 1 —Bncos 6|§, ) 
where the angle @ is related to w by Eq. (1) and 
Pik is the matrix element for the rest system. 
When £n cos 6 — 1, it is obviously impossible 
to neglect dispersion. In a number of cases, how- 
ever, a reasonable approximation can be obtained 
by taking n as a step function: n(w) =n for 
w<We and n=1 for w>wWg. This behavior for 
the refractive index n is reasonable in the case 
of weak dispersion for motion in a channel or in 
a slit as well as for an extended radiating system 
(in this case when cos 6, ~ 1 the frequency 
We ~ 2mv/l where I is the radius of the channel, 
the width of the slit or a typical dimension of the 
system). If the angle 9, is close to the Cerenkov 
angle 6), it is clear from Eq. (2) that the intensity 
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(or probability) of the radiation is approximately 
the same at the normal and complex frequencies 
[basically, frequencies are radiated which are 
close to We(%)]. Under these conditions, the 
populations of levels i and k will be the same 
in the stationary state. 

In a number of multilevel systems we deal with 
bunches of atoms or molecules with two appropri- 
ate levels. The radiation from a bunch which is 
smaller than the wavelength of interest is coher- 
ent and similar to the radiation of a spin system 
placed in a magnetic field.’ However, the faster- 
than-light radiation of such bunches or of individ- 
ual atoms and molecules or paramagnetic or fer- 
romagnetic particles is scarcely of practical in- 
terest (even with n~ 30 the hydrogen atom can 
acquire a velocity v >c/n only when its kinetic 
energy is 5 x 10° ev). On the other hand, it is 
completely feasible to consider faster-than-light 
radiation of electrons which move along a mag- 
netic field in which the role of the medium is 
’ played by a metal slow-wave structure, a dielec- 
tric, or a plasma located near the beam. If the 
velocity component perpendicular to the field vy) 
is zero only Cerenkov radiation is possible. If, 
however, v,; 0 and the condition v,/v\ « 
mc?/E «1 is fulfilled the electrons radiate in 
the same way as two perpendicular oscillators 
which lie in the plane of vj; and move through 
the field with a velocity vj. The faster-than- 
light Doppler radiation, which appears when 
vj; > c/n(w), causes electron transition to higher 
levels, i.e., the excitation of transverse oscilla- 
tions. As a result the velocity v\ is reduced and, 
for example, with n=const the excitation stops 
when vj = c/n. Ina case of great practical inter- 
est, namely, the sporadic radio waves from the 
sun,® the motion of the electrons in the magneto- 
active plasma medium is anisotropic. Hence in 
Eq. (1) we must replace n by nj (6, w) where 
j denotes the type of proper wave (ordinary or 
extraordinary ). Dispersion cannot be neglected 
and the expression for the radiated energy is 
strongly divergent.? The author proposes to con- 
sider faster-than-light Doppler electron radiation 
in detail in a subsequent paper. 
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Arremprs to measure the width of the boundary 
layer between ferromagnetic domains have been 
heretofore by the method of powder patterns with 
the use of an electron microscope.! In the final 
analysis, however, this method determines not 

the true width of the boundary layer, but the width 
of the path occupied by the magnetic suspension. 
In this work we employ in principle a method pro- 
posed by Krinchik,? based on the use of the polar 
magneto-optical Kerr effect.? This method per- 
mits direct measurement of the width of the boun- 
dary layer. 

It can be shown that the average normal com- 
ponent of magnetization of the boundary layer is 
represented by the quantity 2jg/7, where Jg is 
the saturation magnetization of the ferromagnetic 
region. A photomultiplier (FEU-18) was used 
to measure the variation, due to the rotation of the 
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plane of polarization, in light reflected from the 
boundary layer, and to measure the change in the 
light flux from the studied portion of the ferromag- 
netic region, magnetized normal to the surface to 
avalue 2Jg. The direct proportionality between 
the two measured quantities leads to the ratio 


A® / AM’ = Id/S', 


where A® is the change in the light flux from the 
boundary layer, A®’ is the change in the light flux 
from the studied section of the specimen normally 
magnetized toa value 2J,/m, 1 is the length of 
the boundary layer bounded by the area of the sec- 
tion considered, d is the width of the boundary 
layer, and S’ is the area of the studied portion 

of the specimen. 

As can be seen from this expression, d is 
determined by comparing the light fluxes and the 
areas. 

We used an integral-balance circuit in conjunc- 
tion with the FEU-18 photomultiplier* and a com- 
pensating setup, the MBI-6 microscope, and the 
SI-1 pulse synchroscope. The variation of the light 
flux reflected from the boundary layer was esti- 
mated from the value of the capacitor-charging 
photocurrent at the instant when the boundary layer 
was brought into the field of view of the micro- 
scope and the system was unbalanced. The varia- 
tion of the light flux from the section of the ferro- 
magnetic region normally magnetized to a value 
2Jg/m was estimated from the value of the flux 
as measured directly by the galvanometer. 

The area of the studied region was measured 
under the microscope with an ocular micrometer 
and an object micrometer. 

The width of the boundary layer was determined 
for single crystals of iron silicide containing 3% 
silicon. The longitudinal measurements give a 
value of 0.8 microns for the width of the boundary 
layer. 


1D. J. Craig, Proc. Phys. Soc. B69, 438 (1956). 
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ie all cases known at present, it is possible to 
attribute formation of atomic negative ions to the 
penetration of an additional electron into an incom- 
plete outer group of equivalent electrons. It ap- 
peared to us that an electron affinity could be pos- 
sessed also by such atoms that have an “open 
position” not on the periphery of the electron 

cloud but in its deeper portions. In connection 
with this, we undertook a search for negative ions 
of iron, cobalt, and nickel. In these elements there 
are two outer 4s electrons and an incompletely 
filled 3d group. We chose these elements also 
because we found mention made in the work of 
Schaefer and Walcher! of weak nickel lines in the 
spectrum of the negative ions emitted by an oxide 
cathode with a nickel core. 

In our experiments we used a magnetic mass 
spectrometer with a resolving power of about 100. | 
We obtained negative ions by exposing molecules 
containing the investigated atoms to the action of 
an intense beam of electrons. For working sub- 
stances we chose the anhydrous dichlorides FeCl, 
CoCl, and NiCl,. Analysis of the composition of 
the negative ions obtained upon introduction of 
vapors of these substances into the ion source of 
the mass spectrometer gave the following results: 

FeCl,. With operation of the ion source as usual 
for mass-spectroscopic determinations, lines for 
Cl’, Cl, , FeCl” and FeCl; were observed in 
the negative ion spectrum. For a higher tempera- 
ture of the oven which contained the FeCl), lines 
appeared corresponding to Fe ions (masses 54 
and 56). Pushing the operation of the source (25 
ma, 70v), the current of Fesg” ions could be 
raised to 5x10 '? amp (along with which the 
current of FeCl” and FeCl, ions was of the 
order of 107!9 amp). 

CoCl,. With ordinary operation of the ion source, 
ions of Cl”, Cl, , CoCl”, CoCl, and also a weak 
line of Cosg~ were observed. By increasing the in- 
tensity of the electronic current and the density of 
the CoCl, fumes in the source, we could drive the 
current of Co~ ions to 3 x 1073 amp. 
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NiCl,. In the spectrum of negative ions, the 
lines Cl”, Cl, , NiCl”, NiCl,” and also weak 
Ni lines (masses 58 and 60) were observed. 
With forced operation of the ion sourte, the inten- 
sity of the Nisg and Nig) lines substantially in- 
creased anda Nig, line became noticeable. The 
current of Nisg ions was successfully raised to 
hae Na amp. 

We have thus discovered the existence of Fe™ 
and Co ions and have confirmed the existence 
of Ni ions. 

One can make two different hypotheses about 
the electronic structure of the Fe , Co and 
Ni ions. Either the additional electron starts 
anew 4p group in these ions, or, upon its pene- 
tration, a rearrangement of the electronic shell 
proceeds which results in one of the electrons 
going into the 3d group. The second hypothesis 
seems to us the more probable. If it is correct, 
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(ert MANN and Feynman,} and independently 
Suderman and Marshak,’ proposed principles lead- 
ing to a definite form of the interaction between 
four fermions. Depending on whether the A, B, 
C, D are “particles” or “antiparticles,” these 
principles yield two distinct possibilities: the in- 
teraction (V —A), which is invariant under dif- 
ferent pairings of the particles, 


H, = 8°G (Payua's) (Lo.a¥ p) (1) 


[where Wa, Yp, Vc, Vp are the wave functions 
of the “particles,” a=(1+¥5)/2], or the inter- 
action..(V + A), 

H, = 8"G (Way, 5) (Ecy,a¥ p) (2) 


[where Ya, Wp are the wave functions of the 
“antiparticles,” a=(1-y;)/2], which for a dif- 


ferent pairing of the particles? has the form (S—P): 


Hz = 2-8"G (VF sa’ p) (Fca¥ 5). (2’) 


then the Fe~ ion should have the structure 1s? 
_, . 3d’ 4s?, differing from the structure of the 
Fe atom (1s*...3d° 4s?) by an odd electron 
in the 3d group. Analogously, a Co ion must 
have the structure 1s?... 3d° 4s*, anda Ni~ 
ion the structure 1s? ... 3d? 4s. In connection 
with this, one should note that according to spec- 
troscopic data,” upon the removal of one of the 
outer 4s electrons from atoms of Co and Ni 
the second 4s electron goes over into the 3d 
group. 


1, Schaefer and W. Walcher, Z. Physik 121, 
679 (1943). 

2Ch. E. Moore, Atomic Energy Levels 2, 83, 
151 (1952) [U.S. Govt. Printing Off.]. 
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In all formulas we consider here one and the same 
process A+C=B+D and, by convention, call 
“particles” all those particles which have a left 
longitudinal polarization for v/c =1; their anti- 
particles have the opposite sign of polarization. 
The difference between the interactions (1) and 
(2) is particularly clear when we look at the for- 
mula (2’). Gell-Mann and Feynman note the ex- 
tremal properties of (V-—A) and (V+A) from 
the point of view of the asymmetry of the decay of 
the polarized neutron. We note that even before 
the discovery of parity non-conservation one of 
us has shown‘ that the difference of the Fermi and 
Gamow-Teller interactions with equal coefficients 
of (S-—T) and (V —A) (which does not satisfy 
the Tolhoek-de Groot symmetry*) yields full polar- 
ization of the slow electron, whereas the sum yields 
complete depolarization of the slow electron in the 
B decay of the polarized neutron. The capture of 
the » meson by a proton from a definite state of 
the hyperfine structure is evidently the reverse 
process to the emission of a slow particle. Ex- 
pressions for the capture probability of the pu 
meson in different states of the hyperfine struc- 
ture are given in reference 6. It follows from 
these expressions that in the variant. CVe tA 
which goes over into (S— P) when written as 
(POv) (uw ON), the (S—P) probabilities for 
the capture in the states F=0 and F=1 (F is 
the combined spin of the proton and yp meson ) 
are exactly the same, while in the variant (V—A) 
the probability for capture from F=1 is zero, 


i) 


and the probability for capture from F=0 is 
four times larger than the value averaged over 
the spins. This result can be obtained immedi- 
ately, when we write the interactions (ywvPN ) 

(1) and (2) in spinor components for the case when 
the neutron, proton, and » meson are described 
by nonrelativistic wave functions: 


Hy = — 2G (Ny, — Nyx) (Pyts — Potty); (3) 
Hy = — 26 \NyviPys + NivgP ots 
4 * * x x 
a (Nyv2 + Noy) (Pip, + Pov) (4) 


4 rk x 
— = (Ny. — N5y)) (Pits — Pa)h 


where the wave functions of the neutron (N), pro- 
ton (P), # meson (y), and neutrino (v) have 
the form (we use a representation in which y, is 
diagonal ):* 


My Py My 
0 0 On) 
unt 
oe 

VA Wa; 


As was shown in reference 7, the capture of a 
#@ meson by a proton occurs, because of the pos- 
sibility of the “jumping” of the meson from one 
proton to another, from the hyperfine structure 
state F=0, i.e., from the state in which the yu 
meson and the proton have opposite spins. The 
probability for the capture of the 4 meson by the 
proton is four times greater for (V —A) than for 
(V +A). Hence, it is possible to determine the 
relative sign of V and A in the fundamental 
interaction law (uwvPN) by a measurement of the 
absolute yield of the reaction 4+ P—N+vp in 
hydrogen for capture from the state F=0. 

Allowing for the possibility that strong inter- 
action corrections may change the value of the 
axial vector constant, we may write the Hamilto- 
nian for the interaction of the real nucleons with 
(uv) in the form 


1-42 wae 
Hee + Hy +> Ma 


(where A=C,a/Cy). The absolute yield of the 
reaction » +P—N+vp from the state F=0 is 
then equal to 


V = 


8 / 2\3/2Iy max \2 G2mict 

a (¥) (es i 
4 (1 +3r\2 , 

X iF adem (Me, Fe)? 
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its ratio with the decay probability for ~—e+t 
v + D (Wdecay = G’mjct/192m*h" = 1/2.2 x 1078 
sec!) is 


W | Woecay% Lol +1073 (AY. 


ecay 

For (V-—A) (A=1)W/Wgecay © 11 x 10°, 
while for (V +A) (A =-1)W/Wdecay ¥ 2.7 x 1074. 
If |A| =1.13, asin 6 decay,t W/Wdecay ¥13 x 
10 (for 4 =+1.13) and W/Wdecay ~4 x 10~4 
(for A =—1.18). 

Since the formation of the meson molecular ions 
( PP) in liquid hydrogen complicates the picture 
of the capture of 4 mesons by protons,® the experi- 
ments have to be carried out with hydrogen of a 
density Ee or deny of the density of liquid hydrogen 
at 20°K. It is also necessary to use hydrogen puri- 
fied from deuterium, since in natural hydrogen 25% 
of the mesons manage to “jump” to the deuterons.? 

In conclusion we note that the spin correlations 
of the » meson (or the electron) with the proton 
are easily obtained under the assumption that the 
B decay (or the » decay) goes through a heavy 
intermediate particle with spin zero.!%!! The in- 
teraction (V — A) corresponds to a neutral par- 
ticle (¢): N—~£+0; £—pt+e‘, and the inter- 
action (V +A) corresponds to a charged particle 
(00) SO Ni iChat 6 ih Ce ant ay: 


*The neutrino is described by the two-component function 
Vv 
al |v,|? a |v,|? =1. 


jibe 
A 
C,/Cy for the (uvPN) interaction may, of course, be different 
from C,/Cy for the (evPN) interaction (through the influence 
of the direct decay 7 > y + v alone). 


is renormalized owing to strong interactions, 
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W: shall consider the possible appearance of 
superfluid states among medium and heavy nuclei, 
_i.e., states which are energy wise more advantag- 
eous than the state of completely degenerate Fermi 
gas (normal state). In order to do this we shall 
apply the variational principle of Bogoliubov! as it 
arises from generalizing the method of Fock,” and 
mathematical techniques developed in the theory of 
superconductivity.® 

Basing ourselves on the shell model of the nu- 
cleus, we shall examine the weak interaction* ex- 
isting among protons (or neutrons) of the same 
shell with equal and opposite values of the projec- 
tion of their angular momenta upon the axis of sym- 
metry of the nucleus. Assuming that the shell is 
characterized by a set of quantum numbers s, the 
model Hamiltonian may be written in the following 
form: 


H = D) {(E(s, m) —Er] ang (5) @m4(s) 


+[E (s,—m) 
sea Dy als tt, mm’) ary (s) atm (5) at tS) mrs (6), 


s,m, m’ 
m+m! 
i 


i} 
—EF] rye (s) a_m—(s)} 


where N is the number of levels and the other 
quantities are described in reference 4. Let us 
make the following canonical transformations. 


Qn+ (s) =Um (s) Amo (s) + Um (s) cay (s), 


(2) 
@—m—(S) = Um (S) Ha (S) — Um (S) a0 (8); 
Mm (S) = Um (S)* + Um (s)? — 1 = 0. (3) 
We shall find the average value of H = <CHC,> 
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in the new vacuum Qp,Co = myo = 0. We oye 
find the functions Uy ( 3), Oy 3) from the re- 
quirement that H have a minimum value with the 
additional condition (3). As a result we obtain the 
following equation for the new unknown function 


Cm (s): 


Cm (8) =— Gar DyJo(s| am’) Cv (s) 
= = (4) 
V E(s, m) — Er}? + Cw (s)?, 
thus 

4 ‘ E (s, m)— Ex ] 

Um (s)? = 4]. Fee 

2 =| Bee a ‘ 
Um (s) D) oy (s) (5) 


Em (s) =Vie (s, m)— Ep} oe Cm (s)?, 


E(s, m) = —-{E (s, m) + E(s, —m)}. 


When the energy is close to the Fermi surface en- 
ergy we obtain the following approximate solution 
to Eq. (4) for small values of J 


J (So | mM, 1M) ie — 1m) dE (Soy 1%) / diy \ 
So) = oot 
Cm ( 0) oe (So | Mo, Mo) J (So| Mo. 79) : 
Me yee = ; 
meee , GE (Soy Mn) | E (so, m’ — Ep| 6 
In ais = "5 \ dm dim, In u ( ) 
m, 
d Jo (So | Mos m’) 4 
SOS = 
dm Jo (So| Mo, Mo) dE (s, m’)/dm' 


where E(sj, mj) = Ep. The functions up (s) 
and vm(s) of the superfluid state are obtained 
from Eq. (5) and (6), while for the normal state 
Um(S)=1-4F(s,m), vm(S) = OF(S, m) 
where 6F(S,m)=1 if E(s,m)<Ep, and 
Oe (s,m) =0 if E(s, m) >Ep. 

We shall now compute the difference AE! be- 
tween the ground and the first excited superfluid 
states in such a way as to avoid departing from 
even-even nuclei to odd ones, and we find 


AE? (s)= CG; Amo (S) &m1 (S) Hoy (s) ain (s)C 
— (CSHC,> = 2em (s), 
m= M9 


(7) 


and for s =Sp, 


IN GS ee ae 


2w exp kG 


(7’) 
It can be seen from this that the first excited 
state is separated from the ground state by a gap 
(7’). Note that there is no energy splitting when 
the normal state is perturbed. 
We can find the difference AE between the 
superfluid and normal states in the form 
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AE (s)ise (Ce). Ge —<Cin HC (n> 


4 {E (s,m) —E,}? 
Ste Em (s) a? 2c, (s) = (8) 


+ {E(s, m)— Er} {1 — 26p(s, m)}, 
and for s=S ), m=my 


AB in, (So) = — Cy, (89) / 2. (8’) 


From this it may be seen that the superfluid state 
turns out to be more advantageous energy wise than 
the normal state and is separated from it. 

Thus the interaction among protons of the same 
shell having equal and opposite z components of 
angular momentum gives rise to a superfluid state 
of the atomic nucleus. The presence of an energy 
split between the first excited and ground super- 
fluid states confirm the considerations of Bohr, 
Mottelson, and Pines on the possibility of explain- 
ing in this way the energy split in heavy even-even 
nuclei. 
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Esrenimen TS designed to study the dependence 
of the cross section for meson production by low 
energy particles on the atomic weight A have 


In conclusion the author wished to express his 
profound gratitude to academician N. N. Bogoliubov 
for his constant interest in this work and for very 
valuable remarks. 
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shown that this dependence is not stronger than 
the Ay 3 law for elements up to aluminum, and 
somewhat weaker than A¥* for heavy nuclei.!”? 
For primary protons with an energy of 3 Bev the 
cross section for meson production increases as 
A for elements up to aluminum and somewhat 
faster than A?/3 for heavier elements.? 

We report here data on production of very slow 
m@ mesons in condensed media by cosmic rays in 
the stratosphere. Unbounded photoemulsions of 
10 cm diameter and 400 yu thickness were used to 
detect the slow mesons; 12x12 cm aluminum and 
lead plates of varying thicknesses were used as 
targets. The photoemulsions were pressed between 
two plates of aluminum or lead, lifted into the strato- 
sphere in balloon probes and irradiated by cosmic 


TABLE I 


ae oan Per | Total number of 7 ie mee of 
; meson ener, 
nro oe Thick- prongless stars of the substance E, in Mev, et 
pom rere teres 9 nea payer ep timated from the 
ee ome ae mt in phe epieop ere: thickness of the 
wion Eien correction target substance 
Packing 
material 0.47-+0.06 *) 0.5340. 12 
4.62|0.58+0.09 | 1.28-+-0.15 0.75-40.13 SNS) 
Aluminum 2.7 |0.84-40.12 1,680.24 0.73-++0.14 18 
5.4 |41,7940.17 | 3.19--0.25 0.94-++-0.07 PNPRS: 
2.27|0.34+0.07 | 1.90-L0.19 0.68-+40.14 12 
po 0.92+0.13 | 3.96-+-0.32 0.940.08 18 
Lead 6.80) 4.51-40.16 | 4.30-40.32 0.80-L0.06 23 
11.34|2.040.20 | 4.84-+.0.37 0.59-40.05 31 


*The errors shown are purely statistical. 
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rays for 12 hours at an altitude of 28 to 30 km. 
The developed photoemulsions were scanned under 
microscope and —wyp decays and o captures 
were noted. Table I shows the results of the study. 
In order to allow conclusions about the m-meson 
production cross section to be drawn from the table, 
we calculated and included corrections for the ge- 
ometry of the experiment. As can be seen, the 
geometry of the experiment significantly affects 
the results, particularly when the target substance 
and detector are of comparable dimensions. 
Assuming that the energy spectrum of the me- 
sons produced in aluminum and lead in the energy 
region under study is of the form n(E)dE=kE° ®dE 
(E is the kinetic energy of produced mesons), the 
total number of mesons with energy less than Eg 
is given by 


N (<E)) = aE9* 


Using this relation and the data of Table I we cal- 
culated lead to aluminum ratios of cross sections 
for production of mesons for various thicknesses 
of the target substance. They are given in Table II 
together with values of the coefficient a. 


TABLE II 
Sayed 2 v € 
o oO 4 oO 
Bas 2 D CEUs °pplZai 
H a] Ro 
a 
Al | 0.6 | 186.6-132.6 
Pb | 0.2 [128 19 5.30-+40.22 
Al 0.6 | 186.6+32.6 
Pb 0.4 | 4147,0+12.7 6.03-L0.54 
Al 0.6 | 186.6+32.6 
Pb | 0.6 | 84.8: 6.6 | > 7020.88 
Al A MATa eter 
Pb 4 | 38.84 2.5 | 2-6040.46 


As can be seen from Table II, the lead-to-alumi- 
num meson production cross section ratio increases 
with decreasing E,) and, probably, becomes larger 
than the geometric opp/c,j = 3.9 for low-energy 
mesons. 

The authors express gratitude to R. Suzhikova 
for help in emulsion scanning. 
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METHOD FOR DETERMINING HYPERON 
POLARIZATION IN THE REACTION 
tm+p> Y+K 
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Joint Institute for Nuclear Research 
Submitted to JETP editor July 26, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 827-828 
(September, 1958) 


Tue polarization of hyperons is one of the main 
features of the interactions that lead to the produc- 
tion of strange particles. On the other hand, the 
asymmetry in the subsequent decay of the polarized _ 
hyperons is specified by the product of the polari- ) 
zation and the asymmetry coefficient;!’? for the de- 
termination of the latter quantity, the polarization | 
of the hyperon has to be known. 

In the present note we propose a method for de- 
termining the polarization of the hyperon in the 
reactions 


ni pan(B ed) Keka pS a) ae 


The method consists of measuring the asymme- 
try of the K or m mesons produced in the reac- 
tions (1) with a polarized proton target. We shall 
show that in this case the asymmetry gives directly 
the polarization of the hyperon in the reaction with 
an unpolarized proton target. 

The matrix for a reaction of type (1) in the most 
general form can be written as 


M=a+b-e (2) 


(the hyperon spin is tn the K-meson spin is 
zero). The density matrix of the initial state is 


Po = (1 + Po-9)/2, (3) 


where P) is the polarization of the target protons. 
Using (2) and (3) we obtain the following expres- 
sion for the differential cross section 


a*b + ab* + i [b*x b] 


3 (8, ©) = (aa" + b-b*) (1 + Po Pe 


). 4) 

Now we compute the polarization of the hyperon 
for the case of the unpolarized proton target and 
obtain 


ab* + a*b+i[bxb*] — 


P= aa* + b-b* A (5) 


Two cases arise according to the intrinsic parity 
of the particles involved in the reaction. 

1. The intrinsic parity does not change, i.e., 
Iqlp = IyIk. Here the matrix (2) is scalar and 
b=by) x [kX k’], where k and k’ are unit vec- 
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tors in the directions of the relative momenta of 
the initial and final states. From (4) and (5) we 
have 


b +.a%b 
¢ = o9(1 + PoP); pao 


[kxk’], (6) 
where oy is the cross section of the unpolarized 
protons. 

2. The intrinsic parity changes, i.e., IqIp = 
—IyIx. The matrix (2) is pseudoscalar with a =0 
and b =b,k + bk’. In this case we have 


bib, — bab" 
g=99(1—PyP); P= i—2 =" [kxk’]. (7) 
Finally we obtain 
(8, 9) = o9(1-+ PoP sin (3 — 9)), (8) 


where 6 is the azimuth of the initial polarization 
vector (P) is in the plane perpendicular to k). 
Hence the asymmetry is equal to 


e(6) =-+ PoP sins. (9) 


Thus a measurement of the reaction (1) with a 
polarized target would permit a determination of 
the polarization P of the hyperon in the reaction 
with an unpolarized target. If the parity (KY) 
relative to (mp) is known, then this experiment 
would also allow one to determine the sign of the 
polarization. On the other hand, if the sign of the 
polarization is determined from the hyperon decay, 
_ then the proposed experiment would afford a pos- 
sibility to determine the relative parity (KY). 


1. S. Crawford et al., Phys. Rev. 108, 1102 
(1957). 

27. D. Lee et al., Phys. Rev. 106, 1367 (1957). 
Translated by J. Heberle 
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OF SHOCK WAVES 
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Bauman Higher Technical School 
Submitted to JETP editor June 9, 1958 
J. Exptl. Theoret. Phys. (U.S.S.R.), 35, 828-830 
(September, 1958) 


li The behavior of entropy in the transition zone 
of a not very strong shock wave is described by 
the general heat-transfer equation. la. B. Zel’- 


dovich has shown that in a gas with a high thermal 
conductivity and negligible viscosity the entropy 
goes through a maximum and in that case the speed 
of sound in the system of coordinates associated 
with the discontinuity is equal to the local speed 

of sound.! We shall show that this coincidence 
also occurs in other cases. For a maximum to 
exist we must have a non-hydrodynamic energy 
flux associated above all with the thermal conduc- 
tivity, since the viscosity alone can only increase 
the entropy. If we differentiate with respect to V 
(specific volume) the condition of the conservation 
of momentum flux at the point dS =0 we obtain: 


Gl —m+(se+ Dir) 
=— m+ (Su40 Se /2. (1) 


The last term is equal to zero since at the point 
S =Smax the velocity has a point of inflection, 
which can be shown to exist both in the case of 
weak waves,” and also in the case of waves of 
arbitrary intensity. At the same time (dp/dV), 
, from which it follows that +u = 


If we now turn to magnetohydrodynamics, then 
finite conductivity (Joule heat) alone can only in- 
crease the entropy. It may go through a maximum 
if we take thermal conductivity into account. Then, ~ 
by investigating the conditions for the conservation 
of momentum flux and of the magnetic field per- 
pendicular to the flow of gas,° it can be shown that 
a maximum exists when +U = Cy = (c2 + H2/4np )¥2, 
if the field has a point of inflection at this point. 

If the influence of thermal conductivity or of 
any kind of diffusion is predominant while the vis- 
cosity and the Joule heat can be neglected, then 
the coincidence noted above can be easily estab- 
lished even in the relativistic case. It is of inter- 
est to note that under these circumstances, in the 
case of detonation, the process passes through 
the Jouguet point twice: the first time when the 
medium undergoes shock compression, but sub- 
sequently the removal of heat due to thermal con- 
ductivity lowers the entropy, and the process 
arrives at a point on the Hugoniot adiabatic, and 
from there the initiated detonation again brings 
the process to the Jouguet point. 

2. We shall investigate qualitatively some as- 
pects of the physical picture of the structure of a 
normal shock wave in magnetohydrodynamics. In 
this case a new type of dissipation, Joule heat, ap- 
pears and manifests itself in the formula for the 
entropy discontinuity in a weak wave:* 


576 DED RE Ronee 
TAS = -75 (Fr), (Ap) — sax (Ge), Ae (AH) 
Peet | © 


where 7 = H*/4mpc} is the ratio of the Alfven 
velocity to the velocity of sound. The Joule dissi- 
pation predominates for 7 >1. It can also be es- 
timated directly: 


L 
xy oe dH \2 dx _ Ym (AH)? 
TAS = \ oo dt — (4n)?o \ ( =) it i 
0 


where, for example, L = AH(dH/dx) ax. On com- 
paring (3) and the last term in (2) we obtain: 
4y 4p?crv, 4o VY 


m oe SSE m 
Le — (V/0p);Apm ~~ mAp ~— Ap c,, * (4) 


This result depends somewhat on the method of 
averaging, but in order of magnitude we always 
have L*py,/Cm. If we measure the variation 
of the field in the shock wave by some kind of 
induction method, we can estimate the conductiv- 
ity of the medium. 

As o increases (v—0) the width of the front 
decreases, but the field gradients increase in such 
a way that the discontinuity in the entropy depends 
only on the discontinuity in the field. While the 
problem is formulated with the conductivity con- 
sidered infinite everywhere, this is not the case 
inside the transition zone. In a reference system 
associated with the discontinuity front, there ex- 
ists throughout the whole space an electric field 
given by E = (u, x Hy )/c. Behind the front both 
the magnetic field and the velocity vary and cur- 
rents appear: 


— dH /dx = 4nj/c = (E—uH /c)4n0/c =(H’ — A) u/ vn, 
(9) 


where 


Thus H’ is the field which exists at the given 
point under the condition of being “frozen in.” The 


THE EDITOR 


equation shows that the field gradually approaches 
its “frozen-in” equilibrium value. The conductiv- } 
ity determines only the method of relaxation. 

- We give also the coefficient of absorption for 
sound propagated at right angles to the field in a 
medium of sufficiently high conductivity, 


a = (wo /2c2,) [4/30 + C/o 
+ (y= 1) x] Cy + Ym? | Ampcm] = ao, 


where w is the frequency, v and é are the kine- 
matic and the volume viscosities of the medium, 
and xp is the coefficient of thermal conductivity. 
In the case H=0 formula (6) reduces to the usual 
formula for the damping coefficient of a sound 
wave.” In classical gas dynamics the correspond- 
ing parameter a determines, for a given Ap, the 
smearing of the front of a weak shock wave.” As 
the field increases the value of our quantity a 
decreases, and this shows that the dimensions 
of the transition zone decrease, while everything 
else remains the same. This can also be seen 
from (4). 

In conclusion, we express our thanks to Ia. B. 
Zel’dovich and S. B. Pikel’ner for discussions 
which were useful to the authors. 
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